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Preface

Let no one destitute of geometry enter my doors.

— Plato

Sire, there is no royal road to geometry.

— Euclid

The mathematician’s patterns, like the painter’s or the poet’s must be beantiful;
the ideas like the colonrs or the words, must fit together in a harmonious way.
Beauty is the first test: there is no permanent place in the world

for ugly mathematics.

— G. H. Hardy

Legend has it that the words, "Let no one destitute of geometry enter my doors”
were inscribed in the doorway entering Plato’s Academy in Athens. Euclid, a
renowned ancient Greek mathematician of Alexandria and contemporary of
Plato, is widely regarded as the *Father of geometry’ for his contributions to the
field as well as his monumental treatise of 13 books, the Elements. A mathe-
matical and logical masterpiece, the Elements is a collettion of definitions, pos-
tulates, propositions (consisting of theorems, problems and constructions), as
well as the logical proofs of these propositions. The Elements has been referred

to as the most successful and influential textbook ever written.



According to the ancient Greek hi§torian Proclus, when the King of Egypt asked
Euclid if there was an easier way to learn geometry, Euclid famously replied:
"There is no royal road to geometry.” A well-known quote, often used to empha-
size the importance of hard work, discipline, and persi§tence in the pursuit of
knowledge and under§tanding, it suggests that there are no shortcuts to true un-
der§tanding, and that the only way to master a subject is through diligent §tudy
and practice.

Enter Oliver Byrne. An Irish-born civil engineer and surveyor, Byrne (1810-
1880) is best known for his illustrated edition of the first six books of Euclid’s
Elements, published in 1847 under the title Byrne’s Euclid. Byrne’s edition is
noted for its distinctive use of colour-coded diagrams and symbols, intended to
make the complex concepts of Euclidean geometry more accessible and under-
Standable to a wider audience. Each of the book’s geometric figures is rendered
in bold primary colors, with difterent colors being used to distinguish between
various parts of the figure and to indicate different types of lines and angles.
Byrne’s edition of the Elements was a commercial success and went through
several editions in the years following its initial publication. While the book’s
approach to illuétrating geometry was unconventional for its time, it has since
become a popular and influential work in the field of graphic design, as well as
a fascinating example of the intersection between mathematics, art, and visual

communication.

Overall, Byrne’s Euclid represents a unique and innovative approach to the §tudy
of geometry — one that combines technical precision with a bold and imagina-
tive visual $tyle. Inspiring generations of §tudents and scholars to approach the
§tudy of mathematics with a sense of creativity and wonder, it remains an impor-
tant and enduring work in the hitory of mathematical literature. The book’s
use of colorful diagrams and illuétrations, along with concise and §traightfor-
ward explanations, can make it easier for §tudents to under$tand abétract con-
cepts and develop a deeper appreciation for the beauty and elegance of mathe-

matics. Additionally, §tudying Byrne’s Euclid can help §tudents develop problem-



solving skills and logical reasoning, which are valuable not just in mathematics

but in many areas of life.

My fir§t experience with Byrne’s Euclid occurred while I was working through
Euclid’s Elements and searching on the Internet for more information about a
particular proposition, when I came across Nicholas Rougeux’s exquisite repro-
duction of Oliver Byrne’s celebrated work — https://c82.net/euclid.
Awed by the §tunning beauty of the Elements and its logical precision, as well as
Byrne’s masterful and imaginative approach, I was filled with inspiration to cre-
ate this book. Both G. H. Hardy’s quote and Byrne’s Euclid, underscore the
creative and aeéthetic dimensions of mathematics. Hardy’s quote highlights
how mathematicians, like painters or poets, create enduring patterns with ideas,
while Byrne’s Euclid, visually showcases the beauty of mathematical concepts
through intricate illustrations. Together, they remind us that mathematics is
not solely a logical pursuit, but also a richly imaginative and expressive one. Itis

my hope that this rendition of Byrne’s Euclid continues in this spirit.

While Byrne’s original work featured the elegant Caslon typeface, I have chosen
to use the open source EB Garamond typeface for my edition. While the two
typefaces share many similarities in ligatures and glyphs, those who aren’t ty-
pography experts may not even notice the difference. For example, both Caslon
and EB Garamond are serif typefaces, which means they have small decorative
lines at the ends of each letter §troke. Classic and elegant, both have had a long

history in printing and publishing.

In terms of their specific design features, these typefaces have similar letter shapes
and proportions. For example, they both have a lowercase "a” with a curved tail,
and a lowercase ”g” with a descending loop. They also both have a tall and nar-
row uppercase "H”, and a diagonal crossbar on the uppercase "A”. Finally, both
typefaces feature ligatures (two or more letters that are joined together into a sin-
gle glyph), such as ”fi” and ", which have a similar design and placement in the

two typefaces.


https://c82.net/euclid
https://github.com/georgd/EB-Garamond

Fir§t time readers of Byrne’s Euclid should be made aware that the long s ({) is
used throughout the book. The long s (f) is a letterform of the Latin alphabet
that was commonly used in Europe from the Middle Ages until the 19™ century.
Itlookslike alowercase ”s”, but with a longer, more elongated shape, resembling
an ’f” without its crossbar. In printed materials from the time, the long s was

»_»

used in place of a normal ”s” at the beginning or in the middle of a word, but

» »_» » »

not at the end of a word or after certain letters like ’m”, ”n”; or "u.

A &tylistic convention, the use of the long s was thought to make text easier
to read and more aeéthetically pleasing, as it allowed letters to be more closely
spaced and made words look more uniform in appearance. However, as print-
ing technology evolved and more uniform letter spacing became possible, the

» %
S

long s fell out of use and was gradually replaced by the modern short ”s” in the
19" century. Despite its decline in usage, the long s can §till be found in some
historic texts and remains a fascinating example of the evolution of written lan-

guage over time. Here is an illuétration of the long s,

{orts = sorts # forts

cafe = case # cafe

I wish to express my gratitude and appreciation to the creators and contribu-
tors of KTEX, whose powerful and versatile document preparation syStem has
been in§trumental in typesetting this book. I am also deeply grateful to Nicholas
Rougeux for his generous permission to utilize the Scalable Vector Graphics fig-
ures from his website. Additionally, I would like to express my gratitude to all
the logicians and mathematicians whose shoulders we all {tand on. And finally,
to you, the reader. It’s my sincere hope and desire that you enjoy this book and
thelogical truths found herein. I encourage you to §tudy and practice the propo-

sitions so that you may walk your ow ' road to geometry.

Newell Jensen, 2023



Reason is immortal, all else is mortal.

— Pythagoras
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INTRODUCTION.

HE arts and {ciences have become {o extenfive, that to facilitate their

acquirement is of as much importance as to extend their boundaries.
2 [1luftration, if it does not fhorten the time of ftudy, will at leaft make
it more agreeable. THIS WORK has a greater aim than mere illuftration; we do
not introduce colours for the purpofe of entertainment, or to amule by certain
combinations of tint and form, but to aflift the mind in its refearches after truth,
to increafe the facilities of inflruction, and to diffufe permanent knowledge. If
we wanted authorities to prove the importance and ufefulnefs of geometry, we
might quote every philofopher fince the days of Plato. Among the Greeks, in
ancient, as in the fchool of Peftalozzi and others in recent times, geometry was
adopted as the beft gymnaftic of the mind. In fac, Euclid’s Elements have be-
come, by common confent, the bafis of mathematical {cience all over the civ-
ilized globe. But this will not appear extraordinary, if we confider that this
{ublime {cience is not only better calculated than any other to call forth the {pirit
of inquiry, to elevate the mind, and to ftrengthen the reafoning faculties, but
alfo it forms the beft introduction to moft of the ufeful and important vocations
of human life. Arithmetic, land-furveying, menfuration, engineering, naviga-
tion, mechanics, hydroftatics, pneumatics, optics, phyfical aftronomy, &c. are

all dependent on the propofitions of geometry.

Much however depends on the firft communication of any fcience to a learner,
though the beft and moft ealy methods are feldom adopted. Propofitions are
placed before a {ftudent, who though having a fufficient underftanding, is told
juft as much about them on entering at the very threfhold of the {cience, as gives
him a prepofieflion moft unfavourable to his future {tudy of this delightful {ub-
ject; or “the formalities and paraphernalia of rigour are {o oftentatioufly put for-
ward, as almoft to hide the reality. Endlefs and perplexing repetitions, which do

not confer greater exactitude on the reafoning, render the demontftrations in-



volved and obfcure, and conceal from the view of the {tudent the confecution

of evidence.”

Thus an averfion is created in the mind of the pupil, and a {ubjett fo calcu-
lated to improve the reafoning powers, and give the habit of clofe thinking, is
degraded by a dry and rigid courfe of inftruétion into an uninterefting exercife
of the memory. To raife the curiofity, and to awaken the liftlefs and dormant
powers of younger minds thould be the aim of every teacher; but where exam-
ples of excellence are wanting, the attempts to attain it are but few, while em-
inence excites attention and produces imitation. The object of this Work is to
introduce a method of teaching geometry, which has been much approved of by
many {cientific men in this country, as well as in France and America. The plan
here adopted forcibly appeals to the eye, the moft {enfitive and the moft compre-
henfive of our external organs, and its pre-eminence to imprint it fubject on the
mind is {upported by the incontrovertible maxim exprefled in the well known

words of Horace:—

Segnius irritant animos demifa per aurem
Quam que [unt oculis fubjecta fidelibus.

A feebler imprefs through the ear is made,
Than what is by the faithful eye conveyed.

All language conlfifts of reprefentative figns, and thofe {igns are the beft which
effect their purpofes with the greateft precifion and difpatch. Such for all com-
mon purpofes are the audible {igns called words, which are {till confidered as
audible, whether addrefled immediately to the ear, or through the medium of
letters to the eye. Geometrical diagrams are not figns, but the materials of ge-
ometrical {cience, the object of which is to fhow the relative quantities of their
parts by a procefs of reafoning called Demonftration. This reafoning has been
generally carried on by words, letters, and black or uncoloured diagrams but as
the ufe of coloured fymbols, figns, and diagrams in the linear arts and {ciences,

renders the procefs of reafoning more precife, and the attainment more expedi-

ii



tious, they have been in this inftance accordingly adopted.

Such is the expedition of this enticing mode of communicating knowledge, that
the Elements of Euclid can be acquired in lefs than one third the time ufually
employed, and the retention by the memory is much more permanent; thefe
facts have been afcertained by numerous experiments made by the inventor,
and {everal others who have adopted his plans. The particulars of which are
few and obvious; the letters annexed to points, lines, or other parts of a dia-
gram are in fact but arbitrary names, and reprefent them in the demonftration;
inftead of thefe, the parts being

differently coloured, are made to k
name themfelves, for their forms
in correfponding colours repre-
sent them in the demonftration.
In order to give a better idea of A C
this fyftem, and of the advantages

gained by its adoption, let us take a right angled triangle, and exprefs fome of its

properties both by colours and the method generally employed.

Some of the properties of the right angled triangle ABC, expre[Jed by the method
generally employed.

1.‘+ +‘=2 =CD.

That is, the red angle added to the yellow angle added to the blue angle,

equal twice the yellow angle, equal two right angles.

z.‘+‘= .

Or in words, the red angle added to the blue angle, equal the yellow angle.

iii



E‘or‘.

The yellow angle is greater than either the red or blue angle.

4.‘or‘j .

Either the red or blue angle is lefs than the yellow angle.

5. minus ‘ — ‘ .

In other terms, the yellow angle made lefs by the blue angle equal the red

N

angle.

2 2 2

6. = + c

That is, the {quare of the yellow line is equal to the {um of the {quares of

the blue and red lines.

In oral demonftrations we gain with colours this important advantage, the eye
and the ear can be addrefled at the fame moment, {o that for teaching geometry,
and other linear arts and {ciences, in claffes, the fyftem is the beft ever propofed,

this is apparent from the examples juft given.

Whence it is evident that a reference from the text to the diagram is more rapid
and fure, by giving the forms and colours of the parts, or by naming the parts
and their colours, than naming the parts and letters on the diagram. Befides the
{uperior {implicity, this fyftem is likewife confpicuous for concentration, and
wholly excludes the injurious through prevalent practice of allowing the ftudent
to commit the demonftration to memory; until reafon, and fac, and proof only

make impreflions on the underftanding.

Again, when le¢turing on the principles or properties of figures, if we mention
the colour of the part or parts referred to, as in faying, the red angle, the blue
line, or lines, &c. the part or parts thus named will be immediately {een by all

in the clafs at the fame inftant; not {o if we fay the angle ABC, the triangle PFQ,

iv



the figure EGKt, and {o on; for the letters muft be traced one by one before the
{tudents arrange in their minds the particular magnitude referred to, which of-
ten occafions confufion and error, as well as lofs of time. Alfo if the parts which
are given as equal, have the fame colours in any diagram, the mind will not wan-
der from the object before it; that is, fuch an arrangement prefents an ocular
demonftration of the parts to be proved equal, and the learner retains the data
throughout the whole of the reafoning. But whatever may be the advantages of
the prefent plan, if it be not {ubftituded for, it can always be made a powerful
auxiliary to the other methods, for the purpofe of introduction, or of a more

{peedy reminifcence, or of more permanent retention by the memory.

The experience of all who have formed fyftems to imprefs faéts on the under-
{tanding, agree in proving that coloured reprefentations, as pictures, cuts, dia-
grams, &c. are more eafily fixed in the mind than mere fentences unmarked by
any peculiarity. Curious as it may appear, poets feem to be aware of this fact
more than mathematicians; many modern poets allude to this vifible fyftem of

communicating knowledge, one of them has thus expreffed himfelf:

Sounds which addrefs the ear are loft and die

In one fhort hour, but thefe which ftrike the eye,
Live long upon the mind, the faithful fight
Engraves the knowledge with a beam of light.

This perhaps may be reckoned the only improvement which plane geometry has
received fince the days of Euclid, and if there were any geometers of note before
that time, Euclid’s fuccefs has quite eclipfed their memory, and even occafioned
all good things of that kind to be affigned to him; like Afop among the writ-
ers of Fables. It may alfo be worthy of remark, as tangible diagrams afford the
only medium through which geometry and other linear arts and {ciences can be
taught to the blind, this vifible {yftem is no lefs adapted to the exigencies of the
deaf and dumb.



Care muft be taken to thow that colour has nothing to do with the lines, an-
gles, or magnitudes, except merely to name them. A mathematical line, which
is length without breadth, cannot poflefs colour, yet the junction of the two
colours on the fame plane gives a good idea of what is meant by a mathematical
line; recollect we are {peaking familiarly, {fuch a junction is to be underftood and

not the colour, when we fay the black line, the red line or lines, &c.

Colours and coloured diagrams may at fir{t appear a clum{y method to convey
proper notations of the properties and parts of mathematical figures and magni-
tudes, however they will be found to afford a means more refined and extenfive

than any that has been hitherto propofed.

We fhall here define a point, a line, and a surface, and demonftrate a propofi-

tion in order to thow the truth of this affertion.

A point is that which has pofition, but not magnitude; or a point is pofition
only, abftracted from the confideration of length, breadth, and thicknefs. Per-
haps the following defcription is better calculated to explain the nature of a
mathematical point to thofe who have not acquired the idea, than the above

{pecious definition.

Let three colours meet and cover a portion of
the paper, where they meet is not blue, nor is
it yellow, nor is it red, as it occupies no por-
tion of the plane, for if it did, it would belong
to the blue, the red, or the yellow part; yet it

exifts, and has pofition without magnitude,

{o that with a little reflection, this junction of
three colours on a plane gives a good idea of a

mathematical point.
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A line is length without breadth. With the affiftance of colours, nearly in the

fame manner as before, an idea of a line may be thus given: —

Let two colours meet and cover a portion of
the paper; where they meet is not red, nor is it
blue; therefore the junétion occupies no por-
tion of the plane, and therefore it cannot have
breadth but only length: from which we can

readily form an idea of what is meant by a

mathematical line. For the purpofe of illuftration, one colour differing from the

colour of the paper, or plane upon which it is drawn, would have been {ufficient;

hence in future, if we fay the red line, the blue line, or lines, &c. it is the junc-

tions with the plane upon which they are drawn are to be underftood.

p
|

>

QU

Surface is that which has length and breadth
without thicknefs. When we confider a {olid
body (PQ), we perceive at once that it has
three dimensions, namely:—length, breadth,
and thicknefs; fuppofe one part of this {olid
(PS) to be red, and the other part (QR) yel-
low, and that the colours be diftinét without
commingling, the blue surface (RS) which
{eparates thefe parts, or which is the fame

thing, that which divides the folid without

lofs of material, muft be without thicknefs, and only pofiefles length and

breadth; this plainly appears from reafoning, fimilar to that juft employed in

defining, or rather defcribing a point and a line.
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The propofition which we have felected A
to elucidate the manner in which
the principles are applied is the fifth
of the firflt Book. In an ifofce-
les triangle ABC, the internal an-
gles at the bafe ABC, ACB are

B
equal, and when the fides AB, AC
are produced, the external angles
at the bafe BCE, CBD are alfo
equal. D
Produce and .
Make =

Draw e

Q and Q
we have

_— = and‘common
- A_A

and ' — ‘ [1. 4].
Again in / and \ 5
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and

P =
. D_:Q
= A
A=A

[r. 4].

QED.

By annexing Letters to the Dia gram.

LET the equal fides AB and AC be produced through the extremities BC, of the
third f{ide, and in the produced part BD of either, let any point D be afflumed,
and from the other let AE be cut off equal to AD [1. 3]. Let the points Eand D, {fo
taken in the produced fides, be connected by ftraight lines DC and BE with the
alternate extremities of the third {ide of the triangle. In the triangles DAC and
EAB the fides DA and AC are refpectively equal to EA and AB, and the included
angle A is common to both triangles. Hence [1. 4] the line DC is equal to BE,
the angle ADC to the angle AEB, and the angle ACD to the angle ABE; if from
the equal lines AD and AE the equal {ides AB and AC be taken, the remainders
BD and CE will be equal. Hence in the triangles BDC and CEB, the {ides BD
and DC are refpectively equal to CE and EB, and the angles D and E included by
thofe {ides are alfo equal. Hence [1. 4] the angles DBC and ECB, which are thofe
included by the third fide BC and the productions of the equal {ides AB and AC
are equal. Alfo the angles DCB and EBC are equal if thofe equals be taken from
the angles DCA and EBA before proved equal, the remainders, which are the
angles ABC and ACB oppofite to the equal {ides, will be equal.

Therefore in an ifofceles triangle, €. Q.E.D.



Our objett in this place being to introduce the fyftem rather than to teach any
particular fet of propofitions, we have therefore felected the foregoing out of the
regular courfe. For {chools and other public places of inftruction, dyed chalks
will anfwer to defcribe diagrams, &c. for private ufe coloured pencils will be

found very convenient.

We are happy to find that the Elements of Mathematics now forms a confider-
able part of every found female education, therefore we call the attention of
thofe interefted or engaged in the education of ladies to this very attractive mode
of communicating knowledge, and to the fucceeding work for its future devel-

opment.

We fhall for the prefent conclude by obferving, as the fenfes of {ight and hear-
ing can be {o forcibly and inftantaneously addrefled alike with one thoufand as
with one, the million might be taught geometry and other branches of mathe-
matics with great eafe, this would advance the purpofe of education more than
any thing that mzght be named, for it would teach the people how to think, and

not what to think; it is in this particular the great error of education originates.



THE ELEMENTS OF EUCLID
BOOK L.

DEFINITIONS.

A point is that which has no part.

IL.

A line is length without breadth.

III.

The extremities of a line are points.

IV.

A ftraight or right line is that which lies evenly between its

extremities.

V.

A furface is that which has length and breadth only.

VL

The extremities of a {furface are lines.



VIIL

A plane furface is that which lies evenly between its extremities.

VIIL

A plane angle is the inclination of two lines to one another, in

a plane, which meet together, but are not in the fame direction.

IX.

A plane reétilinear angle is the inclination of two
{traight lines to one another, which meet together,

but are not in the fame ftraight line.

X.

When one ftraight line {ftanding on another ftraight
line makes the adjacent angles equal, each of thefe C )
angles is called a 7ight angle, and each of thefe lines is

{aid to be perpendicular to the other.

XI.

An obtufe angle is an angle greater than a right angle. ‘_



XII.
‘ An acute angle is lefs than a right angle.

XITII.

A term or boundary is the extremity of any thing.

XIV.

A figure is a furface enclofed on all {ides by a line or lines.

XV.

A circle is a plane figure, bounded by one continued
line, called its circumference or periphery; and
having a certain point within it, from which all

{traight lines drawn to its circumference are equal.

XVIL.

This point (from which the equal lines are drawn) is called the

centre of the circle.



XVIIL

A diameter of a circle is a ftraight line drawn
through the centre, terminated both ways in the

circumference.

XVIIL

A femicircle is the figure contained by the diameter,

and the part of the circle cut off by the diameter.

XIX.

A fegment of a circle is a figure contained by a
{traight line, and the part of the circumference

which it cuts off.

XX.

A figure contained by {traight lines only, is called a rectilinear
figure.

XXI.

A triangle is a rectilinear figure included by three {ides.

.‘ .
N .
5 .
5 .
a "



XXII.

A quadrilateral figure is one which is bounded by
four f{ides. The {traight lines and

connecting the vertices of the oppofite angles of a

quadrilateral figure, are called its diagonal.

XXTII.

A polygon is a rectilinear figure bounded by more than four
{ides.

XXIV.

A triangle whofe three {ides are equal, is faid to be

equilateral.

XXV.

A triangle which has only two fides equal is called an

ifofceles triangle.

XXVI.

A fcalene triangle is one which has no two {ides equal.



XXVII.

A right angled triangle is that which has a right angle.

XXVIIL

An obtufe angled triangle is that which has an obtufe

angle.

XXIX.

An acute angled triangle is that which has three

acute angles.

Of four-fided figures, a f{quare is that which has all its
{ides equal, and all its angles right angles.

XXXI.

A rhombus is that which has all its {ides equal, but

its angles are not right angles.

]

|




XXXII.

An oblong is that which has all its angles right

angles, but has not all its {ides equal.

XXXIII.

A rhomboid is that which has its oppofite {ides equal
to one another, but all its {ides are not equal, nor its
angles right angles.

XXXIV.

All other quadrilateral figures are called trapeziums.

XXXV.

Parallel ftraight lines are {uch as are in the fame
plane, and which being produced continually in

both direétions, would never meet.



POSTULATES.

Let it be granted that a ftraight line may be drawn

from any one point to any other point.

II.

Let it be granted that a finite {traight line may be

produced to any length in a {traight line.

III.

Let it be granted that a circle may be defcribed with

any centre at any diftance from that centre.



AXIOMS.

Magnitudes which are equal to the fame are equal to

each other.

II.

If equals be added to equals the {ums will be equal.

III.

If equals be taken away from equals the remainders

will be equal.

IV.

If equals be added to unequals the fums will be

unequal.

V.

If equals be taken away from unequals the

remainders will be unequal.



VL

The doubles of the fame or equal magnitudes are

equal.

VIIL

The halves of the fame or equal magnitudes are

equal.

VIIIL

Magnitudes which coincide with one another, or

exactly fill the fame {pace, are equal.

IX.

The whole is greater than its part.

X.

Two ftraight lines cannot include a {pace.

XI.

All right angles are equal.

. 10



XII.

If two ftraight lines (

(
( and ’) on the fame {ide lefs than two

right angles, thefe two ftraight lines will meet if they

) meet a third {traight line

) {o as to make the two interior angles

be produced on that {ide on which the angles are lefs
than two right angles.

The fifth poftulate may be exprefled in any of the
following ways:

1. Two diverging ftraight lines cannot be both
parallel to the fame ftraight line.

2. If aftraight line interfect one of the two
parallel ftraight lines it muft also interfect the
other.

3. Only one ftraight line can be drawn through a

given point, parallel to a given ftraight line.

I.1I



ELUCIDATIONS.

Geometry has for its principal objects the expofition and explanation of the

properties of figure, and figure is defined to be the relation which fubfifts be-

tween the boundaries of {pace. Space or magnitude is of three kinds, /inear,

Juperficial, and folid.

Angles might properly be confidered as a fourth

{pecies of magnitude. Angular magnitude evidently

confifts of parts, and muft therefore be admitted to

be a {pecies of quantity. The {tudent muft not fup-

pofe that the magnitude of an angle is affected by the

length of the ftraight lines which include it, and of

whofe mutual divergence it is the meafure. The vertex of an angle is the point

where the fides or the legs of the angle meet, as A.

An angle is often defignated by a {in-
gle letter when its legs are the only
lines which meet together at its ver-
tex. ‘Thus the red and blue lines
form the yellow angle, which in other
{yftems would be called the angle A.
But when more than two lines meet
in the fame point, it was neceflary
by former methods, in order to avoid
confufion, to employ three letters to

defignate an angle about that point,

G

the letter which marked the vertex of the angle being always placed in the middle.

Thus the black and red lines meeting together at C, form the blue angle, and has
been ufually denominated the angle FCD or DCF. The lines FC and CD are the
legs of the angle; the point C is its vertex. In like manner the black angle would
be defignated the angle DCB or BCD. The red and blue angles added together,



or the angle HCF added to FCD, make the angle HCD; and fo of the other an-
gles. When the legs of an angle are produced or prolonged beyond its vertex, the
angles made by them on both fides of the vertex are faid to be vertically oppofite
to each other: Thus the red and yellow angles are faid to be vertically oppofite

angles.

Superpofition is the procefs by which one magnitude may be conceived to be
placed upon another, {o as exactly to cover it, or {o that every part of each thall

exactly coincide.

A line is faid to be produced, when it is extended, prolonged, or has its length
increafed, and the increafe of length which it receives is called its produced part,

or its production.

The entire length of the line or lines which enclofe a figure, is called its perimeter.
The firft {ix books of Euclid treat of plane figures only. A line drawn from the
centre of a circle to its circumference, is called a 7adzus. The lines which include
a figure are called its /ides. That {ide of a right angled triangle, which is oppofite
to the right angle, is called the hypotenufe. An oblong is defined in the fecond
book, called a recfangle. All the lines which are confidered in the firft {ix books

of the Elements are {uppofed to be in the fame plane.

The [traight-edge and compaffes are the only inftruments, the ufe of which is
permitted in Euclid, or plane Geometry. To declare this reftriction is the object
of the poftulates.

The Axioms of geometry are certain general propofitions, the truth of which is

taken to be felf-evident and incapable of being eftablished by demonftration.

Propofitions are thofe refults which are obtained in geometry by a procefs of
reafoning. There are two {pecies of propofitions in geometry, problems and the-

orems.

1.13



A Problem is a propofition in which fomething is propofed to be done; as a line
to be drawn under fome given conditions, a circle to be defcribed, fome figure
to be conftruéted, &c.

The folution of the problem confifts in thowing how the thing required may be
done by the aid of the rule or ftraight-edge and compafies.

The demon/tration confifts in proving that the procefs indicated in the folution

really attains the required end.

A Theorem is a propofition in which the truth of fome principle is afferted. This
principle muft be deduced from the axioms and definitions, or other truths pre-
viously and independently eftablished. To fhow this is the object of demonftra-

tion.

A Problem is analogous to a poftulate.

A Theorem refembles an axiom.

A Poftulate is a problem, the {olution of which is afflumed.

An Axiom is a theorem, the truth of which is granted without demonftration.
A Corollary is an inference deduced immediately from a propofition.

A S¢holium is anote or obfervation on a propofition not containing an inference

of {ufficient importance to entitle it to the name of a corollary.

A Lemma is a propofition merely introduced for the purpofe of eftablishing

{ome more important propofition.

L. 14
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SYMBOLS AND ABBREVIATIONS.

exprefles the word therefore.

... equal. This {ign of equality may be read equal to, or is equal
to, or are equal to; but any difcrepancy in regard to the introduc-
tion of the auxiliary verbs z, are, &c. cannot aftect the geomet-

rical rigour.

means the fame as if the words ‘not equal’ were written.
{ignifies greater than.

... lefsthan.

is read plus (more), the {ign of addition; when interpofed be-

tween two or more magnitudes, fignifies their fum.

is read minus (lefs), fignifies fubtraction; and when placed be-
tween two quantities denotes that the latter is to be taken from

the former.

this {ign exprefles the product of two or more numbers when
placed between them in arithmetic and algebra; but in geometry
it is generally ufed to exprefs a recfangle, when placed between
“two {traight lines which contain one of its right angles.” A rec#-
angle may alfo be reprefented by placing a point between two of

its conterminous {ides.



exprefles an analogy or proportion; thus, if A, B, C and D,

reprefent four magnitudes, and A has to B the fame ratio that

C has to D, the propofition is thus briefly written,

As:B:tCesD
A:B=C:D
A C
Of — mm —.
B D

This equality or famenefs of ratio is read,

as A is to B, {o is C to D;
orAistoB,as CistoD.
1] fignifies parallel to.
J_ ... perpendicular to.
A ... angle.
D ... right angle.
ﬂl .. . two right angles.

def.

poft.

briefly defignates a poinz.

The {quare defcribed on a line is concifely written thus.

In the fame manner twice the f{quare of;, is exprefled.
{ignifies definition.

... poftulate.

I. 16
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ax.

hyp.

conft.

QEF.

Q.ED.

...axiom.

... bypothefis. It may be neceflary here to remark that the hy-
pothefis is the condition afflumed or taken for granted. Thus, the
hypothefis of the propofition given in the Introduction, is that

the triangle is ifofceles, or that its legs are equal.

... conftruction. The conftruction is the change made in the orig-
inal figure, by drawing lines, making angles, defcribing circles,
&c. in order to adaptit to the argument of the demonftration or
the folution of the problem. The conditions under which thefe
changes are made, are indisputable as thofe contained in the hy-
pothefis. Forinftance, if we make an angle equal to a given angle,

thefe two angles are equal by conftruction.
.. Quod erat faciendum.
.. Which was to be done.

.. Quod erat demonftrandum.
.. Which was to be demon{trated.



PROPOSITIONS.
PROPOSITION I. PROBLEM.

ll an equilateral triangle.

Defcribe G and @ [poftulate 3];

draw and [pott. 1], then : will be equilateral.
For — [1. def. 15];
and = = [Ldef 15],
S5 = [axiom. 1];

and therefore 5 is the equilateral triangle required.
QEF.

1. 18



PROPOSITION II. PROBLEM.

2 ROM 4 given point

(=) , t0 draw a

AL/ *x | [traight line equal to a
b given finite [traight line ( ).

Draw =ssssss [pott. 1], defcribe [1. 1], produce [pott. 2],
defcribe @ [poft. 3], and @ [poft. 3]; produce
[pott. 2], then is the line required.
For —_— [1. def. 15], and = —_—
[conft.], <% — [ax. 3], but [1. def. 15]

— — 5 A drawn from the given
point (=), is equal the given line .

QEF.
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PROPOSITION III. PROBLEM.

22 ROM the greater (
of two given [traight lines, to cut

@S| o/T 2 part equal to the lefs

Draw — [1. 2]; defcribe @ [pott. 3],

then _— —

For

e [1. def. 15],

and

[contt.];

S —— = —— [ax.1].

QEF.

1. 20



PROPOSITION IV. THEOREM.

to and to )

and the angles and )

contained by thofe equal fides alfo equal; then their bafes or their fides (

) are alfo equal: and the remaining and their remaining angles

oppofite to equal [ides are refpectively equal ( ' — ' and
‘ = ‘) and the triangles are equal in cvery refpect.

Let the two triangles be conceived, to be {o placed, that the vertex of one of the

equal angles, or 5 fhall fall upon that of the other, and
to coincide with o then will coincide with
if applied: confequently will coincide with 5 OF

two {traight lines will enclofe a {pace, which is impoflible [ax. 10], therefore

' ' and ‘ ‘ and
as the triangles A A coincide, when applied, they are equal in

every refpect.

QED.
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PROPOSITION V. THEOREM.

I N any ifofceles triangle
if the equal fides be

‘ produced, the external angles at
the bafe are equal, and the internal angles

at the bafe are alfo equal.

s [poft. 2], take

. Thenin Q and Q we have,

—_— — [conit.], ‘ common to both, and

Produce . and

[1.3]; draw and

= —— [hyp]

‘ = ‘ ) — and ’ — ‘
[1. 4]. Againin / and \ we have
— 0 ' — ‘ and

— X — and

[1 4] but

A-A .A-@ .,

QED.
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PROPOSITION VI. THEOREM.

are equal, the fides ( = and
) oppofite to them are alfo equal.

For if the {ides be not equal, let one of them

= be greater than the

other e , and from it cut off — [1.3], draw

Then L and A y = = =, [conft]
— ‘ [hyp.] and

equal [1. 4] a part equal to the whole, which is abfurd; 4% neither of the {ides

common, 4% the triangles are

= Or

is greater than the other, 4% hence they are are

equal.

QED.
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PROPOSITION VII. THEOREM.

”% N the [ame bafe (
(& d ) and on the [ame [ide of it

2| there cannot be two triangles

having their conterminous fides (

) at

and > and

both extremities of the bafe, equal to each

other.

When two triangles ftand on the fame bafe,
and on the fame {ide of it, the vertex of one
thall either fall outfide of the other triangle,
or within it; or, laftly, on one of its {ides. If
it be poflible let the two triangles be
conftruéted fo that

o thendraw s=sssss and,

\ AN
' and
| 4

\ 4

which is abfurd,

“‘. o

but [1. 5]

therefore the two triangles cannot have their conterminous {ides equal at both

extremities of the bafe.

QED.
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PROPOSITION VIII. THEOREM.

F two triangles have two fides of

he one refpectively equal to two

| fidles of the other =
ﬂnd — _)3
and alfo their bafes ( —

), equal; then the angles (4

and 4) contained by their equal fides
are alfo equal.

be conceived to be placed upon the

and

If the equal bafes
other, fo that the triangles fhall lie at the fame {ide of them, and that the equal
{ides

vertex of the one muft fall on the vertex of the other; for to fuppofe them not

and , and be conterminous, the

coincident would contradict the laft propofition.

Therefore the fides and o being coincident with —

and

A=A

Q.ED.
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PROPOSITION IX. PROBLEM.

21 O bifect a given rectilinear

angle ).

.
‘e
.

o upon which defcribe

Take = [1. 3] draw
\/ [1. 1], draw .
Becaufe — [conft.] and
— [conit.],

common to the two triangles and

QEF.
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PROPOSITION X. PROBLEM.

O bifect a given finite [traight
--).

ine (

for

‘ - and

Therefore the given line is bifected.

common to the two triang]es.

QEF.
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PROPOSITION XI. PROBLEM.

{| ROM 4 given point
3 (=), 712 @ givenm [Praight

T (_)J todraw a

perpendicular. ‘.

Take any point ( =) in the given line, cut off

= = [L3],conftru&t A [r. 1],

draw and it fhall be perpendicular to the given line.
For — [contt.] [contt.]
and common to the two triang]es.

Therefore ‘ = . [1. 8]

[1. def. 10].

QEF.
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PROPOSITION XII. PROBLEM.

| O draw a [traight line

erpendicular to a given
3| /ndefinite [traight line

an (e ) from a given

(point /I\), without.

With the given point ( /I\) as centre, at one {ide of the line,

and any diftance capable of extending to the other fide,

defcribe S~—r”

Make em—m—— = [1. 10]
draw - and .
Then J_ .

For [1. 8] {ince — [contt.]

common to both,

and = [1. def. 15]

o.o — . ’ and

o’ — J_ —_— [1. def. 10].

QEF.



PROPOSITION XIII. THEOREM.

| HEN « ftraight line )
anding upon another [traight

line ( ) makes angles with

1t; they are either two right angles or together
equal to two right angles.

If be J_ to
' and ‘ — CD [1. def. 10].

then,

Butif be not J_ to 5

draw J_ 5 [r.u]

QED.
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PROPOSITION XIV. THEOREM.

), meeting a third

ftraight line ( ), at the [ame point,
and at oppofite [ides of it, make with it
adjacent angles and ‘) equal

to two right angles; thefe [traight lines lie in

one continuous [traight line.

For, if poflible, let » and not

be the continuation of 5

then + ‘ = CD
but by the hypothefis + ‘ = m
& ‘ = A o [ax. 3]; which is abfurd [ax. 9].

iR o is not the continuation of

5 and the like may be

demonftrated of any other ftraight line except

9

5 is the continuation of

QED.
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PROPOSITION XV. THEOREM.

F two [traight lines (
) inter[ect

one another, the vertical angles

and ‘ 5 ’ and
‘ are equal.

and

+ @
4+@

~ = 4.

In the fame manner it may be thown that

®-&

QED.
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PROPOSITION XVI. THEOREM.

AT a fide of a triangle ( \‘ )

1 produced, the external angle

('\) 18 greater than either of the internal

remoteangl&x(‘ or ‘)

Make emmm— = sennias [1. 10].

and produce it until

------- — ; draw N

In like manner it can be thown, thatif ==a«= —

be produced, ‘ C ‘ o and therefore
'\ whichis = ‘ is ‘.

Q.ED.



PROPOSITION XVII. THEOREM.

NY of two angles of a triangle

are together lefs than

two right angles.

Produce

A + = (1N

But C ‘ [1.16]
-+ A1,

and in the fame manner it may be thown that any other two angles of the

o then will

triangle taken together are lefs than two right angles.

QED.
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PROPOSITION XVIII. THEOREM.

N any triangle A if one

tde «uwammm be greater than

another o the angle oppofite
to the greater [ide is greater than the

angle to the oppofite to the lefs.  ie.
C .

[1.3], draw .

Make

Then will ‘ — ‘ [t 5];
but ‘ C [1.16]
i ‘ C and much more

is‘E .

QED.



PROPOSITION XIX. THEOREM.

than another A the fide

which is oppofite to the greater angle, is
oppofite the

greater than the fide
lefs.

If then muit

be not greater than

=orj—.

then

‘ . A [r.s);

which is contrary to the hypothefs.

If

is not lefs than

A A s

which is contrary to the hypothefis:
C .

5 forifit were,

QED.
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PROPOSITION XX. THEOREM.

NY two fides

and of a triangle

A taken together are

greater than the third fide ().

1.37

Produce 5 and

make =sssass — [I_ 3];

Then becaufe =====s- = [conit],

<-4
~ QcC ‘ [ax. o]

oy + ....... E — [I.I9]
and oo = + E .

QED.



PROPOSITION XXI. THEOREM.

[traight lines be drawn to the extremities of
one fide (=nunnnn ), thefe lines muft be
together lefs than the other two [ides, but

muﬂ contain a gl"&ltfl" ﬂ}’lglf.

Produce 5
+ C [x. 20],
add to each,
—_ 4 C + e [ax. 4]
In the fame manner it may be thown that
S C + ,
o — + C + :

which was to be proved.

Again ‘ C [1.16],
and also ‘ C ‘ [1.16],
~drc .

Q.ED.

I.38
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PROPOSITION XXII. THEOREM.

VEN three right

ines { 1153127 the [um of any

wo greater than the third, to
conftruct a triangle whofe fides [ball be
refpectively equal to the given lines.

AflUme emmmm— 2= aneanes [1.3]
Draw e————— == .eauaas
[1. 2].
and — ooooooc
With as radii,
describe @ and @ [poft. 3]
draw 5

then will be the triangle required.

For e ’

= E=EEEEEm 9 [conﬂ:,]

and

QED.



PROPOSITION XXIII. THEOREM.

T a given point (—___) ‘
in a given [traight line

(
equal to a given rectilineal angle ‘)

=), to make an angle

A

Draw ——— between any two points in the legs of the given angle.

Conétru& s [1. 22], {o that

— [} —

and

Then o = _d [13].

QED.

L. 40



PROPOSITION XXIV. THEOREM.

F two triangles have two fides

of one refpectively equal to two

| fidles of the other to

), and

if one of the angles ( g\) contained by the equal fides be greater than the other

/\) the fide (
Jide (

) which is oppofite to the lefs angle.

) which is oppofite to the greater angle is greater than the

and = [1. 3],
draw s=ssssss= and ssss=as o
Becaufe —JE PP [ax. 1. hyp. conit.]
o'e ‘ -_— [I 5]
but ‘ |
o 91D
ShH — E ------- [I 19]
but ------- = [I 4]

QED.
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PROPOSITION XXV. THEOREM.

F two triangles have two fides

)of

he one refpectively equal to two

and

Jides ( and ) of the other,
but their bafes unequal, the angle [ubtended
by the greater bafe ( ) of the one, muft

be greater than the angle [ubtended by the
lefs bafe ( ) of the other.

is not equal to A
for if — A then — [1. 4]

which is contrary to the hypothefis;

is not lefs than A
for if -1 A

- [1. 24],
which is alfo contrary to the hypothefis:

~Acdk

then

QED.
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PROPOSITION XXVI. THEOREM.

F two triangles have two angles of the on re[pectively equal to two

=y E¥ |

and a fide of the one equal to a fide of the other fimilarly placed with re[pect to the

equal angles, the remaining fides and angles are re[pectively equal to one another.

angles of the other, (

Case L y CASEL
and which lie
between the equal angles
be equal, then

Forifitbe poflible, let one of them

—_— = —, draw . In A and / we have

= be greater than the other; make

’
o ‘ = ‘ [1. 4]
but ‘ — ‘ [hyp.]
and therefore ‘ — ‘ o which is abfurd;

hence neither of the fides and == is greater than the other;

.
9

and % theyareequal; ¢% 9

and d d [1. 4].

L 43



CASEIL

Case II.
Again, let =
which lie oppofite the equal angles

and

Ifitbe poffible, let ————-- [ ——— , thentake —
draw .
Then in A and ! we have = ———
— and .
A-A4 .
oY ¥ WL
‘ = M\ hichisabiurd [1.16].
Conlfequently, neither of the {ides or =« is greater than the

other, hence they muft be equal.
It follows [by 1. 4] that the triangles are equal in all refpects.

QED.
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PROPOSITION XXVII. THEOREM.

\ makes with them the alternate angles

(‘ and V; and

) equal, thefe two [traight lines are
pavrallel.

If

be poflible, let thofe lines be not parallel, but meet when produce; then the

external angle ‘ is greater than A [1. 16], but they are alfo equal
[hyp.], which is abfurd: in the fame manner it may be fhown that they cannot

be not parallel to

they thall meet when produced. If it

meet on the other {ide; o% they are parallel.

QED.

L 45



PROPOSITION XXVIII. THEOREM.

) F a [traight line ),
| cutting two other [traight lines
| ( and ), makes

the external equal the cutting line (namely,

‘:‘or =‘),

or if it makes the two internal angles at

tbefczme/ide(‘ and ' y OF ‘ and ‘)togetberequdlto

two right angles, thofe two [traight lines are parallel.

Firtt, if ‘ — ‘ , then ‘ = ' [1. 15],
o’ ‘ = ' s — |l [1. 27].

Secondly, if ‘ + @ =D,
then ‘ + ' = (1 (s,
.'.‘+‘=‘+'[ax.3]
~ M=V

s — [1.27].

Q.ED.
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PROPOSITION XXIX. THEOREM.

[traight line ( ) falling
n two parallel [fraight lines

and

), makes
the alternate angles equal to one another;
and alfo the external equal to the internal
and oppofite angle on the [ame fide; and
the two internal angles on the [ame [ide
together equal to two right angles.

|
For if the alternate angles and be not equal, draw  em— -

making — ‘ [1. 23]. Therefore

[1. 27] and therefore two ftraight lines which interfect are parallel to the fame

{traight line, which is impoffible [ax. 12]. Hence the alternate angles '

and ‘ are not unequal, that is they are equal: ' - ‘
[I.15]; o% ‘ - ‘ . the external angle equal to the internal and

oppofite on the fame fide: if ' be added to both, then

‘ + ' = ' = Cll [1. 13]. That s to fay, the two

internal angles at the fame fide of the cutting line are equal to two right angles.

QED.
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PROPOSITION XXX. THEOREM.
@ TRAIGHT /ines (

> /
which are parallel to
the [ame [traight line )

are parallel to one another.

Let interfect :

Then, = ‘ = ‘ [1. 29],
o h=A

o’ I [1.27].

QED.

I. 48



PROPOSITION XXXI. PROBLEM.

L 49

Draw

to any point z in

.| ROM 2z given point ; to
| draw a [braight line parallel to

make — ‘ [1. 23],

then

@hny| given ﬁrangt line ( )-
from the point ;
)
HH — [127]
QEF.



PROPOSITION XXXII. PROBLEM.

any fide ( )ofa
| triangle be produced, the

external angle (‘) 1 equal to the [um

of the two internal and oppofite angles

( and ), and the three

internal angles of every triangle taken

together are equal to two right angles.

Through the point / draw
] [1. 31].

Th ‘ - [1. 29]
en 1.29],
A-9Y9

o’ + ‘ — ‘ [ax. 2], and therefore
+‘+A='=®[113]

QEF.
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PROPOSITION XXXIII. THEOREM.

@ TRAIGHT lines (

and ) which join

the adjacent extremities of two

equal and parallel [traight lines (

and weseens ), are them/elves equal and
pavrallel.
Draw the diagonal.
Y [hyp.]

and

e W= A

and 0 =—— |l [1.27].

common to the two triangles;

QED.

L. I



PROPOSITION XXXIV. THEOREM.

HE oppofite fides and angles

of any parallelogram are equal,
)

2| and the diagonal (

divides it into two equal parts.

common to the two

Since ‘ ' [1. 29] and

triangles.
e = T 5 [1L26]

V=A
and ' — ' [ax. 2]:

Therefore the oppofite {ides and angles of the parallelogram are equal: and as

the triangles and are equal in every refpect [1. 4], the

------

diagonal divides the parallelogram into two equal parts.

QED.
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PROPOSITION XXXV. THEOREM.

On account of the parallels,

[1. 29]
[1. 29]
[1. 34]

| 4 €
|

But, \ = \ [1.8]
SH \A minus \ A ’
and \A minus \ = 4 S

... A = A L]

QED.

1.53



PROPOSITION XXXVI. THEOREM.

Vel ARALLELOGRAMS (‘

| and ) on equal bafes, and

between the [ame parallels, are equal.

Draw and sssssss ’

And therefore is a parallelogram:

o
o'e ‘ -_— [ax. I].

QED.

L 54



1. 55

PROPOSITION XXXVII. THEOREM.

% RIANGLES

( and )

on the [ame bafe

Jame parallels are equal.

) and between the

and ' are parallelograms on the fame bafe, and between the

{fame parallels, and therefore equal [1. 35].

.
' = twice 5

X [1. 34]

e o

/

QED.



PROPOSITION XXXVIII. THEOREM.

) on equal

bafes and between the [ame parallels are o

equal.

[1. 31]

QED.

L 56



I.57

PROPOSITION XXXIX. THEOREM.

| QUAL triangles (

» and ‘) on the [ame bafe

( ) and on the [ame [ide of it, are
between the [ame parallels.

If e , which joins the vertices of the triangles,

be not || ,
draw 1] [1. 31], meeting =s=ssas .
Draw . Becaufe 1] [conft.]

= ‘ 1. 37]:
but = \ (hyp.];

\ ‘ o apartequal to the whole, which is abfurd.

— H 5 and in the fame manner it can be

demonttrated, that no other line except

— s || ——3 & |

QED.



PROPOSITION XL. THEOREM.

| QUAL triangle

S ( and )

on equal bafes, and on the [ame fide, are

between the [ame parallels.

If === which joins the vertices of the triangles

benot || =——rrm—,

draw | == [r31],
meeting ======= e« Draw .
Becaufe [| === [conft]

— but = ‘
oo k = k o apartequal to the whole,

which is abfurd.

o ——— H — 5 and in the fame manner it can be

demonttrated, that no other line except

— s ] ——3 & |

QED.

I. 58



PROPOSITION XLI. THEOREM.

3\ F a parallelogram \
and a triangle 4

are upon the [ame bafe (

between the [ame parallels (s=assss and

), the parallelogram is double the

triangle.
Draw the diagonal;
Then — 4 [1. 37]
AN
= twice [I 34]

... \ = tWi ce °

QED.
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PROPOSITION XLII. THEOREM.

O conftruct a parallelogram

equal to a given triangle

and having an

angle equal to a given rectilinear angle

Make emmmm—— = seaneas [1. 10].
Draw .

Make ‘ — [1. 23].

Draw sssssss " —

[1. 31]

QED.
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PROPOSITION XLIII. THEOREM.

HE complements N .

’ of the parallelograms

which are about the diagonal of a

parallelogram are equal.

’ [1.34]
= ‘ [1.34]

Yy [ax. 3].

QED.



PROPOSITION XLIV. PROBLEM.

1| O 4 given ftraight line (

)
0 apply a parallelogram equal

| 48

and having an angle equal to a given

3l /0 4 given triangle (

rectilinear angle ( ).

Make = ' with ‘ — [1. 42]

and having one of its {ides =a=x=== conterminous with and in continuation
of . Produce till it meets | CEELLEE draw
produce it till it meets ==x=== continued; draw

meeting produced, and produce

= ' [1. 43]

but — ' [contt.]
o’ ' = ' o and
‘ — ' — — [1. 29 and conft.]

QEF.
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PROPOSITION XLV. PROBLEM.

o conftruct a parallelogram

qual to a given rectilinear
figure (L) and having an

angle equal to a given rectilinear angle

)-

(

Draw and dividing the reétilinear figure into triang]es.

Conftruét ’ = < having — ' [1. 42]
apply = having ' = ' [1. 44]
apply I — } having ' = ' [1. 44]

o 77 = L and M F isa parallelogram [1. 29, 14, 30]
ning M = M .

to

to

QEF.
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PROPOSITIONXLVI. PROBLEM.

2| PON 4 given [traight line ' ‘

) to conftruct a [quare.

Draw — J_ and = e— L3

Draw 1] o and meeting drawn || — .

Y-

= arightangle [conft.]

o ‘ — = arightangle [1. 29],

and the remaining fides and angles muft be equal, [1. 34]

and % ‘ is a {quare [1. def. 27].

[conit.]

QEF.
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PROPOSITIONXLVII. THEOREM.

3 N a right angled triangle

(ON) the  [quare on the
=l hypotenufe ( ) i equal to
the [um of the [quares of the [ides,
( and ).
On 5 and defcribe {quares, [1. 46].
Draw =sssuss | INCEEEEEE [1. 31], alfo draw and .
- ’
[
Toeachadd M .o, = A ,

1. 65



In the fame manner it may be fhown

that = 3

9
hence .. — . o

QED.
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PROPOSITION XLVIII. THEOREM.

F the [quare of one fide
) of a triangle is equal

il 0 the [quares of the other two

& Jides ( and ), the angle
T (.) fubtended by that fide is a right
angle.

Draw ==sssss J_ and BB e— (L1, 3]
and draw =ssssas alfo
Since sesmmuus — [contt.]

2 2
....... = —_—
2 2 2 2
% FEmmmam + — = + 5

2 2 2
but ------- + — = EEEEEmm [I. 47],

2 2 2
and + [hyp.]

2 2

1. 67

and ... — . [I- 8],
confequently . is a right angle.

QED.



BOOK IL.

DEFINITIONS.

DEFINITION I

retangle or a right angled
parallelogram is faid to be
il contained by any two of its

adjacent or conterminous f{ides.

Thus: the right angled parallelogram - is faid to be contained by the

{ides and 5 or it may be briefly defignated by
If the adjacent {ides are equal; i.c. = o then
. which is the expreflion for the rectangle under
and is a {quare, and
2
. or
is equal to )
. or

1I. 68



DEFINITION I1I.

il N a parallelogram, the figure

: compofed of one of the

i parallelograms about the
diagonal, together with the two

complements, is called a Gromon.

| ]
Thus i and are called Gnomons.

1I. 69



PROPOSITIONS.

PROPOSITION I. PROBLEM.

§ HE rectangle contained by two

raight lines, one of which is
3| divided into any number of
parts,

+ —_—

s equal to the [um of the rectangles contained by the undivided line, and the
Jfeveral parts of the divided line.

Draw o J_

and = [1. 2, 3]; complete

parallelograms, that is to fay,

o —

I1. 70
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T+ +

QEF.



PROPOSITION II. THEOREM.

> N [ftraight line be divided into
NG R

’5) §y 2 any HW0 PATLS s

s /)¢ [quare of the whole line is
equal to the [um of the rectangles contained
by the whole line and each of its parts.

2 .
= + .
Defcribe [1. 46].
2
Draw parallel to weenans [r. 31]. =

1. 72



1. 73

QED.



PROPOSITION III. THEOREM.

% Fa [ftraight line be divided into
Gy 4

’y} §}) ANY WO PAVLS e
stimil| 1))c rectangle contained by the
whole line and either of its parts, is equal to

the [quare of that part, together with the

rectangle under the parts.

2
. _— — + . ’or’

2
(] _— — + (] .

Defcribe . [1. 46]. Complete [1. 31].

. and

2
_— — —_— .
— P — °

2
.'. ° —_— e— + .

In a {imilar manner it may be readily thown that

= + . .

QED.

1. 74



PROPOSITION IV. THEOREM.

F a ftraight line be divided into
any two parts )
the [quare of the whole line is
equal to the squares of the parts, together
with twice the rectangle contained by the

pa 7ts.

2, 2,
= e— 4 — 4 twice .
Defcribe [1. 46]
draw

o’ by [1.6,29,34]

I1. 75

isafquare = ——



2
For the fame reafons ﬂ isafquare = ——

= = . [1. 43]

buc!'ﬂ=!|+ + +!|a
2 2

2
oty m—— o — o e— 4 twice .

QED.

11. 76



PROPOSITION V. THEOREM.

into two unequal parts, the reifangle
contained by the unequal parts, together with the [quare of the line between the

points of [ection, the [quare of the line between the points of [ection, is equal to the
Jquare of balf that line

F a [traight line be divided

into two equal

parts and alfo

2 2

— 0 cm— + —_— =

Defcribe [1. 46], draw and
S N —-
----- N — [ 31
....... N —-
=0 [
= [1. 43]
o [ax. 2] . — B = — ¢ —

1. 77



QED.
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PROPOSITION VI. THEOREM.

F a ftraight line be bifected

s and produced

: to any point 5 the
rectangle contained by the whole line [o

increafed, and the part produced, together
with the [quare of half the line, is equal to the [quare of the line made up of the

half, and the produced part.

2 2

= R e e —

Defcribe E [1. 46], draw

and

—
=
S5
N\
S
&
8]
>,

oo

2
= —— [IL4cor.]

I1. 79



QED.

1. 80



11. 81

PROPOSITION VII. THEOREM.

F a [traight line be divided into

il the [quares of the whole line and
one of the parts are equal to twice the
rectangle contained by the whole line and
that part, together with the [quare of the

other parts.

2
+ — == . + —
Defcribe . [1.46].
Draw [poft. 1],

and{ ...... :: } [1. 31].

= I [1. 43],

2
to both [11. 4 cor.]




+

QED.

II. 82



PROPOSITION VIII. THEOREM.

whole line and any one of its parts, is equal

to four times the rectangle contained by the

whole line, and that part together with the
[quare of the other part.

— =4 . + .

Produce e and make _ —

Conftru& [1. 46]; draw —

[1. 31]
T —
2 2 2%
—_— = + + 2 .
[11. 4]
2 2
but + — . + —
[11. 7]
% 2
o.o — - 4 ° + — e

1I. 83



PROPOSITION IX. THEOREM.

WO €qUAL PATLS o .

nd alfo into two unequal parts

— —  the[quares of the unequal

parts are together double the [quares of half

the line, and of the part between the points

of [ection.

— + ) = 2 + 2 L]
Make emmmm——ras J_ and = or —_—
Draw sssssss and _—

— s H —---, 1] o and draw

half a right angle. [1. 32 cor.]
A = ‘ [1.s] = halfarightangle. [1. 32 cor.]
o’ ‘ = arightangle.

—
—

w

—_—

II. 84



A — ‘ = A = ‘ [1. 5, 29] hence

— I e— s —— = [1. 6,34]
2 2 2
— + ..... 5 OF
2 2 2
—— =4« || ocoooooo —t) [1. 47]
- 2
e — D
2 2 2 2
ole  mmm— + — =2 +2 ®

QED.
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PROPOSITIONX. THEOREM.

a [traight line

| e bifected and produced

It ANY POINt o o the
[quares of the whole produced line, and of
the produced part, are together double of the
[quares of the half line, and of the line
made up of the balf and produced part.

2 2 2 2
——+—=2 +2 —

Make === J_ and =

or

draw e—————saaas aNd e————rus= ’

half a right angle. [1. 32 cor.]

b

[1.s] = halfarightangle. [1.32 cor.]

oK = arightangle.

1I1. 86



1. 87

V-A:-)-V-9

half a right angle [1. 5, 32, 29, 34], and

2 2
e —— + ....... or
—2= + ... Y=
2,
+ —.. -
2 2 2
—_——— e —_— =2 + 2

QED.



PROPOSITION XI. PROBLEM.

O dividea given [traight line

- in [uch a manner,

8| that the rectangle contained by
the whole line and one of its parts may be
equal to the [quare of the other.

Defcribe [1. 46],
Make emmm— == asaaes [1.10], draw  emmm—
take emm— = [1. 3],
on defcribe . [1. 46].
Produce sssssas [poft. 2].
Then, [11. 6]
2
S . + —
- 2
B 2 2

11. 88
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QEF.



PROPOSITION XII. PROBLEM.

any obtufe angled

triangle, the [quare of the

| fide [ubtending the obtufe angle
exceeds the [um of the [quares of the fides
containing the obtufe angle, by twice the
rectangle contained by either of thefe fides
and the produced parts of the [ame from
the obtufe angle to the perpendicular let fall

on it from the oppofite acute angle.

2 2 2
— E — + — by 2 O ooooooc .
By [11. 4],
2 2
—— — + ------- + 2, ® smmmmms :
2 2 2 2
add to both LT I — [1. 47]

Therefore,
2 2, 2,
= 9 O ooooooc + + — :
2
hence C — 4+ —— by2 O ooooooc .

QEF.
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PROPOSITION XIII. PROBLEM.
Second

N any triangle, the [quare of
he fide [ubtendeding an acute
angle, i lefs than the [um of the

[quares of the fides containing that angle,
by twice the rectangle contained by either of thefe [ides, and the part of it

intercepted between the foot of the perpendicular let fall on it from the oppofite
angle, and the angular point of the acute angle.

FIRST.
2 2 2
— j ——ooc + — byz, 0 —
SECOND.
2 2 2
— j — + — b}’ 2, . e,

Firft, fuppofe the perpendicular to fall within the triangle, then [11. 7]
2 2

2
+ — —_— 2 o + ------- ’
2
add to each then,
2 2
— + — + —_— 2 i 0 e—
2, 2,
d e +
e [147],
2, 2, 2
— + — —_— 2 ® — + —
2 2 2,
and ¢% | 4+ — by

I1. 91



Next fuppofe the perpendicular to fall without the triangle,

then [11. 7]
2 2,
. + — —_— 2 0 c— + -------
2,
add to each then,
2 2 2
— .t + = -
2 2,
d e +
e [1 47],
2, 2 2
+ — = : + ,
2 2, 2,
7 — T+ —

QEF.
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PROPOSITION XIV. PROBLEM.

O draw a right line of which the
quare [hall be equal to a given

rectilinear figure. To draw

Juch that
2,
Make I = [1. 45],
produce until ssssass = s
take ssssmsanas = — [L10].
Defcribe Q [pott. 3],
and produce to meet it: draw .
2, 2, 2,
or = s=EEEEmm ® iam + -------
[ 5],
2, 2, 2,
but = — F e [1. 47];
2, 2, 2,
SO —— + ....... - =e=EmEs o — + .......
2,
.'. — = E=EEEEEm [ N and
2,
oo = BN =

QEF.
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BOOK III.

DEFINITIONS.

=~ QUAL circles are thofe whofe diameters

w2 are equal.

II.

A right line is said to touch a circle when it meets the

circle, and being produced does not cut it.

III.

Circles are {aid to touch one another which meet but

do not cut one another.

IV.

Right lines are faid to be equally diftant from the
centre of a circle when the perpendiculars are drawn

to them from the centre are equal.

IIL. 94



V.

And the ftraight line on which the greater perpendicular falls is

{aid to be farther from the centre.

VL

A fegment of a circle is the figure contained by a

{traight line and the part of the circumference it cuts

off.

VIIL

An angle in a fegment is the angle contained by two
{traight lines drawn from any in the circumference
of the fegment to the extremities of the ftraight line

which is the bafe of the fegment.

VIIIL

An angle is faid to ftand on the part of the
circumference, or the arch, intercepted between the

right lines that contain the angle.

IIL. 95



IX.

A fector of a circle is the figure contained by two

radii and the arch between them.

X.

Similar fegments of circles are thofe which contain ﬂ

equal angles. [\

Circles which have the {fame centre are called

concentric circles.
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PROPOSITIONS.

PROPOSITION I. PROBLEM.

O find the centre of a given circle

N>

Draw within the circle any ftraight line

— make
— T Liauuns 5 draw
J_ —---- J bifect o and the point of bifection is
the centre. For, if it be pofible, let any other point as the point of concourfe of
g mrrees and =esssss be the centre. Becaufe in \ and
— e [hyp. and 1. def. 15] —— = aeeeees

[conft.] and =sesuas common, ' — ‘ [1. 8], and are therefore

right angles; but ‘ — CI [conft.] ‘ — ‘ [ax. 1]

which is abfurd; therefore the afflumed point is not the centre of the circle; and

in the fame manner it can be proved that no other point which is not on

is the centre, therefore the centre is in o and therefore the

point where is bifected is the centre.

QEF.
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PROPOSITION II. THEOREM.

| [Braight Line ) joining

two points in the circumference

~ of a cirde O o lies wholly

within the circle.

Find the centre of O [111. 1]5

to any point in ’

from the centre draw

meeting the circumference from the centre;

draw and .

but C ‘ or C ‘ [1.16]

o' C — [119]
but — e—————Ew s
e — _—

N ] —e 3

lies within the circle.

o’ €very pointin

QED.
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PROPOSITION III. THEOREM.

F a [traight line ( )
drawn through the centre of

a circle O bifects a chord

( =« ) which does not pafs through
the centre, it is perpendicular to it; or, if
perpendicular to it, it bifects it.

Draw and to the centre of the circle.
n | and
= ’ common, and
—— = coooooc K ‘ — [1.8]
and & | ——eees [Ldef 10].
Again let  em— J_ —

Then in _I and .
A = b [

and [ —
... - sEmmmas [I‘ 26]
ANd o8 = Dbife(ts emm———auas

QED.
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PROPOSITION IV. THEOREM.

F in a circle two ftraight lines

ut one another, which do not
both pafs through the centre, they
do not bifect one another.

>/

If one of the lines pafs through the centre, it is evident that it cannot be

bifected by the other, which does not pafs through the centre.

But if neither the lines or pafs through the centre, draw

------- from the centre to their interfeGion.

If ——— bebifected, sssss | coit [ 3]

S50 ’ = D and if e=—— be

— ’ s apart

equal to the whole, which is abfurd:

and do not bife&t one another.

QED.

II1. 100



PROPOSITION V. THEOREM.

8| F rwo circles @ interfed,

| they bave not the [ame centre.

Suppofe it pofiible that two interfeting circles have a common centre; from

{uch fuppofed centre draw to the interfecting point, and
=== meeting the circumferences of the circles.
Then = = [1def 15]
and = reesans [1. def. 15]
& i R 5

a part equal to the whole, which is abfurd:

% circles fuppofed to interfect in any point cannot have the fame centre.

QED.
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PROPOSITION VI. THEOREM.

2| one another internally they

have not the [ame centre.

For, if it be poflible, let both circles have the fame centre; from fuch a fuppofed

centre draw === cutting both circles, and to the point of
contat.
Then —CTEPTTY [1. def. 15]
and = s m— (1. def 15]
Oy emenes = e—

a part equal to the whole, which is abfurd:

therefore the afflumed point is not the centre of both circles; and in the fame

manner it can be demonftrated that no other point is.

QED.
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PROPOSITION VII. THEOREM.

FIGUREL
| E from any point within a

are drawn to

centre, lines

the circumference; the greateft of thofe lines
18 that (emmssnsnes ) which paffes through
the centre, and the leaft is the remaining
FIGUREIL part ( ) of the diameter.
Of the others, that (
to the line paffing through the centre, is

) which s nearer

greater than that ( ) which is more

remote.

Fig. 2 The two lines (  and

) which make equal angles with

that paffing through the centre, on oppofite
Jides of it, are equal to each other; and there
cannot be drawn a third line equal to them,

[from the [ame point to the circumference.

FIGURE L.

To the centre of the circle draw s==sa== and sessass 5
then ------- - =EEEEEm [1. def 15]

— 4+ e [C ——— [120]inlike manner
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e==x==2== may be thewn to be greater than o orany other line

drawn from the fame point to the circumference. Again, by [1. 20]

+ C oeeeeeer = + , take
from both; % =—— [C [ax. 3], and in like manner
it may be fhewn that is lefs than any other line drawn from the fame

point to the circumference. Again, in / and V y —

common, C . and sesssss ™ ciieaas
L C [1.24] and may in like manner be
proved greater than any other line drawn from the fame point to the
circumference more remote from emmssasass R
FIGUREIL
If 4 — then R —,
if not take emmmm—— = em—— draw 5
then in \I and [/ - common, q =
and T e 0, sresmas == [1. 4]
o' rees=e T = a part equal to the whole,
which is abfurd:
oy —m = ==« § andnootherlineisequal to drawn

from the fame point to the circumference; for if it were nearer to the one pafling
through the centre it would be greater, and if it were more remote it would be

lefs.

QED.
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The original text of this propofition is here

divided into three parts.
PROPOSITION VIII. THEOREM.

L

| E from a point without a circle,

| [traight lines

€.

are drawn to the circumference; of thofe

falling upon the concave circumference the

greateft is that (s===== —) whith paf]es
)

which is nearer the greateft is greater than

through the centre, and the line (

that ( ) which is more remote.

Draw sssssas and sssesss to the centre.
Then, =sssus = which paffes through the centre, is greateft; for fince
------- = e, if be added to both,
...... —_ = — 4 ey but £ [1. 20]
o% mEmmas = is greater than any other line drawn from the fame point to

the concave circumference.

Again in A and A’ ....... —  goooooc .
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and

common, but y C 5

o C [1. 24];
and in like manner may be thewn [T than any other line more
remote from ===a== —_—
II. 3
Of thofe lines falling on the convex .:: :
circumference the leaft is that (sesesss ) :: : -
which being produced would pafs through ..'. :

the centre, and the line which is nearer to
the leaft is lefs than that which is more

remote.

For, {ince e ETIIIIT
and - —
R C o-eeeee [ax. ]
And again, {ince 4 e C 4+ e
[1. 21], and — .
O J e . And fo of others.

I11. 106



III.

Alfo the lines making equal angles with
that which paffes through the centre are
equal, whether falling on the concave or
convex circumference; and no third line can
be drawn equal to them from the [ame

point to the circumference.

Forif sssssss E SLLEEE T butmaking j—
make sssmsEs = smmEEEsm s anddraw EEE LT E

wehave EEEEEEE e EEmEEEm

common, and alfo —

— 4k

but

— EEEEEER °
- 9

R L LLI— LT TT T T which is abfurd.

LJ 1 —
oo ""tnmmm ISNOU puu =ssssss ’ nottoanypart
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Of snnsnus 0 ofe mmEEm is not E CEETTTT I

Neitheris seassas [C =eeees- o theyare

& == toeach other.

And any other line drawn from the fame point to the circumference muft lie at
the {fame {ide with one of thefe lines, and be more or lefs remote than it from the

line pafling through the centre, and cannot therefore be equal to it.

QED.
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PROPOSITION IX. THEOREM.

F a point be taken within a

circle O o fromwhich

more than two equal [traight lines

( 5 5 ) can be

drawn tothe circumference, that point muft

be the centre of the circle.

For if it be fuppofed that the point \ in which more than two equal

{traight lines meet is not the centre, fome other point e ssx== muft be;

join thefe two points by , and produce it both ways to the

circumference.

Then {ince more than two equal ftraight lines are drawn from a point which is
not the centre, to the circumference, two of them at leaft mutft lie at the {fame
{ide of the diameter -= 3 and fince from a point /\ o Which is

not the centre, {traight lines are drawn to the circumference; the greateft is

----- o Wwhich pafles through the centre: and which is nearer
{0 emmmmunaan , which is more remote [111. 8]; but
— [hyp.] which is abfurd. The fame may be

demonttrated of any other point, different from /\ o which muft be the

centre of the circle.

QED.
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PROPOSITIONX. THEOREM.

NE circle O cannot

interfect another O in

more points than two.

For if it be poflible, let it interfect in three

points; from the centre of O draw

and to the

’
points of interfection;

[1. def. 15], but as the circles interfect, they
have not the {fame centre [I11. 5]: % the

aflumed point is not the centre of

o and % as

5 and are
drawn from a point and not the centre,
they are not equal [111. 7, 8]; but it was
thewn before that they were equal, in
which is abfurd; the circles therefore do

not interfect in three points.

QED.
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PROPOSITION XI. THEOREM.

F two circles O and
O toulh one another

internally, the right line joining their
centres, being produced, [hall pafs through
a point of contadt.

For if it be poffible, let join their centres, and produce it both ways;

from a point of contact draw

to the centre of O . and from the

{fame point of contact draw =s====== to the centre of O .
Becaufe in 5 + C eeeeee [1. 20],
~
and sssesss = = as they are radii of O ,
but 4+ — C — ; takeaway which is
common, and C 5 but .
becaufe they are radii of O s and % C a part

greater than the whole, which is abfurd.

The centres are not therefore fo placed, that a line joining them can pafs

through any point but a point of contact.

QED.
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PROPOSITION XII. THEOREM.

externally, the [traight line
Joining their centres paffes through the point

of contadt.
If it be poflible, let join the centres, and not pafs through a point
of contact; then from a point of contact draw and to the
centres.
Becaufe — C [1. 20],

and — [1. def. 15],

and — [1. def. 15],
S + C o apart greater than the

whole, which is abfurd.

The centres are not therefore {o placed, that the line joining them can pafs
through any point but the point of contact.

QED.
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PROPOSITION XIII. THEOREM.

ANE circle cannot touch another, either externally or internally

7 more points than one.

FIGURE L.
Fig. 1 For if it be poflible, let and

O touch one another internally in

joining their

two points; draw
\ centres, and produce it until it pafs

through one of the points of contact

[111. 11]; draw and R

BUt sessess = = [1def 1],

o% if == be added to both,

——nann —_+ S

—_— ’
DUt e = = — [1.def. 15],
and o0 =— — 5 but
+ C [1. def. 20],

which is abfurd.



Fig. 2 But if the points of contact be the
extremities of the right line joining the
centres, this {traight line muft be bifected
in two different points for the two centres;

becaufe it is the diameter of both circle,

which is abfurd.

Fig. 3 Next, if it be poflible, let

and O touch externally in two

points; draw e=—s«-- joining the
centres of the circles, and pafling through
one of the points of contact, and draw

and .

FIGURE II.

FIGURE III.

+ C

which is abfurd.

L]
weer g but

=aae [1.20],

There is therefore no cafe in which two circles can touch one another in two

points.

QED.
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PROPOSITION XIV. THEOREM.

I~ | QUAL [traight lines
— { } infcribed in

a circle are equally diftant from the centre;

and alfo, [traight lines equally diftant from

the centre are equal.

------- J_ to sams gNd sssssss
J_ 5 join and .
Then = half [111. 3]
and — T .. [111. 3]
2
{ince = —::== [hyp]
o’ _ —— D)
and = = [Ldef. 15]
2 2
... — = — ;
but fince is a right angle
2 2 2
— ooooooc + [1. 47]
2 2 2
and —JE PP + for the {fame reafon,
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o mEmmmasm + —_— = e +
2 2
O nemener 5 goooooc .
Alfo, if the lines ==== and be equally diftant from the
centre; that is to fay, if the perpendiculars sssesas and sssssss be given
equal than T I a

For, as in the preceding cale,
2 2

2 2
....... + — 4+ e .
) 5,
but sssssss — asszmmas .
) )
o = o and the doubles of thefe
and ==== are alfo equal.

QED.
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PROPOSITIONXV. THEOREM.

HE diameter is the greateft [traight line in a circle: and, of all others,

that which is neareft to the centre s greater than the more remote.

FIGURE L. FIGURE L

The diameter e is [ any

line . Fordraw and
. Then —
and _—
e + =
but + C —
[1.20] % C —.

Again, the line which is nearer the centre is greater than the one more remote.

Firft, let the given lines be and sesssss o Wwhich are at the fame fide

of the centre and do not interfe&;

9
draw 2
....... .
....... R
JduEEEEBE,y
In A and > o

.0 9
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and — ssmmmss and sssssss e

&rCc v,
SH —— E ------- [I 24]
FIGUREII. FIGUREII.
Let the given lines be and

which either are at different

{ides of the centre, or interfect; from the

centre draw -« xaaas and I . \

....... 1 and , \ : /
make ssssass = , and draw

N T ,

Since and are equally diftant from
the centre, = [111. 14];
but C [Pt. 1; 111. 15],
oo — [ .

QED.
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PROPOSITION XVI. THEOREM.

HE ftraight line
| drawn from the extrematy of the

diameter

. of a circle
- perpendicular to it falls without the circle.
And if any ftraight line ==sssss be
drawn from a point within that perpendicular to the point of contact, it cuts the

circle.

PART L.

If it be poflible, let ———, which meets the circle again, be

J_ — , anddraw e— ,

Then, becaufe = N - ‘ [1. 5],

and 4% each of these angles is acute [1. 17]

but = D [hyp.], which is abfurd, therefore

drawn
J_ does not meet the circle again.
PARTII.
Let be J_ and let =asenas be drawn from a point
...... .
- between and the circle, which if it be poflible, does not cut

the circle.
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Becaufe . = D .
& ’ is an acute angle; fuppofe

---------- J_ ======= , drawn from the centre of the circle, it muft fall

at the {ide of ’ the acute angle.
- '> which is fuppofed to be a right angle, is [T ’ ,

and % sssesss C e o apartgreater than the whole, which is
abfurd. Therefore the point does not fall outside the circle, and therefore the

ftraightline =esasss cuts the circle.

QED.

II1. 120



PROPOSITION XVII. THEOREM.

O draw a tangent to a given

circle from a given

point, either in or outfide of its

circumference.

If the given point be in the circumference, asat o itis plain that the
{traight line J_ ssessax the radius, will be the required tangent
[111. 16].

But if given the point /I be outfide of the circumference, draw

ssssss= from it to the centre, cutting O 5 and draw

memmaas | SLLLLTERN defcribe concentric with O radius

will be the tangent required. For in

& e and /I ...... —— = oooooo —_ A common,

and seeeeae O coooooe & [1.4] — = aright

QED.
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PROPOSITION XVIII. THEOREM.

Fa right line sesesas be
a tangent to a circle, the [traight

4 [ine

drawn from the ol

centre to the point of contact, is

perpendicular to it.
For if it be pofible, let === be J_ ------- o
then becaufe = D ) ‘ is acute [1. 17]
oo C e [119];
but - —,
and % C -,
a part greater than the whole, which is abfurd.
AoR ==x isnot J_ ------- 5 and in the fame manner it can be

demonttrated, that no other line except

is perpendicular to

QED.
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PROPOSITION XIX. THEOREM.

| F a ftraight line

| be a tangent to a circle, the

| (fraight line o drawn
perpendicular to it from a point of the
contacl, paffes through the centre of the

circle.

For if it be poflible, let the centre be without and draw ======-

’
from the fuppofed centre to the point of contatt.

Becaufe =asenss J_ e [111. 18]
oo — D o arightangle;
bur o = D [hyp],and % = AN

a part equal to the whole, which is abfurd.

Therefore the afflumed point is not the centre; and in the fame manner it can be

demonttrated, that no other point without is the centre.

QED.
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PROPOSITION XX. THEOREM.

1| HE angle at the centre of a circle, is double the angle at the
circumference, when they have the [ame part of the

2| circumference for their bafe.

FIGURE L FIGURE L

Let the centre of the circle be on

e s e n = 2 {1de Of .
Becaufe = —,

= ‘ [1.5].
But ‘ — + ‘ 0
‘ = twice [1.32].
FIGUREIL FIGUREIL

Let the centre be within 4 o the

angle at the circumference;

from the angular point

draw
through the centre of the circle;

o = M,
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and — o becaufe of the equality of the fides [1. 5].
Hence M + 4 + + = cwice o
But ' 4 + ‘ s and
’ = + ’

o ’ = twice 4 .

FIGURE III. FIGURE III.

Let the centre be without ( and

draw — o the diameter.

Becaufe ' = twice ' 5

and

v = twice " [cafe 1];

o’ = twice ( o

QED.
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PROPOSITION XXI. THEOREM.

|| IE angles (‘ 5 ‘) in the [ame [egment of a

8 circle are equal.

FIGUREL FIGURE L.

Let the fegment be greater than a
{emicircle, and draw and

to the centre.

= twice ‘ or twice

I1I. 20];

4.

FIGUREIL FIGUREII.

-4
- A =

Let the fegment be a femicircle, or lefs

the

than a femicircle, draw

diameter, alfo draw

and

- <
‘ = ‘ [cafe1];
“ -G

QED.
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PROPOSITION XXII. THEOREM.

| LIE oppofite angles ‘
| and ' - ' and

' of any quadrilateral figure

infcribed in a circle, are together equal to

two right angles.

Draw and the diagonals; and becaufe angles in the fame

{egment are equal ' - ‘ ’
and ' = ‘;
add ' to both.
@+ P =P+ VW=

two right angles [1. 32]. In like manner it may be thown that,

+'=ﬂl.

QED.
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PROPOSITION XXIII. THEOREM.

2| PON the [ame [braight line
and upon the [ame [ide of it,
8| 1100 [imilar [egments of circles

cannot be construted which do not coincide.

For if it be poflible, let two {imilar segments

Q and £\ be conftructed;

cutting both the fegments,

draw any right line

draw

and .

Becaufe the fegments are {imilar,

— ‘ [111. def. 10],
but C ‘ [1. 16]

which is abfurd: therefore no point in either of the fegments falls without the

other, and therefore the fegments coincide.

QED.
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PROPOSITION XXIV. THEOREM.

A IMILAR [egments S
nd LN\ . of

¥ circles upon equal [Fraight lines

and

) are each equal to

(
/\ the other.

For, if be fo applied to <l )

that

may fall on

5 the extremities of

——— may be on the extremities and

/7~ O\ atthefamefideas /7 \ s

becaufe = .

’
and the fimilar fegments being then upon the fame {traight line at the fame fide

muft wholly coincide with

of it, muft alfo coincide [111. 23], and are therefore equal.

QED.
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PROPOSITION XXV. THEOREM.

| Jegment of a circle being given,
to defcribe the circle of which it
s s the [egment.

From any point in the fegment draw and bife&t them, and

from the points of bifection

draw J_ —
1

where they meet is the centre of the circle.

and

Becaufe

terminated in the circle is bifected perpendicularly by

o it paffes through the centre [111. 1], likewife pafles

through the centre, therefore the centre is in the interfection of thefe

perpendiculars.

QED.
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PROPOSITION XXVI. THEOREM.

N equal circles O and

O o thearcs \/,
N—r on which ftand equal angles,

whether at the centre or circumference, are

equal.
Firft, let — ‘ at the
centre, draw and sessess .

Then {ince O O

oY = sessuas [1. 4]. But ‘ A [111. 20];
55 Q and m are fimilar [111. def. 10]; they are alfo equal [111. 24].

If therefore the equal fegments be taken from the equal circles, the remaining
{egments will be equal; hence — [ax. 3];

N = « Butif the given equal angles be at the
circumference, it is evident that the angles at the centre, being double of thofe
at the circumference, are alfo equal, and therefore the arcs on which they ftand

are equal.
QED.
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PROPOSITION XXVII. THEOREM.

A which ftand upon equal arches are

equal, whether they be at the centres or at the

circumferences.

For if it be poflible, let one of them

A be greater than the other

and make

-4

*tennast [111. 26]

but **esnns® [hyp]

~—"" 2 part equal

(((

to the whole, which is abfurd; % neither angle is greater than the other, and

% they are equal.

QED.
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PROPOSITION XXVIII. THEOREM.

| N equal circles

] O 5 equal chords

g nrmuas cut off equal arches.

and

From the centres of the equal circles, draw

, and
....... g mrmues ; and becaufe
. —  poooooo .
....... alfo — T ssmmmms
byl = @ =
s N = N [1126]
- = () sl
QED.
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PROPOSITION XXIX. THEOREM.

and

If the equal arcs be {femicircles the
propofition is evident. But if not,

let and

be drawn to the centres; becaufe

N—r = “—~ [hyp.]and
‘ — [111. 27]; but
and )  goooooo
aim@l ooooooc
.’. = E=EEEEEm [I‘ 4],

but thefe are the chords {ubtending the equal arcs.

QED.
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PROPOSITION XXX. PROBLEM.

O bifect a given arc (- .

Draw e——usss 5 Make o——— @ iiaaeas ) draw

J_ =——:::x , and it bifects the arc. Draw =sss=-= and

IIL 135

is common, and

QEF.



PROPOSITION XXXI. THEOREM.

N a circle the angle in a [emicircle is a right angle, the angle in

| a [egment greater than a [emicircle is acute, and the angle in a

d| [egment lefs than a [emicircle is obtufe.

FIGURE L. FIGURE L

The angle \ in a {femicircle is a right

angle. Draw and

A
A = \ [1.5]

A+ A= )>d-=

the half of two right angles == aright

and

angle. [1. 32].

FIGUREII. FIGUREII.

The angle ‘ in a fegment greater

than a femicircle is acute. Draw e

the diameter, and

o' ' = arightangle
oo ‘ is acute. \/

111. 136




IIL 137

FIGURE III.

FIGURE III.

The angle ‘ in a fegment lefs

than {femicircle is obtufe. Take the
oppofite circumference any point, to

which draw

and .
Becaufe -+ ‘ =

m [r11. 22]

but | ﬂ [part 2],
55 ‘ is obtufe.

QED.



PROPOSITION XXXII. THEOREM.

be a

angent to a circle and from
d| the point of contalt a right line

——— be drawn cutting the circle, the

angle made by this line with the

tangent 13 equal to the angle in the

alternate [egment of the circle.

If the chord fhould pafs through the centre, it is evident the angles are equal,

for each of them is a right angle [111. 16, 31].

1

pafs through the centre of the circle [111. 19].

N e
+ ' = ﬂ = ' [111. 32]

ek — [ax. 3].

Again a = CD — + ’ [111. 22]
a — . o [ax. 3], which is the angle in the alternate fegment.

Q.ED.

But if not, draw from the point of contact, it muft

II1. 138



PROPOSITION XXXIII. PROBLEM.

"% N a given [traight line

to defcribe a_[egment
of a circle that [ball contain

an angle equal to a given angle

N\, (7, A.
7

If the given angle be a right angle, bife¢t the given line, and defcribe a femicircle

on it, this will evidently contain a right angle [111. 31].

If the given angle be acute or obtufe, make with the given line, at its extremity,
— ‘ s draw —— J_
' = ' o defcribe O with

or
is a tangent to [111. 16]

and make

as radius,

for they are equal.
o divides the circle into two fegments capable of containing
angles equal to C’ and which were made refpectively equal to

O and ‘ [111. 32].

QEF.
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PROPOSITION XXXIV. PROBLEM.

O cut off from a given circle

a [egment which [hall

contain an angle equal to a given angle

Draw e [11I. 17], a tangent to the circle at any point; at the point of

conta& make

. = ' the given angle;

and contains an angle == the given angle.

Becaufe

is a tangent,

cuts it, the

angle in — ' [111. 32],
but ' — ' [conit.].

and

QEF.
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PROPOSITION XXXV. THEOREM.

two hords in a circle interfect each other, the

| rectan gle contained by the [egments of the one is equal to the

rectangle contained by the [egments of the other.

FIGURE L FIGUREL

If the given right lines pafs through the
S centre, they are bifected in the point of
R interfection, hence the rectangles under
o their fegments are the {quares of their

halves and are therefore equal.
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FIGUREII. FIGURE II.

Let suum pafs through the centre,
and e———czsuas not;
draw and o
Then ) GEETTITLY —
2 2
— oooonoc [11_ 6],
or x ....... e
2 g}
. e —
— x ....... [11 5]
FIGURE III. FIGURE III.

Let neither of the given lines pafs through

the centre, draw through their interfection

adiameter s=sssss — , and seesees
X — = X
....... [part2] alfo seseses X
_— = 3¢ naiues
[part2]; o% === @ rrzuues
— G .

QED.
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PROPOSITION XXXVI. THEOREM.

E from a point without a circle two [traight lines be drawn to it, one of
which

1 a tangent to the circle, and the other e«

cuts it; the rectangle under the whole cutting line e«

and the external [egment 18 equal to the [quare of the tangent

FIGURE L. FIGUREL

Let emmsm—— pafs through the centre;

draw from the centre to the
point of contact;
2 2,
- . minus
2,
[1. 47], or
2, 2,
— e . minus
2
....... .
2
O — = e X [11. 6].
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FIGUREII.

FIGURE II.

If «ees do not pafs through the
centre, draw and sesssus . \
2 2
Then rossmmm—— ¥ = minus sss=s=ss [11. 6],
2 2
that is, X = e minus 5
2
oo X = — [mri8]

QED.
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PROPOSITION XXXVII. PROBLEM.

| E from a point outfide a circle
| two [traight lines be drawn,

~ cutting the
circle, the other

meeting it, and if
the rectangle contained by the whole cutting
line

« and its external [egment

be equal to the [quare of the line
meeting the circle, the latter

tangent to the circle.

Ba

Draw from the given point

, atangent to the circle, and draw from

the centre g mmmmuus 5 and sssss=s .
2,
= — b GEETTTTTY [111. 36] but
2
= SR [hyp.],
2 2
... ——— — ° and P e ;
-
Thenin = and " f  eeeaes and —TTTITE and

—— , and iscommon, ¢% ' = ' [1. 8]; but
' = D aright angle [111. 18], % ' — D aright

angle,and ¢% == isa tangent to the circle [111. 16].
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BOOK IV.

DEFINITIONS.

rectilinear figure is faid to be zn2/cribed

in another, when all the angular points of

#d| the infcribed figure are on the fides of the

figure in which it is faid to be infcribed.

II.
A FIGURE is faid to be defcribed about another figure, when all

the fides of the circum{cribed figure pafs through the angular
points of the other figure.

III.

A RECTILINEAR figure is {aid to be zn/cribed in a
circle, when the vertex of each angle of the figure is

in the circumference of the circle.

IV.

A RECTILINEAR figure is {aid to be circum/cribed
about a circle, when each of its {ides is a tangent to

the circle.
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A cIrcLE is faid to be infcribed in a rectilinear figure,

when each fide of the figure is a tangent to the circle.

VI
A cIrcLE is faid to be czrcumfcribed about a

re(tilinear figure, when the circumference pafles

through the vertex of each angle of the figure.

v is circumf{cribed.

VIIL

A STRAIGHT line is {aid to be 7n/cribe in a circle,

when its extremities are in the circumference.

The Fourth Book of the Elements is devoted to the
[olution of problems, chiefly relating to the infcription
and circum/cription of regular polygons and circles.

A regular polygon is one whofe angles and fides are
equal.
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PROPOSITIONS.
PROPOSITION I. PROBLEM.

N a given circle to place

a [traight line, equal to a given
£ (fraight line
greater than the diameter of the circle.

), not

Draw ssssss —— , the diameter of .
and if sesass —_— = o then
the problem is {olved.
Butif ssssss —— be notequal to 5
""" C [hyp.];
make s=zsass — [1. 3] with
------- as radius,
defcribe Q , cutting , and
draw o which the line is required.
For = rasaas — [1. def. 15, conit.].

QEF.
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PROPOSITION II. PROBLEM.

\ N a given circle O to

nfcribe a triangle equiangular

to a given triangle.

To any point of the given circle draw

, atangent [111. 17];

and at the point of contact

make A = ‘ [1. 23]

and in like manner = o and draw .

v — for the same reafon.
o’ ' = ' [1. 32],

and therefore the triangle infcribed in the circle is equiangular to the given one.

QEF.
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PROPOSITION I1I. PROBLEM.

BOUT « given circle O : 5 ‘

to circum/cribe a triangle

equiangular to a given triangle.

Produce any {ide

o of the given triangle both ways; from the centre of

the given circle draw o any radius.

Make = [1. 23] and ' = ‘ a

At the extremities of the three radii, draw and

9

------- , tangents to the given circle [111. 17].

The four angles @ o taken together, are equal to four right angles [1.

32];

but ‘ and ‘ are right angles [conft.]
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-~ A+

but A

m s two right angles
(TN [113]

[conit.]

wd o M= M.

and

In the {fame manner it can be demonftrated that
N=0:
et ‘ = ‘ [1. 32]

and therefore the triangle circumfcribed about the given circle is equiangular

to the given triangle.

QEF.
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PROPOSITION IV. PROBLEM.

N a given triangle :

to infcribe a circle.

Bife&t ’ and A [1.9] by =sssuss and 5 from the point
where thefe lines meet draw ==sasss 5 and ssesses refpectively
perpendicular to 5 and .
""' ' "
In and o

hence with any one of thefe lines as radius, defcribe O

and it will pafs through the extremities of the other two; and the fides of the
given triangle, being perpendicular to the three radii at their extremities, touch

the circle [111. 16], which is therefore infcribed in the given triangle.

QEF.
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PROPOSITION V. PROBLEM.

O defcribe a cirdle about a given

triangle.

Make emmm—— == sununes and
3 goooooc [1. 10]. From the
points of bifection draw and

J_ and

refpectively [1. 11], and from their point of

concourfe draw gy mmmmens and

and defcribe a circle with any one

of them, and it will be the circle required.

» H
In / and :

— [conft.],

common,

' = ‘ [contt.],

= aasaas [1. 4].
In like manner it may be thown that

O — — 5 and therefore a circle defcribed

from the concourfe of thefe three lines with any one of them as a radius will

circumfcribe the given triangle.
QEF.
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PROPOSITION VI. PROBLEM.

Draw the two diameters of the circle | to each other, and draw

5 5 and
/> is a {quare.
For fince and . are, each of them, in a femicircle, they are right

angles [II1. 31], o% == || ==—— [1.28]:

and in like manner 1] .

And becaufe ‘ - [conft.],and ==ea=a- [

R [1.def. 15]. % = = —— [L4];

and fince the adjacent fides and angles of the parallelogram /> are equal,

they are all equal [1. 34]; and  ¢% /> o infcribed in the given circle, is a

{quare.
QEF.
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PROPOSITION VII. PROBLEM.

BOUT 4 given circle Q

| to circumcribe a [quare.

Draw two diameters of the given circle perpendicular to each other, and

through their extremities draw . 5 5 and

tangents to the circle; and is a {quare.

= CI a right angle [111. 18], alfo ‘ = ﬂ [conit.],

o = || -euuee- 5 in the fame manner it can be demonftrated that

and

—_ ] e . and alfo that

I o------- % is a parallelogram, and

i =W -U- M-

they are all right angles [1. 34]:

it is alfo evident that

5 5 and are equal.

£ is a {quare.

QEF.
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PROPOSITION VIII. PROBLEM.

Make c———— = iauaas - and = aassass - draw

I ——er, and eessmmm || cooe— [13]

$h . is a parallelogram; and {ince sooo = oooo———
[hyp.] =———— = eeeuaes e . is equilateral [1. 34].

In like manner, it can be thown that

. = . are equilateral parallelograms;

LJ —
ee — — — °

and therefore if a circle be defcribed from the concourfe of thefe lines with any

one of them as radius, it will be infcribed in the given {quare [1. 16].

QEF.
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PROPOSITION IX. PROBLEM.

O defcribe a circle about a

given [quare ‘ .

Draw the diagonals sens ANd e———— interfecting each other;
then,
becaufe ‘ and have their fides equal, and the bafe —————----

common to both, = ‘ [1. 8], or ‘ is bifected: in like
manner it can be thown that . is bifected; but ‘ = . ’

hence ‘ = ' their halves, % =———— = —— 7 [16]

and in like manner it can be proved that

If from the confluence of thefe lines with any one of them as radius, a circle

can be defcribed, it will circum{cribe the given {quare.

QEF.
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PROPOSITIONX. PROBLEM.

O conftruct an ifofceles triangle,

n which each of the angles at the
| hafe [ball be double of the

vertical angle.
Take any ftraight line = and divide it {o that
2
) QLT = —  [1u].
With emsm———es asradius, defcribe Q and place
in it from the extremity of the radius, = =, [v.1];
draw .
‘Then \ is the required triangle.
For, draw and defcribe
O about [ [.s].
D) D)
Since ) QT = —— = ———

o’e — istangentto O [111. 37].
o' — A [111. 32],

add 4 to each,
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o
o
j=)
o

Q
c
19
=

<
|

+

|
W
28

:.A:;p.s]
‘:4 =A=A+4=twice
pay

and confequently each angle at the bafe is double of the vertical angle.

QEF.
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PROPOSITION XI. PROBLEM.

N N a given circle O

0 infcribe an equilateral

and equiangular pentagon.

Conftrutt an ifofceles triangle, in which each of the angles at the bafe thall be

double of the angle at the vertex, and infcribe in the given circle a triangle

equiangular to it [1v. 2].

Draw 5 5 and ssssass .

Becaufe each of the angles

’ A ’ A ’ A and Q are equal,

the arcs upon which they ftand are equal [111. 26] and  ¢% ,

, 5 and sessass which {ubtend thefe arcs are

equal [111. 29] and 4% the pentagon is equilateral, it is alfo equiangular, as

each of its angles ftand upon equal arcs [111. 27].

QEF.
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PROPOSITION XII. PROBLEM.

O defcribe an equilateral

and Eq%l'ﬂﬂgﬂlﬂ}"pé’ﬂtﬂgvﬂ

about a given circle R

Draw five tangents through the vertices of the angles of any regular pentagon

infcribed in the given circle O [111. 17].

Thefe five tangents will form the required pentagon.

common;

o'e v — ‘ and ( — [1. 8]
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In the {fame manner it can be demonftrated that

= twice A o and . = twice ‘;
but ( — . [111. 27],
o% their halves = ‘ , alfo CI = D , and

....... common;

A=A — =,

4 =twice—;

In the fame manner it can be demonftrated

that em——— = twice

9

but
[ ]
’

In the fame manner it can be demonftrated that the other {ides are equal, and

therefore the pentagon is equilateral, it is alfo equiangular, for

ﬂ = twice A and \‘ = twice ‘,
and therefore ‘ = A )

55 ﬂ = \‘ 5 in the fame manner it can be demonftrated that

the other angles of the defcribed pentagon are equal.

QEF.
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PROPOSITION XIII. PROBLEM.

O infcribe a circle in a given
equiangular and equilateral

pentagon.

Let /> be a given equiangular and equilateral pentagon; it is required to

infcribe a circle in it.

Make ' — ‘, and ‘ — ' [1. 9].
Draw ceccecs | c—, c—, sazazas &ec.

Becaufe ss=s== - o ammaas ) ' — ‘ )

common to the two triangles

7 i

—_— = and = ‘ [1. 4].
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And becaufe = ‘ twice A

e = twice o hence is bife¢ted by ——— , Inlike

manner it may be demonftrated that 9 is bifected by

------- o and that the remaining angle of the polygon is bifected in a {imilar
manner. Draw g mrrmuas o &c. perpendicular to the fides of the
pentagon.

common,

we have ' = ‘ s [contt],
and ' ‘ = arightangle;

&y —— T aenaaas o [1.26].

In the fame way it may be fhown that the five perpendiculars on the {ides of

the pentagon are equal to one another.

Defcribe with any one of the perpendiculars as radius, and it will be

the infcribed circle required. For if it does not touch the f{ides of the pentagon,
but cut them, then a line drawn from the extremity at right angles to the

diameter of a circle will fall within the circle, which has been thown to be

abfurd [111. 16].

QEF.
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PROPOSITION XIV. PROBLEM.

O defcribe a circle about a given

equilateral and equiangular

of fe&tion, draw o , and .

- A= o=

[1. 6]; and fince in T and & ™. y = = —— , and

------- Common’alfo ' - ; ol = = ammmman

[1. 4].
In like manner it may be proved that
— — , and therefore

Therefore if a circle be defcribed from the point where thefe five lines meet,

with any one of them as a radius, it will circum{cribe the given pentagon.

QEF.
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PROPOSITION XV. PROBLEM.

3| O inferibe an equilateral

and equiangular hexagon

~ in a given cirdle .

From any point in the circumference of

the given circle defcribe O pafling

through its centre, and draw the diameters

. and .

&c. and the required hexagon is infcribed

in the given circle.

Since

are equilateral triangles, hence ‘ = b = one-third of two right

angles [1. 32]; but ‘ — ﬂl [1. 13];

‘ = b = ‘ = one-thirdof ("] [1.32],and the

angles vertically oppofite to thefe are all equal to one another [1. 15], and ftand

on equal arches [111. 26], which are fubtended by equal chords [111. 29]; and fince

each of the angles of the hexagon is double the angle of an equilateral triangle,

it is alfo equiangular.

QEF.

IV. 166



PROPOSITION XVI. PROBLEM.

O infcribe an equilateral and

quian gular qm'ndem gon in a

given circle
Let and be the {ides of an equilateral pentagon infcribed in
the given circle, and the fide of an inscribed equilateral triangle.
The arc {ubtended by » 6 of the whole
and - ; - g circumference.
The arc fubtended by . 5 of the whole
= 3 15 | circumference.

I
Their difference is = —

15
o% thearc{ubtended by =sssss- — iS difference of the whole
I

circumference. Hence if ftraight lines equal to sssssss be placed in the circle
[1v. 1], and equilateral and equiangular quindecagon will be thus infcribed in

the circle.

QEF.
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BOOK V.

DEFINITIONS.

lefs magnitude is faid to be an aliquot

part or fubmultiple of a greater magnitude, when

the lefs meafures the greater; that is, when the lefs is

contained a certain number of times exaétly in the greater.

IL.

A GREATER magnitude is {aid to be a multiple of a lefs, when
the greater is meafured by the lefs; that is, when the greater

contains the lefs a certain number of times exactly.

III.

RaT10 is the relation which one quantity bears to another of

the fame kind, with refpect to magnitude.

Iv.

MAGNITUDES are {aid to have a ratio to one another, when
they are of the fame kind and the one which is not the greater
can be multiplied {o as to exceed the other.

The other definitions will be given throughout the book where
their aid is firft required.
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AXIOMS.

=~ar QUIMULTIPLES or equifubmultiples

of the fame, or of equal magnitudes, are equal.

if A == B, then
twice A == twice B, that is,
2A = 2B;
3A = 3B
4A = 4B
&ec. &c.
I I
and — of A = - of B;
2 2

LofA = LofB;
3 3

&c. &c.

II.

A MULTIPLE of a greater magnitude is greater than the fame

multiple of a lefs.

Let A [C B, then
2A[C 2B;
3ALC 3B
4A[C 4B

&c. &ec.
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III.

THAT magnitude, of which a multiple is greater than the fame

multiple of another, is greater than the other.

Let2 A [C 2B, then
AL B;
or,let3 A [C 3B, then
ALC B
or,letm A [C m B, then
AL B

&c. &c.
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PROPOSITIONS.
PROPOSITION I. THEOREM.

any number of magnitudes be equimultiples of as many others,

each of each: what multiple soever any one of the firft is of its part, the
d [ame multiple [ball of the firft magnitudes taken together be of all the
others taken together.

Let QA QA be the fame multiple of O

that is of 5

that QQQQQ isof Q.
Then it is evident that

alalalala @]

is the fame multiple of

Q0000 ©
which that QOO QOO iSOfo;

becaufe there are as many magnitudes

alalalala a

in

(910291919 O
astherearein QOO0 = N.

The fame demontftration holds in any number of magnitudes, which has here

been applied to three.

% Ifany number of magnitudes, &c.
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PROPOSITION II. THEOREM.

E the firft magnitude be the [ame multiple of the [econd that the third
1s of the fourth, and the fifth the [ame multiple of the [econd that the

a| [1xth 1s of the fourth, then [ball the fir[t, together with the fifth, be the
[ame multiple of the [econd that the third, together with the fixth, is of the fourth.

Let o thefirft, be the fame multiple of " , the fecond, that
OO O, thethird,isof ¢, thefourth;andlet @ @ @ @ , the fifth,
be the fame multiple of © , thefecond, that OO O O, thefixth, is of
O, thefourth.

The it is evident, that o thefirft and fifth together, is the fame
0000
multiple of " 4 the fecond, that 000 o the third and fixth
OO00OO

together, is of the fame multiple of ¢, the fourth;

— as there are

coce)

becaufe there are as many magnitudes in {

.{ooo}_
mn —o.
JeYoYoYe)

o% If the firft magnitude, &c.
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PROPOSITION III. THEOREM.

| E the firft four magnitudes be the [ame multiple of the [econd that the
|| third is of the fourth, and if any equimultiples whatever of the the firft

 and third be taken, thofe (ball be equimultiples; one of the [econd,
and. the other of the fourth.

The First.
The Second.
Let be the fame multiple of [l
The Third.
The Fourth.
which ¢e isof @ 3
*
1| ]|
take EEEE the fame multiple of .
1| ]|
HEEEN
000
which *000 is of ¢ .
000 *
000
1] ]|
The Second.
Then it is evident, that EEEE is the fame multiple of [l
1] ]|
HEEEN
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L X XX/

'The Fourth.
il
1 XXX/

which

as many times as

000
000
000
000

HEEEN
becaufe EEEN contains { } contains [}

contains { : :} contains ¢

The fame reafoning is applicable in all cafes.

& If the firft four, &c.
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DEFINITION'V.

Four magnitudes @ , s ®, W, arcfaid to be proportionals when ev-
ery equimultiple of the firft and third be taken, and every equimultiple of the

fecond and fourth, as,

of the firft of the third
o0 ¢
000 1 X X
0000 600
00000 XXX X
000000 XXX XX

&ec. &ec.

of the fecond of the fourth
L 4 4
L 4 4 4
L4 4 4 4
YoV
YV

&e. &ec.

Then taking every pair of equimultiples of the firft and third, and every pair of

equimultiples of the {fecond and fourth,
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Y 3=

= or _]
OO0 L, = o ]
fi@® C, =o 1
o0 [, =o
o0 L, = o
(00 C, =or 0 P®
¢¢LC, =o0r] VU9
thenwill 9@ C, = or 7] PPPWP
¢ C, =or ] VOOV
(¢¢ L, =o ] VOUPPV

That s, if twice the firft be greater, equal, or lefs than twice the {fecond, twice the
third will be greater, equal, or lefs than twice the fourth; or, if twice the firft be
greater, equal, or lefs than three times the {econd, twice the third will be greater,

equal, or lefs than three times the fourth, and so on, as above exprefled.

o000 L, = o 1
00 L, = o 1
fHeee L, = o
00 L, = o
00 L, = o
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se0 [,
se0 [,
thenwill 0 & C ,
se0 [,
Xy =

In other terms, if three times the firft be greater, equal, or lefs than twice the fe-
cond, three times the third will be greater, equal, or lefs than twice the fourth; or,
if three times the firft be greater, equal, or lefs than three times the {econd, then
will three times the third be greater, equal, or lefs than three times the fourth; or
if three times the firft be greater, equal, or lefs than four times the {fecond, then

will three times the third be greater, equal, or lefs than four times the fourth,

and so on. Again,

0000 [,
0000 [,
frNie0ee LC,
0000 [,
0000 [,

¢e00 [,
L X X X 2N m
thenwill 00 C .
L X X X 2 mg
‘o0 [,

imiamuninin
o
]

o
=

or

or

o

r
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= or _] Y
= or ] L 4 4 4
= or ] L 4 4 4 4
=o 1] VYVPV
=o ] VOYPPV

uuuu

or ] 9@

or ] QP9

or 7] QOQP

or 7] VOQPY
or 7] VOQPPP



And so on, with any other equimultiples of the four magnitudes, taken in the

{fame manner.

Euclid exprefles this definition as follows:—

The firft of four magnitudes is faid to have the fame ratio to the fecond, which
the third has to the fourth, when any equimultiples whatfoever of the firft and
third being taken, and any equimultiples whatfoever of the fecond and fourth; if
the multiple of the firft be lefs than that of the second, the multiple of the third
is alfo lefs than that of the fourth; or, if the multiple of the firft be equal to that
of the fecond, the multiple of the third is alfo equal to that of the fourth; or, if
the multiple of the firft be greater than that of the {fecond, the multiple of the
third is alfo greater than that of the fourth.

In future we fhall exprefs this definition generally, thus:

IM@LC,= m| ,
whenMQE, A7 @,

Then we infer that @ , the firft, has the fame ratioto © , the fecond, which
@, the third, has to @ the fourth: exprefled in the fucceeding demonftra-

tions thus:
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. : ‘ [ ] ,
orthus, @ ¢ = ¢ 5
*

L]
. L]
“as @ isto | 4 sois @ 0o @, 7

or thus, — == and is read,

Andif @ : ¢ : W wethallinferif
M@LC, = o Jm , thenwil
ML, =o 1mW,

That is, if the firft be to the second, as the third is to the fourth; then if M times
the firft be greater than, equal to, or lefs than 7 times the fecond, then fhall M
times the third be greater than, equal to, or lefs than 7 times the fourth, in which
M and m are not to be confidered particular multiples, but every pair of multi-
ples whatever; nor are fuch marksas @, @, o &c. to be confidered any

more than reprefentatives of geometrical magnitudes.

The {tudent fhould thoroughly underftand this definition before proceeding

further.
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PROPOSITION IV. THEOREM.

E the firft of four magnitudes have the [ame ratio to the [econd, which
he third bas to the fourth, then any equimultiples whatever of the firft
d| and third shall have the [ame ratio to any equimultiples of the [econd
and fourth; viz., the equimultiple of the firft [ball have the [ame ratio to that of
the [econd, which the equimultiple of the third has to that of the fourth.

Let ¢ M, thens c2l 036 2@, cvery
equimultiple of 3 and 3 4 are equimultiplesof © and 4, and every
equimultiple of 2 l| and 2 @, are equimultiples of [l] and @ [v.3].

That is, M times 3 and M times 3 4 are equimultiplesof © and ¢,

and 7 times 2 [l] and m 2 @ are equimultiples of 2 [l] and 2 @ § but

cHl 6V [hyp]; o ifM3 C, =o 1 m2

W, thenM3 @ [, = or ] m2 @ [v.def. 5] and therefore 3
2l 130 20 [v.defis].

The fame reafoning holds good if any other equimultiple of the firft and third

be taken, any other equimultiple of the {econd and fourth.

® If the firft four magnitudes, &c.
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PROPOSITION V. THEOREM.

F one magnitude be the [ame multiple of another, which
a magnitude taken from the firft is of a magnitude taken from the
| other the remainder [ball be the [ame multiple of the remainder, that

the whole is of the whole.

Lt QO =M4

and — M,.,

o

o O O minus = M’ 4 minus M’ -
n

OOO — M'(: minus g ),

o

and % = M'a.

oo

o% If one magnitude, &c.
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PROPOSITION VI. THEOREM.

F two magnitudes be equimultiples of two others, and if equimultiples
of thefe be taken from the firft two, the remainders are either equal to

thefe others, or equimultiples of them.

Let =M g;and J O = M'a;

then minus 7' g =

M’ g minus ' g = (M’ minus ') g,

and @ O minus 7'A = M’A minus m'A = (M’ minus 7')A.

Hence, (M’ minus 7) g and (M’ minus 7’) A are equimultiples of g and A,
and equal to g

and A, when M’ minus ' = 1.

% If two magnitudes be equimultiples, &c.
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PROPOSITION A. THEOREM.

F the firft of the four magnitudes has the [ame ratio to the [econd
which the third bas to the fourth, then if the fir(t be greater than the
d| [econd, the third is alfo greater than the fourth; and if equal, equal; if

lef, lef.

lee @ : W :: V9 ¢ 5 therefore, by the fifth definition, if
OO L[ HNE, thenwil
Y [ 5
butif @ C Hl, hen @ @ C HH
and @@ C 5
and % 9 [C .

Similarly,if @ =, or _] Il thenwill @ =, or 7] © .

&% If the firft of four, &c.
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DEFINITIONXIV.

GeEoMETRICIANS make ufe of the technical term “Invertendo,” by inverfion,

when there are four proportionals, and it is inferred, that the fecond is to the

firft as the fourth to the third.

Let A:B:: C: |, then, by “invertendo” itis inferred B: A :: 1 : C.

v.184



PROPOSITION B. THEOREM.

F four magnitudes are proportionals, they are proportionals

alfo when taken inverfely.

Lee @ O HC O,
theninverfely, J ¢ @ ¢3¢ ‘.

M@ 1m O, thenM [l ] m
by the fifth definition.

LeM @ ] m O, thatis,» O J M@,
o MHE 1 m 9 OL, 7 EM.;
o itm O C M @, then will m CMBE.

In the fame manner it may be thown,

thatif, J = or J M @,
then will m =,o MM,
and therefore, by the fifth definition, we infer
thaa O S @ 2 ¢ ¢ M.

% If four magnitudes, &c.
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PROPOSITION C. THEOREM.

E the firft be the [ame multiple of the [econd, or the [ame part of
1, that the third is of the fourth; the firft is to the [econd, as the
a| third is to the fourth.

Let :: o be the firft, the fame multiple of @, the fecond,

that o thethird,isof @, the fourth.

]
n .
] |

takeM.. m @, M m @
T K ’ ’ ’

The o :: c A
becaufe —— is the fame multiple of @
that isof @ (according to the hypothefis);

and M N is taken the fame multiple of

that M is of 5

% (according to the third proposition),

M uE is the fame multiple of @
L]

that M isof .
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Therefore, if M uE be of @ agreater multiple than 7z @ is, then M
]
is a greater
. : . | |
multiple of @ than m @ is; thatis, if M be greater thanm @,
L] |
then M will be

greater than 72 @ § in the fame manner it can be fhewn, if M be equal
m @, then

M will be equal 72 @l o

And, generally, if M B C,=o_1m@

then M willbe C, = or .1 m @

% Dby the fifth definition,

Next, let @ be the fame part of
L]

that @ is of .

In this cafe alfo @ ¢ 28 8 c



For, becaufe

@ is the fame part of o that ¢ isof
]
therefore N is the fame multiple of @

that isof @«

Therefore, by the preceding cafe,

.. ) LN L] [}
° ) ° ‘,
[ ] |
and o.o.: .. ot o ’
[ | |
by propofition B.

% If the firft be the fame multiple, &c.
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PROPOSITION D. THEOREM.

he firft be to the [econd as the thivd to the fourth, and if the firft be a
multiple, or a part of the [econd; the third is the [ame multiple,
o7 the [ame part of the fourth.

Let N o 2
*0
and firft, let be a multiple |l §
14 thall be the fame multiple of @,
Third.
Second. ‘ ‘
Firét. . ‘ ‘
D OO Fourth.
4
ala] 618
Take U = .
alal
Whatever multiple isof i}

take 6o the fame multiple of @,
(o] ¢)

then, becaufe . .. ¢o .
L 4 4
and of the fecond and fourth, we have taken equimultiples,
(o1 &)

and o o therefore [v. 4],
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& v 8 & 184 : 6o o but[conft.],
A e OO
= U o [V.A] 144 = % and 6o
Aaa) L X (o] ¢)
multiple of @

is the fame

that isof .

Next, let |l ¢ 9
and alfo | a partof ,

then @ fhall be the fame part of 16¢ .
L 4 4

Inverfely [v. def. 14], M I
but [l is part of 5
that is, is a multiple of [l 3
o . *0 ,
% Dby the preceding cafe, is the fame multiple of @
*0
thatis, @ is the fame part of

that ] is of .

o If the firft be to the fecond, &c.
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PROPOSITION VII. THEOREM.

: QUAL magnitudes have the [ame ratio to the [ame magnitude,

B8 2.0l the [ame has the [ame ratio to equal magnitudes.

any other magnitude;

Let @ = @ and
then @ ¢ = ¢ : and N 5 o

Becaule @ = ¢,

o.oM.=M’,

o then

oo 1fM. E, =0rjm
ML, =o m
and % @ ¢ = ¢ [v. def. s].

From the foregoing reafoning it is evident that,
if m C, =o M@, then
m s mor _JMe

C
@ = [ @ [v.defis].

% Equal magnitudes, &c.
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DEFINITION VIIL

WHEN of the equimultiples of four magnitudes (taken as in the fifth
definition), the multiple of the firft is greater than that of the fecond, but the
multiple of the third is not greater than the multiple of the fourth; then the
firft is faid to have to the fecond a greater ratio than the third magnitude has to
the fourth: and, on the contrary, the third is {aid to have the fourth a lefs ratio
than the firft has to the {fecond.

If, among the equimultiples of four magnitudes, compared as the in the fifth

definition, we thould find @ @ @@ ® [ , but
606446 = or ] HEEMN, orifwefhould find any particular

multiple M’ of the firft and third, and a particular multiple m’ of the fecond
and fourth, fuch, that M’ times the firftis [ »2’ times the fecond, the M’
times the third is not [ 7/ times the fourth,i.e. == or _] ' times the
fourth; then the firft is faid to have to the fecond a greater ratio than the third
has to the fourth; or the third has to the fourth, under {uch circumi{tances, a
lefs ratio than the firft has to the second: although feveral other equimultiples
may tend to thow that the four magnitudes are proportionals.

This definition will in future be exprefled thus:—

M@ C»'0O, buu Ml = or ',
then @ IO CH ¢ ©.

In the above general expreffion, M’ and 7’ are to be confidered particular
multiples, not like the multiples M and 7 introduced in the fifth definition,
which are in that definition confidered to be every pair of multiples that can be
taken. It muft alfo be here obferved, that @, O, M, and thelike
{ymbols are to be confidered merely the representatives of geometrical

magnitudes.
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In a partial arithmetical way, this may be {et forth as follows:

Let us take four numbers, 8, 7, 10, and ©.

Firfl. | Second. | Third. | Fourth.
8 7 10
16 4 20
24 21 30
32 28 40
40 35 50
48 42 60
56 49 70
64 56 8o
72 63 90
8o 70 100
88 77 110
96 84 120
104 91 130
112 98 140
&c; &c; &c; &c;

Among the above multiples we find 16 [ 14and20 [T s thatis, twice the
firft is greater than twice the {econd, and twice the third is greater than twice
the fourth; and 16 [ 21and20 ] - ; thatis, twice the firft is lefs than
three times the fecond, and twice the third is lefs than three times the fourth;
and among the fame multiples we can find 72 [C s6éand oo [C ~;thatisg
times the firft is greater than 8 times the {fecond, and 9 times the third is greater
than 8 times the fourth. Many other equimultiples might be selected, which
would tend to fhow that the numbers 8, 7, 10, -, were proportionals, but they
are not, for we can find a multiple of the firft [C a multiple of the fecond, but
the fame multiple of the third that has been taken of the firft not [ than the
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fame multiple of the fourth which has been taken of the {econd; for inftance, 9
times the firftis [ 10 times the fecond, but 9 times the third isnot [ 10
times the fourth, thatis, 72 [C 70, butg9onot [C o, or 8 times the firft we
find [ o times the fecond, but 8 times the third is not greater than 9 times
the fourth, thatis 64 [C 63,but8oisnot [Z . When any fuch multiples
as thefe can be found, the firét (8) is faid to have the fecond (7) a greater ratio
than the third (10) has to the fourth (), and on the contrary the third (10) is
{aid to have the fourth () a lefs ratio than the firft (8) has to the fecond (7).
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PROPOSITION VIII. THEOREM.

F unequal magnitudes the greater has a greater ratio to the [ame

than the lefs has: and the [ame magnitude has a greater ratio to
the lefs than it has to the greater.

Let 0 and be two unequal magnitudes, and @ and other.

A
We fhall firft prove that 0 which is the greater of the two unequal magnitudes,

has a greater ratioto @ than |, thelefs,hasto @ §

A
thatis,. c 0L c 0

A
takeM’., m @y M [, andm’ @3

fuch, that M’ A and M’ |l fhallbecach @3
alfo take 7" @ the leaft multiple of @,
which will make ' @ [ M’ =M HN;
Qo M isnot C ' @,

A
but M’ - is C»' @, for

as 7’ @ is the firft multiple which firft becomes [ M’ [ll, than (72

minus1) @ orn’ @
minus @ isnot [ M’ [ll, and @ isnot [ M’ A,
[

o 7/ minus @ 4+ @ muftbe J M [l 4+ MA;
thatis, 7’ @ muftbe ] M' |l ;
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Qo M ; is [C »' @ butithas been fhown above that
M’ isnot [C m' @, therefore, by the feventh definition,
hasto @ agreater ratio than : @®.
Next we fhall prove that @ has a greater ratioto |, the lefs than it has to

o the greater;

A
OI',.: E.:.°

A
Takend/ @, M' [, ' @, andM’.,

the fame as in the firft cafe, fuch that
M'Aand M’ [l willbeeach [ @, and 7’ @ theleaft multiple of
@ , which firft becomes
greaterthanM' [ll = M =,

o 7' @ minus @ isnot M’ M,
and @ isnot [C M’'Aj confequently

/ g . / I ae
m' @ minus @ 4+ @is M Il + M A
’s , A .
o mis 1M o and % by the feventh definition,
H
, A
@ hasto a greater ratio than @ has to .

% Ofunequal magnitudes, &c.

The contrivance employed in this propofition for finding among multiples
taken, as in the fifth definition, a multiple of the firft greater than the multiple
of the fecond, but the fame multiple of the third which has been taken of the

firft, not greater than the fame multiple of the fourth which has been taken of
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the fecond, may be illuftrated numerically as follows:—

The number 9 has a greater ratio to 7 than © has to 7: thatis,9:7 [C ©:7

C ¢:7o0,8 4+ 1:7 C 9:7.

The multiple of 1, which firft becomes greater than 7, is 8 times, therefore we
may multiply the firft and third by 8, 9, 10, or any other greater number; in this
cafe, let us multiply the firft and third by 8, and we have 64 == 8and

again, the firft multiple of 7 which becomes greater than 64 is 10 times; then,
by multiplying the fecond and fourth by 10, we thall have 70 and 70; then,

arranging thefe multiples, we have—

8 times the first.

64 4+ 8

10 times the second. 8 times the third. 10 times the fourth.

Confequently, 64 == 8, or 72, is greater than 70, but ¢ is not greater than

70, .". by the feventh definition, 9 has a greater ratio to 7 than * hasto 7.

The above is merely illuftrative of the foregoing demonftration, for this
property could be thown of thefe or other numbers very readily in the
following manner; becaufe if an antecedent contains it confequent a greater
number of times than another antecedent contains its confequent, or when a
fraction is formed of an antecedent for the numerator, and its confequent for
the denominator be greater than another fraction which is formed of another
antecedent for the numerator and its confequent for the denominator, the
ratio of the firft antecedent to its confequent is greater than the ratio of the laft

antecedent to its confequent.
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Thus, the number 9 has a greater ratio to 7, than 8 has to 7, for 2 s greater than
7
8

7

I 17 X I 2
Again, 17 : 19 is a greater ratio than 13 : 15, becaufe 7 = 775 = 2, and
19 19 X I§ 285
B __ 1B3XI19 _ 247 L 255 247 17
= = = —, henceitis evident that —= is greater than —, . =~
15 15 X 19 285 285 285 19

. 13 .
is greater than —, and, according to what has been above thown, 17 hasto19 a
15

greater ratio than 13 has to 1s.

So that the general terms upon which a greater, equal, or lefs ratio exifts are as

follows: —

A C
If B be greater than D’ A is faid to have to B a greater ratio than C has to D; if
A C A
5 equal to 5 then A has to B the {fame ratio which C has to D; and if 5 be

lefs than D’ A is faid to have to B a lefs ratio than C has to D.

The ftudent thould underftand all up to this propofition perfectly before
proceeding further, in order to fully comprehend the following propositions
in of this book. We therefore {trongly recommend the learner to commence
again, and read up to this flowly, and carefully reafon at each ftep, as he
proceeds, particularly guarding againft the mifchievous {yftem of depending
wholly on the memory. By following thefe inftructions, he will find that the
parts which ufually prefent confiderable difficulties will prefent no difficulties

whatever, in profecuting the ftudy of this important book.
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PROPOSITION IX. THEOREM.

AGNITUDES which have the [ame ratio to the [ame magnitude are
equal to one another; and thofe to which the [ame magnitude has the

| [ame ratio are equal to one another.

Let ¢ & @ ,thn & = @.

For, ifnot,let ¢ [C @, then will

¢ LCo: [v3]
which is abfurd according to the hypothefis.

S ®isnot C @,

In the fame manner it may be fhown, that
@ isnot [ ¢,
e =0.

Again, let MR : @, thenvil @ = @.

For [invert.] ¢ ¢ @ 0
therefore, by the firft cafe, ¢ = @.

% Magnitudes which have the fame ratio, &c.

Let " :B == /:C,thenB == C, for as the fraction B = the fraction o
and the numerator of one equal to the numerator of the other, therefore the

denominator of thefe frations are equal, thatis B = C.

B C
Again,if B: 4 = C,B = C.For,as — = —,Bmuft = C.
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PROPOSITIONX. THEOREM.

HAT magnitude which has a greater ratio than another has unto
the [ame magnitude, is the greater of the two: and that magnitude

to which the [ame has a greater ratio than it bhas unto another

magnitude, is the lefs of the two.

Let @ ¢ E.: ,then.E..

Forifnot,let @ = or ] @3
then, @ ¢ =0 : [v.7] or
9P cJe : [v. 8] and [invert.],
which is abfurd according to the hypothefis.

e Wisnot = or 7] @, and
S P muthe C @.

Again, let N N 9,
then, @ ] V.

Forif not, @ muftbe [C or == v,

then @O ¢ W [v.8] and [invert.];
or N s W [v.7], which is abfurd [hyp.];

o @isnot C or = 9,
and % @ muftbe 7] @.

% That magnitude which has, &c.
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PROPOSITION XI. THEOREM.

ATIOS that are the [ame to the [ame ratio, are the [ame to each other.

et =@ and @ : = A: 0,
thenwil ¢ ¢l = A : @.

Forift M Cy, =, or = M,
theeM @ C, =, or Jm ",
anmdif M@ C, =, or Im ",

thenM A L, = or ] m @, [v.def s];

o ifM @ E, =Orjm.,MA E, =0rjm‘9
and % [v.def.s] @ 1l = A 1 @.

&% Ratios that are the fame, &c.
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PROPOSITION XII. THEOREM.

F any number of magnitudes be proportionals as one of the
antecedents 18 to its confequent, [o [ball all the antecedents

| taken together be to all the confequents.

letll : @ =0 : 0 = : =
thenwill il ¢ @ =
B+04+ 4+ 0+ 4A:0+ 0+ + v +@.

®:VvV=A4A:0;

Forift Mll C » @, theaM O C »O, and M Cm M
eLCnv,
afoM A Cm @. [v.def s].

Therefore, it M ll + M O 4+ M +M@® +MA,
o M(I 4+ U + 4+ @® 4+ A )Dbegreater
thinm @ 4+ m O 4+ m +nmVv +n@,
orm(@ + O + + v+ @)

In the fame way it may be thown, if M times one of the antecedents be equal or
lefs than m times one of the confequents, M times all the antecedents taken
together, will be equal to or lefs than m times all the confequents taken
together. Therefore, by the fifth definition, as one of the antecedents is to its
confequent, {o are all the antecedents taken together to all the confequents

taken together.

% If any number of magnitudes, &c.
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PROPOSITIONXIII. THEOREM.

E the firft bas to the [econd the [ame ratio which the third has to the
ourth, but the third to the fourth a greater ratio than the fifth has to
| the [ixth; the firft [ball alfo bave to the [econd a greater ratio than the

[ifth to the fixth.

Let @ 2 QO = c,bu@: LC O: @,
then.:DEO:..

For becaufe i ¢ C O : @, thereare fome multiples (M’ and ')
of [l and O, and
of © and @, fuchthaa M'll C »' © ,
butM' O not [ 7' @, by the feventh definition.

Let thefe multiples be taken, and take the fame multiples of @ and (.

O [Vodefs][ifM@ Cy, =, or Jm Q5
thenwil Ml C, =, Jn,
but Ml I »' © (conftruction);

S M@ O m’D,

but M’ @ isnot [C n' @ (conftruttion);
and therefore by the {eventh definition,

v :QCo:e.

% If the firft has to the {econd, &c.
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PROPOSITION XIV. THEOREM.

the fir[t has the [ame ratio to the [econd which the third has to the
|| fourth; then, if the firft be greater than the third, the [econd [ball
d be greater than the fourth; and if equal, equal; and if lefs, lefs.

Lee @ ¢ O 20 + @, andfirft fuppofe
O LC , thenwil O C #.

For @ : OLC + O [v.8],and by the
hypothefis, @ ¢ O = K
KA K 3 ¢ Olv.nl
o & 1 O [vioorOLC ¢.

Secondly, let @ = o thenwill J = @,

For @ : O = : O v.7)
and @ ¢ O = : & [hyp];
- 0 = : @ [v.4,

and % O = & [v.9]

Thirdly,if @ ] [y thenwill O ] 43
becaufe C ¥and e =9 :0;
o ® C O, by thefirft cafe,
thatis, @ 1 ¢.

&% If the firft has the fame ratio, &c.
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PROPOSITIONXV. THEOREM.

AGNITUDES have the [ame ratio to one another which their

equimultiples have.

Let @ and be two magnitudes;
then @ ¢ M@ M,

For @ ¢

An the fame reafoning is generally applicable, we have

o M@ M,

% Magnitudes have the fame ratio, &c.
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DEFINITION XII1I.

THE technical term permutando or alternando, by permutation or alternately,
is ufed when there are four proportionals, and it is inferred that the firft has the
{ame ratio to the third which the fecond has to the fourth; or that the firft is to
the third as the fecond is to the fourth: as it fhown in the following

proposition:—

Let 5 88 l) g .,
by "permutando” or "alternando” it is

inferred P ite .

It may be neceflary here to remark that the magnitudes = , ¢, @, M,
muft be homogeneous, that is, of the fame nature or {imilitude of kind; we
muft therefore, in fuch cafes, compare lines with lines, {urfaces with furfaces,
{olids with folids, &c. Hence the ftudent will readily perceive that aline and a
{urface, a furface and a {olid, or other heterogeneous magnitudes, can never

{tand in the relation of antecedent and confequent.
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PROPOSITIONXVI. THEOREM.

F four magnitudes of the [ame kind be proportionals, they are alfo

roportionals when taken alternately.

Let.:o:: :‘,then.: ::U:‘o

ForM@ MO 2 @ : O [v.s],
andM @ :MQO ¢ + @ [hyp] and [v. ];
alflomm = tm @ o3 : @ [v.is];
SMP MO 1Im cm@ [v.14],
and % M@ C, =, or m
thenwilM O [C 4 =, or 1 m & [v.14];
therefore by the fifth definition,

L i Ot e.

% If four magnitudes of the fame kind, &c.
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DEFINITIONXVI

Di1vIDENDO, by divifion, when there are four proportionals, and it is inferred,
that the excefs of the firft above the fecond is to the fecond, as the excefs of the
third above the fourth, is to the fourth.

LetA:B:: C: 1)
by “dividendo” it is inferred

A minus B : B:: C minus

According to the above, A is fuppofed to be greater than B, and C greater than
; if this be not the cafe, but to have B greater than A, and ' ' greater than C, B
and '’ can be made to ftand as antecedents, and A and C as confequents, by

“invertion”

B:A:D:C;
then, by “dividendo,” we infer
BminusA:A:  minusC:C.

V. 208



PROPOSITIONXVII. THEOREM.

magnitudes, taken jointly, be proportionals, they [ball alfo

| be proportionals when taken [eparately: that is, if two magnitudes
 together have to one of them the [ame ratio which two others have to
one of thefe, the remaining one of the firft two [ball have to the other the [ame
ratio which the remaining one of the laft two has to the other of thefe.

Le @+ 0100 + 609,
thenwill @ ¢ O 22 1 2 @,

Take M@ [ m O toeachaddM T,
thenwehave M@ 4+ MO C 20O 4+ MO,
o M(® + O) (n+M)T
butbecaule @ 4+ O : O ¢ 4+ ¢
wd M(W + O) L (m+M) T3
S M+ @) (m+M) @ [v.def s;
MO MO Cme + Mo
e M [ m @, bytakingM @ from both fides:
thatis, when M@ [ m O, then M Cne.

¢ [hyp],

In the fame manner it may be proved, that if
MW@ = or ] mQ, thenwilM = o Ime;
and % @ 2 O o2 o @ [v.defs].

% If magnitudes taken jointly, &c.
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DEFINITION XV,

THE, term componendo, by compofition, is ufed when there are four
proportionals; and it is inferred that the firft together with the fecond is to the

{econd as the third together with the fourth is to the fourth.

LetA:B:: C:D;
then, by the term “componendo,” it is inferred that

A 4 B:B::C <4 D:D.

By “invertion” B and D may become the firft and third, A and * the {fecond

and fourth as

B:A:D:C;
then, by “componendo,” we infer that

B4 A:A:D 4
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PROPOSITION XVIII. THEOREM.

F magnitudes, taken [eparately, be proportionals, they [ball alfo

be proportionals when taken jointly: that is, if the firft be to the [econd
| as the third is to the fourth, the fir(t and [econd together [ball be to the
[econd as the third and fourth together is to the fourth.

Lee @ ¢ O 22 2 g
then @ + O 10 0T + &0 @3
forifnot,let @ 4+ O ¢ O o2 +0:0,
{fuppofing @ not = ¢

o 90 ¢ @ [v.7];
bue @ ¢ O 2 ¢ & [hyp];
o’ g . 36 g ‘ [V‘H]5

o @ = ¢ [Vl

which is contrary to the fuppofition;
e @ isnotunequalto ¢ 3
thatis @ = €
SS9+ 0000 + ¢ 0.

% If magnitudes, taken feparately, &c.
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PROPOSITION XIX. THEOREM.

F a whole magnitude be to a whole, as a magnitude taken from

he firft, is to a magnitude taken from the other; the remainder
| (hall be to the remainder, as the whole to the whole.

LCt.+U:.+ ::.:.,
thenwill O ¢ e 94+0O: 0+ .

For @ 4+ 0O W il 4+ ¢ ¢ M [alter].
& O et ¢ M [divid],
again O ¢ 1r ¥ : B [alter.],

buu@ 4+ Ol + ¢ 29 W [hyp];
therefore J ¢ e O+ 0O: B8 + [v. m].

% Ifa whole magnitude be to a whole, &c.
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DEFINITION XVIIL

THE term “convertendo,” by converfion, is made ufe of by geometricians,
when there are four proportionals, and it is inferred, that the firft is to its excefs
above the fecond, as the third is to its excefs above the fourth. See the following

proposition: —
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PROPOSITION E. THEOREM.

F four magnitudes be proportionals, they are alfo proportionals

by converfion: that is, the firft is to its exce[s above the [econd, as
dl| the third is to its exce[s above the fourth.

lee @O O WO 0,
thenthal @ O : @ ::

|
Becaule @ O ¢+ O 1o H ¢ s
therefore @ ¢ O 1t B ¢

e O L@ 0 ¢ 0 M [inver],

Q0O 0 W N [compol]

% If four magnitudes, &c.
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DEFINITION XVIII

“Ex 2quali” (fc. diftantid), or ex 2quo from equality of diftance: when there is
any number of magnitudes more than two, and as many others, fuch that they
are proportionals when taken two and two of each rank, and it is inferred that
the firft is to the laft of the firft rank of magnitudes, as the firft is to the laft of

the others: “of this there are the two following kinds, which arife from the

different order in which the magnitudes are taken, two and two.”
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DEFINITION XIX.

“Ex 2quali,” from equality. This term is ufed {imply by itfelf, when the firft
magnitude is to the {fecond of the firft rank, as the firft to the fecond of the
other rank; and as the fecond is to the third of the firft rank, {o is the {fecond to
the third of the other; and {o on in order: and in the inference is as mentioned
in the preceding definition; whence this is called ordinate proposition. It is

demonttrated in Book s, pr. 22.

Thus, if there be two ranks of magnitudes,

A, B, O, ), E, F, the firft rank,
and L, M, I/, O, P, Q, the fecond,
fuchthat A:B: L:M,B:C :: M: 1\,
,D:E:: O:P,E:FuP:Q;
we infer by the term “ex 2quali” that

A:F=:L:Q.
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DEFINITION XX.

“Ex 2quali in proportione perturbati feu inordinati,” from equality in
perturbate, or diforderly proportion. This term is ufed when the firft
magnitude is to the fecond of the firft rank as the laft but one is to the laft of
the fecond rank; and as the {fecond is to the third of the firft rank, {o is the laft
but two to the laft but one of the fecond rank; and as the third is to the fourth
of the firft rank, {o is the third from the laft to the laft but two of the fecond
rank; and {o on in crofs order: and the inference is in the 18™ definition. It is

demonttrated in B. v, pr. 23.

Thus, if there be two ranks of magnitudes,

A, B,C,D, I, I, the firft rank,
and |, M, N, O, P, Q, the fecond,
fuchthat A:B: P:Q,B:C:: O:D,
C:D:N:O,D:E:2M:N,E:F::L:M;
the term “ex 2quali in proportione perturbati feu inordinatd” infers that

A:F:L:Q.
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PROPOSITION XX. THEOREM.

F there be three magnitudes, and other three, which, taken two and
wo, have the [ame ratio; then, if the firft be greater than the third, the
| fourth [hall be greater than the [ixth; and if equal, equal; and if lefs,

Let @, O, o be the firft three magnitudes,
and ¢, O, o be the other three,

fuchthat @ ¢ ) 22 & ¢ O, and 0 ¢ .. . .

Then,if @ C, =, or 7], thenwill @ C, =, or
J0.

From the hypothefis, by alternando, we have
Pie:Nn: O,
and() ¢+ O o 5 s
oo . 3 ‘ 80 3 [V‘H]5

SN ifQW L, =, 0 ] o thenwill @ [, =, or ]

[v.14].

% If there be three magnitudes, &c.
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PROPOSITION XXI. THEOREM.

F there be three magnitudes, and the other three which have the

ame ratio, taken two and two, but in a crofs order; then if the
| f1r/t magnitude be greater than the third, the fourth [ball be
greater than the [ixth; and if equal, equal; and if lefs, lefs.

Let =, dh, M, be thefirft three magnitudes,

and ¢, O,

o the other three,
{fuch that 3 () 86 g

sand da {2 60 O,

Then,if ©" [, =, or _] M, then
wil ¢ C, =, or _]

Firft,let © be C I ¢
then, becaufe @ is any other magnitude,

cACH: A
bur & ¢ © o8

g « & [hyp];
o O ¢ CH: &l
andbecaufe g ¢ [l 2 @ : O [hyp];
o H Al O @ [inv]
and it was fhown that ¢ & CH:a,
o O ¢ C O: é[vn];
oo -1 e,
thatis ¢ [ .
Secondly, let

= [ thenthal ¢ =
For becaufe =N,
:a=H:aL

but = . 4 = O ¢ O [hypl,
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and [l : 4 = O ¢ ¢ [hyp. andinv],
o.o O : — 0 : ‘ [V. II],
S &= 0 [vool

Next,let © be ] ll, then ¢ fhallbe ] 3

for il C ,
andithasbeenfhownthat [ll ¢ dh = O ¢ &,

and @ ¢ — : O,
o% Dby the firft cafe is C &,
thatis, ¢ _] .

If there be three, &c.
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PROPOSITION XXII. THEOREM.

F there be any number of magnitudes, and as many others, which,
aken two and two in order, have the [ame ratio; the firft [ball have
| 1o the laft of the firt magnitudes the [ame ratio which the firft of the
others bas to the laft of the [ame.

N.B. — This is ufually cited by the words “ex equalz,” or “ex equo.”

Firft, let there be magnitudes @, 4, -
and as many others ¢, O, o fuch that
P:6:le0:0,
and ¢ ¢ 58 @ § s
then {hall @ ¢ e b .

Let thefe magnitudes, as well as any equimultiples whatever of the antecedents

and confequents of the ratios, {tand as follows: —

v, ¢, s &, O, s and
M@, me, N , M, mO, N,
becaufe @ 3 @ 22 € 2 O3
o’e M. :m‘ ::M‘ :WZO[V‘I']

For the {ame reafon
mée ¢ N cemO NGO
and becaufe there are three magnitudes,
M@, e, N,
and other threeM @y m O 4 N,

which, taken two and two, have the fame ratio;
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O MO L, =, IN
thenwillM ¢ [ o == o N ’ by [v. 20];
and % @ SO [v.s].

Next, let there be four magnitudes, @, 4, s &,
and other four &, @, s A,
which, taken two and two, have the fame ratio,
thatistofay, @ ¢ ¢ 32 O ¢ @,
¢ 56 ()8 ’
and 5 8 c A,
thenthal @ 3 @ 22 O ¢ A
for, becaufe @, 4, o are three magnitudes,
and O, @, o other three,
which, taken two and two, have the fame ratio;

therefore, by the foregoing cafe, @ $ 58 c mm,
but R c A
therefore again, by the firftcafe, @ ¢ @ 12 O A

and {o on, whatever the number of magnitudes be.

% If there be any number, &c.
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PROPOSITION XXIII. THEOREM.

F there be any number of magnitudes, and as many others, which,
aken two and two in a crofs order, have the [ame ratio; the firft [hall
d| have to the laft of the fir(t magnitudes the [ame ratio which the fir(t of
the others has to the laft of the [ame.

N.B. — This is ufually cited by the words “ex equali in proportione perturbatd;”

or “ex equo perturbato.”

Firft, let there be three magnitudes © y U, M,
and other three, © y O, @,

which, taken two and two in a crofs order, have the {fame ratio;

thatis, © ¢ 0 3 O ¢ @,
and O 32 30 : @,
then fhall B : @.

Let thefe magnitudes and their refpective equimultiples be arranged as

follows: —

9 D’ ., 9 0, "
yMO, mB, M0, mO, m@,
then O it M s MO [v.55];
and for the fame reafon
O:@:imd In@;
bur @ 20 12 O @ [hyp],
S MT MO PO @ [v.u];
andbecaufe J ¢ I ¢ s O [hypl],
S MO tmll S MO I mO [v.4]
then becaufe there are three magnitudes,

M
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M@, MO, N,
and otherthreee M© g m O 4, m @,
which, taken two and two in a crofs order, have the {fame ratio;
therefore, if M C,=,o 1mH,
thenwilM © [, =, or ] m@ [v.21],
and % e ¢ @ [v.defs).

Next, let there be four magnitudes,
9 D 9 . 9 9
and other four, O, @, mmys A,

which, when taken two and two in a crofs order, have the fame ratio; namely,

. cemm - A,
O:B:10 m,
andll 2 ¢ 201 @.
then fhall . e O A

For, becaufe ©, (U, [ are three magnitudes,
and [, mm, A, otherthree,
which,taken two and two in a crofs order, have the {ame ratio,
therefore, by the firft cafe, cH:H: A,
buull 2 ¢ 22O @,
therefore again, by the firft cafe, : e O A

and fo on, whatever be the number of fuch magnitudes.

% If there be any number, &c.
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PROPOSITION XXIV. THEOREM.

the fir[t has to the [econd the [ame ratio which the third has

l 0 the fourth, and the fifth to the [econd the [ame which the fixth has to
the fourth, the firft and fifth together [ball have to the [econd the [ame
ratio which the third and fixth together bave to the fourth.

First. Second. Third. Fourth.
v O H
Fifth. Sixth.
&) o

Lee @O H:
and O 100 @0 0,
then @ + OO0 H+ @ .

O :0: @ : ¢ [hyp]
and @O o + BB [hyp.] and [invert.],

oo o g . 3& . g . [V'ZZL

and, becaufe thefe magnitudes are proportionals, they are proportionals when

taken jointly,
O+ OO0 0+ H O[5
bur® ¢ O 2 @ ¢ [hyp.],
SO+ 000+ N0 ¢ [v.2]

& If the firft, &c.
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PROPOSITION XXV. THEOREM.

8| E four magnitudes of the [ame kind are proportionals, the greateft
and leaft of them together are greater than the other two together.

Let four magnitudes @ 4+ O, WM + =, O, and

of the fame kind, be proportionals, that is to fay,

v +0: M+ 10,
andlet @ = (O be the greateft of the four, and
confequently by pr. A and 14 of Books, © is the leaft;

thenwil @ + O 4+ “be C H + « + O;
becaule @ 4+ O : B + e O e,

SO I N9+ OIH A+ vl
bur @ + O C W + © [hypl,

o' . E . [V. A],
to each of thefeadd O 4 .

S~9+0+ CEH+0+ .

% If four magnitudes, &c.
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DEFINITION X.

WHEN three magnitudes are proportionals, the firft is {aid to have to the third

the duplicate ratio of that which it has to the fecond.

For example, if A, '/, C, be continued proportionals, thatis A :

{aid to have to C the duplicate ratio of A : 5
A A
or — = the{quare of —.
C
This property will be more readily {een of the quantities

ar®, arya, forar® s ar i ar: ag

and ﬁ = * = thef{quare ofﬂ— =1
a

orofa, »,ar

for = = — = thefquareofi =

ar* 72 v
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DEFINITION XI.

WHEN four magnitudes are continual proportionals, the firft is {aid to have to
the fourth the triplicate ratio of that which it has to the {fecond; and fo on,
quadruplicate, &c. increafing the denomination ftill by unity, in any number

of proportionals.

For example, let A, ', C, D, be four continued proportionals, that is, A :
C :: C: Djs A faid to have to D, the triplicate ratio of A to ';

A
or — == the cube ofé.
D

This definition will be better underftood and applied to a greater number of

magnitudes than four that are continued proportionals, as follows: —

Letar3, ., ar, a, be four magnitudes in continued proportion,
thatis, 273 : :: carar: a,
ar3 ar
then — = /3 = thecubeof — == r.
a

Or, letard, art, ar3, ar*, ar, a, be {ix magnitudes in proportion, that is

ardcart cart a3 ard car* car*carar: a,

ard ars
then the ratio — == 7 the fifth power of — = 7.
a ar4

Or, let a, ar, ar*, ar3, art, be five magnitudes in continued proportion; then
a 1 1

— = — = the fourth power of £ ==

ar4 r4 ar 7
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DEFINITION A.

To know a compound ratio:—

When there are any number of magnitudes of the fame kind, the firft is faid to
have to the laft of them the ratio compounded of the ratio which the firft has
to the {fecond, and of the ratio which the fecond has to the third, and of the

ratio which the third has to the fourth; and {o on, unto the laft magnitude.

For example, if A, B, C, D, be four magnitudes of the fame
kind, the firft A is {aid to have to the last D the ratio com- ABCD

pounded of the ratio of A to B, and of the ratio of B to C, EFGHKL
and of the ratio of C to D; or, the ratio of A to D is faid to

be compounded of the ratios of A to B, B to C, and C to D.

And if A has to B the {fame ratio which E has to F, and B to C the {fame ratio
that G has to H, and C to D the fame that K has to L; then by this definition,
A is faid to have to D the ratio compounded of ratios which are the fame with
the ratios of E to F, G to H, and K to L. And the fame thing is to be
underftood when it is more briefly exprefled by faying, A has to D the ratio
compounded of the ratios of E to F, G to H, and K to L.

In like manner, the fame things being fuppofed; if ' hasto " the fame ratio
which A has to D, then for thortnefs {fake, |/ is {aid to have to || the ratio

compounded of the ratios of E to F, G to H, and K to L.

This definition may be better underftood from an arithmetical or algebraical
illuftration; for, in fac, a ratio compounded of {everal other ratios, is nothing
more than a ratio which has four its antecedent the continued product of all
the antecedents of the ratios compounded, and for its confequent the

continued product of all the confequents of the ratios compounded.
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Thus, the ratio compounded of the ratios of
2:3,4:7,6:1,2:5,
istheratioof2 x « x6x2:3x  x1xs,

or the ratio of 96 : 1155, or 32 : 385.

And of the magnitudes A, B, ¢, |, E, F, of the fame kind, A : F is the ratio
compounded of the ratios of
A:B,B:C,C:D,D:EE:F;

forAxBxCxDxE:Bx(C x1)xExE,

A xB E A
r xox XX = — ortheratioof A:F.
Bx( x! ' xExF JE

(6}
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PROPOSITION F. THEOREM.

{ ATIOS which are compounded of the [ame ratios are the [ame

0 one another.

LetA:B: F:G,
) A E

I

and 1 :E:: L.

Then, the ratio which is compounded of the ratios of A : ", ,C:D,D:E,

or the ratio of A : E, is the fame as the ratio compounded of the ratios of F :

5

, 0, L ortheratioof F: L.
A F
For — = —,
7=7’
EST
. AxBxCx _Fx x [ x
e x xxE & x Ix o xL
A F
and ...E=E,

or the ratio of A : E is the {fame as the ratio of F : L.

The fame may be demonftrated of any number of ratios fo circumf{tanced.
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Next, let A: " L

JE -

Then the ratio which is compounded of the ratios of A 1/, "o 0, : 1,

or the ratio of A : E, is the fame as the ratio compounded of the ratios of

, 1, F: ., ortheratioof F: L.
A
For — = —,
L
_F-
E™ G’
. AxBx(Cx - x [ xGxF
e x xxE T Lxlx!lx

or the ratio of A : E is the {fame as the ratio of F : L.

% Ratios which are compounded, &c.
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PROPOSITION G. THEOREM.

E feveral ratios be the [ame to [everal ratios, each to each, the ratio
2| which is compounded of ratios which are the [ame to the fir(t ratios,
each to each, [hall be the [ame to the ratio compounded of ratios which

are the [ame to the other ratios, each to each.

ABCDEFGH PQ}}ST
abcdefgh

IfA:B:ua:b andA:B::P:Q_/ a:b:
C:D:uc:d C:D:xQ:R c:d:
E:F::e:f E:F:R:S e:f::

andG:H:ug: b andG:H:S: T gihz
thenP: T ==
P A a
FOI‘Q/—E_Z_f,
EVEp T —
RT D™ 4~ X
R_E_e_X
S _F_f_ ’
TT H™ b~ 7

PX%RXS_ X x X
Qx/RxSxT_ x x Vx /)

and %

P
and % — == —,ortheratioofP:T ==

T

& Iffeveral ratios, &c.
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PROPOSITION H. THEOREM.

F a ratio which is compounded of [everal ratios be the [ame

to a ratio which is compounded of [everal other ratios; and if one of the
| firft ratios, or the ratio which is compounded of [everal of them, be the
[ame to one of the laft ratios, or to the ratio which is compounded of [everal of
them; then the remaining ratio of the firft, or, if there be more than one, the ratio
compounded of the remaining ratios, [ball be the [ame to the remaining ratio of
the laft, or if there be more than one, to the ratio compounded of thefe remaining

ratios.

ABCDEFGH
PQRSTX

LetA:B,B:C,C:D,D:E,E:F,F:G,G:H,be the firft ratios,and P: Q,Q__
:R,R:S,S: T, T: X, the other ratios; alfo, let A : H, which is compounded of
the firft ratios, be the fame as the ratio of P : X, which is the ratio compounded
of the other ratios; and let the ratio of A : E, which is compounded of the
ratiosof A: B, B: C,C: D, D:E, be the fame as the ratio of P : R, which is
compounded of the ratios P: Q, Q : R.

Then the ratio which is compounded of the remaining firft ratios, that is, the
ratio compounded of the ratios E : F, I : G, G : H, that s the ratio of E : H,
{hall be the fame as the ratio of R : X, which is compounded of the ratios of R :

S,S: T, T: X, the remaining other ratios.

AxBxCxDxExFxG - Px%RxSxT
BxCxDxExFxGxH & %RxSxTxX’

AxBxCxD ExFxG P RxSxT
or x B x C x X x F x — XQ‘X x S x ,
BxCxDxE FxGxH QxR SxTxX

Becaufe

V. 234



an

% Ifaratio which, &c.

AxBxCxD

PR

BxCxDxE =

ExFxG

QxR

— RxSxT

FxGxH

| =
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PROPOSITION K. THEOREM.

3 F there be any number of ratios, and any number of other ratios, [uch

that the ratio which is compounded of ratios, which are the [ame to the
. | firft ratios, each to each, is the [ame to the ratio which is compounded
of ratios, which are the [ame, each to each, to the laft ratios—and if one of the fir/t
ratios, or the ratio which is compounded of ratios, which are the [ame to [everal of
the firt ratios, each to each, be the [ame to one of the laft ratios, or to the ratio
which is compounded of ratios, which are the [ame, each to each, to [everal of the
laft ratios—then the remaining ratio of the firft; or, if there be more than one, the
ratio which is compounded of ratios, which are the [ame, each to each, to the
remaining ratios of the firft, [ball be the [ame to the remaining ratio of the laft;
or, if there be more than one, to the ratio which is compounded of ratios, which are

the [ame, each to ealh, to thefe remaining ratios.

hkmns
AB,CD,EF,GH KL MN, abcdefyg
hklmnp

b 3 b b b

ab cd e fg

LetA:B,C:D,E:F,G:H,K:L,M: N, be the firft ratios, and O : I, O : 2,
, VoW, 0 Y, the other ratios;
andletA:B = 4: b,
C:D=b:q
E:F = c:d,
G:H=d:e
K:iL=e:f,
M:N=f:g

Then, by the definition of a compound ratio, the ratio of z : ¢ is compounded
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of theratiosof a: b, b:c,c:d,d:e,e: f,f : g, which are the fame as the ratio
of A:B,C:D,E:F,G:H,K:L,M:N, each to each.

Alfo, ) : 1 = bk,

no

n:p.
Then will the ratio of 4 : p be the ratio compounded of the ratios b : &, k: /,1:

m, m: n,n: p, which are the fame ratiosof © ' 1, (01 e 0

each to each.
% by the hypothefis,z: ¢ = 5: p.

Alfo, let the ratio which is compounded of the ratios of A : B, C : D, two of the
firft ratios (or the ratiosof z: ¢, for A: B = 2:b,and C: D = b: ¢), be the
{fame as the ratio of a : d, which is compounded of the ratiosa: b,b: ¢, c: d,

which are the fame as the ratios of () : I/, () : IX, & : |, three of the other ratios.

And let the ratios of h : s, which is compounded of the ratiosh : k, k: m, m: n,
n : s, which are the fame as the remaining firft ratios, namely, E: F, G: H, K: L,
M: N; alfo, let the ratio of e : g, be that which is compounded of the ratios e : f,
f: g, which are the fame, each to each, to the remaining other ratios, namely,

, ~: . Then the ratio of h : s fhall be the fame as the ratioof e : g;orh: s

-_— Cl g

AxCxExGxKxM axbxcxdxexf
r — )
BxDxFxHxLxN bxcxdxexfxg

o

x (Oxox VX hxkxlxmxn

and — )
X X | x X /exlxmxnxp

by the compofition of the ratios;
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o axbxcxdxexf - kaXmexn,[hyp.],
bxcxdxgxfxg /exlxmxnx])

rdxb cxdxexf _ hxkxl mxn

bxc dxexfxg ™ kxlxm nxp’

axb _ AxC _ Ox(0x axbxc_loxkxl.

utbxc_BxD_ x x| T bxcxd T o kxlxm

o

b

cxdxexf _ mxn

i dxexfxg_ nxp

[hyp.],

cxdxexf _ hxkxmxn

And

(hyp.],

dxexfxg ~ kxmxnxs

mxn exf
—

nxp = fxg

and (hyp.],

. hxkxmxn — ej

*®* kxmxnxs fg

% If there be any number, &c.
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VI. 239

BOOK VL

DEFINITIONS.

| ECTILINEAR figures are faid
§| to be {imilar, when they have their feveral
o angles equal, each to each, and the {ides

about the equal angles proportional.

II.

Two fides of one figure are faid to be reciprocally proportional
to two {ides of another figure when one of the fides of the firft
is to the {fecond, as the remaining {ide of the fecond is to the

remaining {ide of the firft.

III.

A STRAIGHT line is {aid to be cut in extreme and mean ratio,
when the whole is to the greater fegment, as the greater

{egment is to the lefs.



Iv.

THE altitude of any figure is the {traight line drawn from its

vertex perpendicular to its bafe, or the bafe produced.
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PROPOSITIONS.
PROPOSITION I. THEOREM.

RIANGLES and
| parallelograms having the [ame

altitude are to one another as

their bafes.

Let the triangles ‘ and \ have a common vertex, and their bafes, ——

and

in the fame ftraight line.

Produce e both ways, take {ucceflively on

produced lines

equal to it; and on

produced lines succeflively equal to it; and draw

lines from the common vertex to their extremities.

The triangles ﬂ thus formed are all equal to one another, {ince their

bafes are equal [1. 38].

55 ﬂ and its bafe are refpectively

equimultiples of ‘ and the bafe =— ,
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In like manner \ and its bafe are refpectively

equimultiples of \ and the bafe —— ,

o% if 72 or 6 times 1 C = or ] norstimes \ then 7 of 6 times

C = 7] norstimes
multiple taken as in the fifth definition of the Fifth Book. Although we have

only fhown that this property exifts when 7 equal 6, and 7 equal s, yet it is

y M and 7 {tand for every

evident that the property holds good for every multiple value that may be

given to m, and to .

N

Parallelograms having the fame altitude are the doubles of triangles, on their

[v. def. 5]

bafes, and are proportional to them (Part 1), and hence their doubles, the

parallelograms, are as their bafes [v. 15].

QED.
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PROPOSITION II. THEOREM.

F a [traight line
be drawn parallel to any fide
------- of a triangle, it [hall
cut the other [ides, or thofe fides produced,
into proportional [egments. And if any
[traight line divide the fides of a
triangle or thofe fides produced, into
proportional [egments, it is parallel to the

remaining fide =s=s=sues R
PART I
Let | IR , then fhall
Draw and

b
and — -\ [1.37];
o 7 e s

.
snmm
o*
o*
.
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PART IL

Let S e e - R

.
. *
becaufe A o ; Y
—
. [vL.1]
:“‘
and JNCTTTTe oo RN
u -

[v.9];
but they are on the fame bafe sssesss o and at the fame fide of it, and
SH I I ....... [I' 39] .

QED.
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PROPOSITION III. THEOREM.

right line (

) bifecting
he angle of a triangle, divides

3| the oppofite fide into [egments (

g mEmmmes ) proportional to the
conterminous fides ( - )-
And if a ftraight line ) drawn
from any angle of a triangle divide the oppofite fide ( «ex1) i010 [egments
( g mmmmuus ) proportional to the conterminous fides ( ,
), it bifects the angle.
PART L.
Draw sssssss II —— , tOMmeet =nzunss ;

then, = ‘ [1. 29],
-4
b-V.-V-«

2 —oooooo — [1. 6];
and becaufe i - ,
....... . 00 Loooooa 3 [vL.2]
bUt =ssmsas — :
o ¢ = ls uumam . [v.7]
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PART IL

Let the fame conftru&tion remain,

90 P [VI. 2] ;
O noooooc 00 ——— ¢ [hyp.]
9 e 00— O [v. ],
and .'. ------- —_— [V, 9],
and % ‘ — [v.s]; but fince

[1. 29];
and ¢% = bifeéts ‘ &

QED.
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PROPOSITION IV. THEOREM.

N equiangular triangles

...........

A ‘.".’ "“ about the equal angles are proportional,
Y " and the fides which are oppofite to the equal

angles are homologous.

Let the equiangular triangles be o placed that two {ides  emm— o

------- oppofite to equal angles Q and Q may be conterminous

and in the fame {traight line; and that the triangles lying at the fame {ide of that

{traight line, may have the equal angles not conterminous,

ie. ‘ oppofite to o and ‘ to ‘ .
Draw and . Then, becaufe

‘ = ‘9 —_— ] e [1.28];

But

alternation,
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and by alternation, that

() LN L] L]
L] e e L[] ,

but it has already been proved that

° ®9% asmmas ® sasasmaa
L] e e L] ,

. 20 ammanas S memmnas ) [v.22],

therefore the {ides about the equal angles are proportional, and thofe which are

oppolfite to the equal angles are homologous.

QED.
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PROPOSITION V. THEOREM.

O b : ) they are

. equiangular, and the equal angles are

< Jubtended by the homologous fides.

From the extremities of

making v ‘ ‘ ‘ [1. 23];

and confequently ‘ = [1. 32],

and fince the triangles are equiangular,

draw 5

....... O o [VI. 4];
but =eeees- O noooooc ofe 9 [hyp.];
oo : : : : 9
and confequently = [v.9].

In the like manner it may be thown that

V1. 249



Therefore, the two triangles having a common bafe ———, and their fides

equal, have alfo equal angles oppofite to equal {ides, i.c.

v and ﬂ = ‘ [ 8].

But v ‘ [contt.]
and . ‘ for the {fame

reafon 6 ‘ , and
confequently ‘ = [ 32];

and therefore the triangles are equiangular, and it is evident that the

homologous fides fubtend the equal angles.

QED.
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PROPOSITION VI. THEOREM.

o ( ‘ ) of the one, equal to one angle

q .A ........ .“- ﬂ ) of the other, and the fides about the

equal angles proportional, the triangles
[hall be equiangular, and have thofe angles
equal which the homologous fides [ubtend.

From the extremities of

, one of the {ides

of A , about ﬂ 5 draw

makmg

V-d 4.9

[1. 32], and the two triangles being equiangular,

s 20 c [VI 4];

but sesssss s 90 c [hyp.];

o’ . .e . [v. u],
and confequently — [v.9l;

o’ A — in every refpect [1. 4].
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But M = W [contt],
and % A — ‘; and

e = A,
/\ = [1. 32];

o
...........

oppofite to homologous fides.

QED.
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PROPOSITION VII. THEOREM.

’ : &%) have one angle in each

equal ( /\ equal to ‘), the fides

about two other angles proportional

------- : ) and each of the remaining

(— :

angles ( ‘ and A) either lefs or not lefs than a right angle, the triangles

are equiangular, and thofe angles are equal about which the fides are

proportional.

Firft let it be afflumed that the angles ‘ and A are each lefs than a

right angle: then if it be fuppofed

that 4 and q contained by the proportional fides

are not equal, let 4 be the greater, and make

Becaufe ‘ = /\ [hyp.], and Q — 4 [contt.]
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o.o : : : """" : [VI- 4],
but : R TTTITE : (hyp.]
o’ g 8 & & s
—_— = [v. 9],
and % ‘ = ‘ [1.5].
But ‘ is lefs than a right angle [hyp.]
SH ‘ is lefs than a right angle; and 4% muft be greater than a

right angle [1. 13], but it has been proved = A and therefore lefs than a

right angle, which is abfurd.

& 4 and Q are not unequal;
% theyare equal, and fince ‘ = /\ [hyp.]

& A = A [1. 32], and therefore the triangles are equiangular.
Butif A and A be afflumed to be each not lefs than a right angle, it

may be proved as before that the triangles are equiangular, and have the fides

about the equal angles proportional [vI. 4].

QED.
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PROPOSITION VIII. THEOREM.

riangle ( k), ifa
A

) be drawn from the

right angle to the oppofite [ide, the triangles 5 k) on each fide of it

are fimilar to the whole triangle and to each other.

Becaufe ‘ — ‘ [ax. 11], and

‘ common to k and 5

l =-d:-

Le k and are equiangular; and confequently have

their {ides about the equal angles proportional [v1. 4], and are therefore fimilar

[vr. def. 1].

In like manner it may be proved that k is {imilar to

k 5 but has been thewn to be {imilar

to k 5 o' and k are

{imilar to the whole and to each other.

QED.
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PROPOSITION IX. PROBLEM.

ROM « given [traight line
( ) to cut off

AN any Vequl'}"edpﬂ}"f.

From either extremity of the given line
draw e———caes making any angle with :

5 and produce

till the whole produced line = sxm=x.

contains as often as

contains the required part.

Draw - and draw sssssss II _—
is the required part of .
For {ince =ssmma= I I —
. b S smmmmas [VI. 2],
and by compofition [v. 18];
L] e o sEEE L] L]
L] e e L] ,
but e——ea contains as often
as contains the required part [conft.];

% is the the required part.



PROPOSITION X. PROBLEM.

O divide a [traight line
| (
given divided line (

) fimilarly to a

From either extremity of the given line

draw ssssssss making any angle;
take \=zalm==l= g mmmuue- and
equal to . and refpettively [1. 2];
draw o and draw sessess and Il toit
Since T are ||
o — a0 et [vL. 2],
or « — oo . [conit.],
ol . LS T [VL. 2],
: . : [conft.], and
o the given line is divided fimilarly to .

QEF.
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PROPOSITION XI. PROBLEM.

O find a third proportional :
to two given [traight lines 3

( )

and

At either extremity of the given line

draw sssss making an angle;
take sesusas = —— , anddraw 2
make seseues — ,
and draw 1] 3 [131]
= is the third proportional to and o
For fince 1] .
KX S 0 iiians : [v1. 2];
but sesssss ) pooooac — [conit.];
oo . .e . [v.7]

QEF.
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PROPOSITION XII. PROBLEM.

O find a fourth proportional to

Draw
and ——— making any angle;
take e——— = e ,
and O ooooooc ,
alfo = ’
draw o
and sesssss i 5 [1.31];

is the fourth proportional.

On account of the parallels,

. oo O [v1.2];
but{:::::: .... } — {_—}[wnﬁ,k
TR SICTTTTT oo 0 [v.7].

QEF.
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PROPOSITION XIII. PROBLEM.

2| O find a mean proportional
between two given [traight

S sines {rzzzree |

Draw any ftraight line e , make e———— == sauuees .

and = samanas 5 bifelt e 3

and from the point of bifection as a centre, and half the

line as a radius, defcribe a femicircle Q 5
1 -
L]

= is the mean proportional required.

draw

Draw and .

Since ‘ is a right angle [111. 31],
is J_ from it upon the oppofite {ide,

and

o’s = isamean proportional between

and [v1. 8],

and o between sssssss and sssssss [Conft,] .

QEF.
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PROPOSITION XIV. THEOREM.

I

QUAL parallelograms \

2 — and 5 which bave
one angle in each equal, have the fides about

the equal angles reciprocally proportional

( : .t ¢ —)

II.

And parallelograms which have one angle
in each equal, and the [ides about them

reciprocally proportional, are equal.

Let 5 and and

and

o befo placed that

and —— may be continued right lines. It is evident that

they may affume this pofition [1. 13, 14, 15].
Complete ‘ o

-\
: W i \ B WX

. [VL.1].

Since
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The {fame conftruction remaining:

. ‘ [vi1],

\ : W [
B WU \ : W v

and % — \ [v.9].

QED.
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PROPOSITION XV. THEOREM.

I

| QUAL triangles, which

| have one angle in each equal

N2, O = @ oo

Jfides about the equal angles reciprocally

proportional

( : . . —)

II.

And two triangles which have an angle of
the one equal to an angle of the other, and
the fides about the equal angles reciprocally

proportional, are equal.

L.

Let the triangles be {o placed that the equal angles ’ and ‘ may be

vertically oppofite, that is to fay, {o that and may be in the
{fame ftraight line. Whence alfo and muft be in the {fame
{traight line [1. 14].

Draw sssssss o then
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' : O [y

-4 : O v

e —8 & [vi.1]
o . oC C [v. ).
1L

Let the {fame conftruétion remain, and

' : O . [vi.1]

and : o . D [vi.1].

But : ° : o [hyp.]

' : O : O v
oya ' — [v.9]

QED.
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PROPOSITION XVI. THEOREM.

( p——— L SR 0 e
the rectangle ( ) GICLIIIIE )
contained by the extremes, is equal to the
rectangle ( ) GICLLLIIE )

contained by the means.

PART II.
And if the rectangle contained by the

extremes be equal to the rectangle contained

by the means, the four [traight lines are

proportional.
PART I
From the extremities and draw and
J_ tothemand == sessens and sesseas refpeltively:

complete the parallelograms:

- and .
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And {ince,

cppu— R QO oo [hyp.]
- . oc c [conit.]

oo - -_— [VI- I4]a

that is, the rectangle contained by the extremes, equal to the rectangle

contained by the means.

PART IL

Let the {fame conftruction remain; becaufe

and —  goooooc ,
o . e : (VL. 14].
But 2 ooooooc .
and = aannnas [contt.]
o S S ST [v.7]

QED.
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PROPOSITION XVII. THEOREM.

PART L.

| F three ftraight lines be
e proportional

) the rectangle under the extremes

1 equal to the [quare of the mean.

PART IL

And if the rectangle under the extremes be
equal to the [quare of the mean, the three
[ftraight lines are proportional.

PART L.
Affume = —— , and
{ince . 3 & . N
then . .e . —
o’ X = X [v1.16].
But - —,
o — X = X 4 or
— 2,
-_— ’

therefore, if the three ftraight lines are proportional, the rectangle contained by

the extremes is equal to the {quare of the mean.
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PART IL

Aflume - — then
_— X — = X .
oo 3 30 g [v1.16], and

QED.
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PROPOSITION XVIII. THEOREM.

| N a given [traight line
) to conftruct

dl « rectilinear figure fimilar

to a given one (‘) and fimilarly

placed.

Refolve the given figure into triangles by drawing the lines == ===== and

At the extremities of make

A =0 W =)
make ‘ — ‘
and ‘ — Q ¢ in the like manner make
\/ and ‘ - ‘ o

Then ‘ is {imilar to ‘ .

It is evident from the conftruction and [1. 32] that the figures are

again at the extremities of
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equiangular; and {ince the triangles

and are equiangular; then by [v1. 4],

and : JC 0 pooooac .

Again, becaufe ‘ and ‘ are equiangular,
—_— e LS . :

: [vI. 22].

In like manner it may be thown that the remaining {ides of the two figures are

proportional.

o by[vi.def. ;] Q@ isfimilar QP

and {imilarly fituated; and on the given line R

QED.
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PROPOSITION XIX. THEOREM.

f| IMILAR triangles (

3 and A) are to one another

in the duplicate ratio of their homologous

Jides.

Let ‘ and ‘ be equal angles, and s« and let ——
homologous fides of the {imilar triangles and A and on
sess e the greater of thefe lines take =ssssss a third proportional, {o
that
. L S :
draw .
N — : :: : [VI'4’];
o’ g 8 & & [v. 16, alt],
but = . e o mEmmmas [conﬂ;]’
confequently = \ for they have the fides about

the equal angles ‘ and ‘ reciprocally proportional [V1. 15];
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that is to fay, the triangles are to one another in the duplicate ratio of their

homologous fides

[v. def. 1.

and ===

QED.
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PROPOSITION XX. THEOREM.

wet| IMILAR polygons may be
divided into the [ame number

S| of fimilar triangles, each
[Jimilar pair of which are proportional to

the polygons; and the polygons are to each
other in the duplicate ratio of their

homologous [ides.
Draw and ssssass o and and oo o refolving the

polygons into triangles. Then becaufe the polygons are {imilar,

. — ' s and A 90 S
e and are fimilar, and ( ( [v1. 6];

. ’ becaufe they are angles of {imilar polygons;
therefore the remainders ’ and ‘ are equal;

and seseese . 00 iianas . ,

e L) eoe L] ’

ex zquali [v. 22], and as thefe proportional fides

contain equal angles, the triangles ’ and ’ are fimilar [v1. 6].
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In like manner it may be thown that the

triangles v and v are {imilar.

But is to in the duplicate ratio of
------------------- [VI. 19], and
’ is to ) in like manner, in the duplicate
ratio of =s=ssass 170 JR—— 5

Again ) is to ’ in the duplicate ratio of
to , and v is to v in

the duplicate ratio of

g ::):)::v V;

and as one of the antecedents is to one of the confequents, {o is the fum of all

the antecedents to the fum of all the confequents; that is to fay, the fimilar

triangles have to one another the fame ratio as the polygons [v. 12].

But is to in the duplicate ratio of to

e ‘ is to ‘ in the duplicate ratio of to .

o e

QED.

V1. 274



PROPOSITION XXI. THEOREM.

S ECTILINEAR figures

| ‘ il | )l

are fimilar to the [ame figure ( )are
Jimilar alfo to each other.

Since ‘ and are fimilar, they are equiangular, and have the

{ides about the equal angles proportional [v1. def. 1]; and fince the figures
‘ and are alfo fimilar, they are equiangular, and have the fides

about the equal angles proportional; therefore ‘ and ‘ are

alfo equiangular, and have the fides about the equal angles proportional [v. 1],

and are therefore {imilar.

Q.ED.
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PROPOSITION XXII. THEOREM.

), the fimilar rectilinear figures
fimilarly defcribed on them are alfo

proportional.

PART II.

And if four fimilar retilinear figures,
Jimilarly defcribed on four [traight lines,
be proportional, the [traight lines are alfo

proportional.
PART L
Take sesanus a third proportional to
and o and ssssuss a third proportional
to and [VL s
{ince g 3¢ S [hyp.],
— ) wmEmEEE b . mmmmas [Conﬂ: ]
% cxzquali,
—_ e o T :
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PART II

Let the fame conftruction remain:

QED.
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PROPOSITION XXIII. THEOREM.

~oal QUIANGULAR
| parallelograms and

= BN ) e to one another in a
ratio compounded of the ratios of their [ides.

Let two of the fides and about the equal angles be placed

{o that they may form one ftraight line.

Since ' + — ﬂl
=G
. -+ = (] )

and % and form one ftraight line [1. 14];

complete ' o

Since e ' 2! — [vr.1],
and ' N : [v1.1],

hasto MMM aratio compounded of the ratios of

to o and of to .

QED.
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PROPOSITION XXIV. THEOREM.

N any parallelograms ( ﬂ

1|) the parallelograms ( ﬁ
and ﬂ ) which are about the diagonal

are fimilar to the whole, and to each other.

~

V1. 279

As ﬂ and ﬂ have a

common angle they are equiangular;

but becaufe [l =——ceeees
A iand o . arefimilar [v1. 4],

and the remaining oppofite {ides are equal to thofe,

55 ﬂ and ﬂ have the {ides about the equal

angles proportional, and are therefore {imilar.

In the {fame manner it can be demonftrated that the

parallelograms and ﬁ are are {imilar.

Since, therefore, each of the parallelograms

ﬂ and ﬂ is fimilar to ﬂ .

they are {imilar to each other.

QED.



PROPOSITION XXV. PROBLEM.

1| O deferibe a rectilinear figure
which [ball be fimilar to a given
8| rectilinear figure ( A), and

equal to another (.)

Upon defcribe mmm = 4 ’
and upon defcribe = . )
and having — ' [1. 45], and then
and s=ssaess will lie in the fame ftraight line [1. 29, 14].
Between and sesseas find a mean proportional

[v1.13], and upon

defcribe 5 {imilar to A , and {imilarly {ituated.

Then — . .

For fince A and are {imilar, and
? e— 0] e ] smmmnan [conft.]’

A

but mE— . e ernnas [V 1];

X
LN ]
X
oo
<
=
)
£,
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VI. 281

o A N I [v. u;

but A = B [conit],

and % = [v.14];

and — . [conit.]; confequently,
which is {imilar to A isalfo = . .

QEF.



PROPOSITION XXVI. THEOREM.

2 F fimilar and fimilarly pofited

v parallelograms ( and

-._- ”
) have a common

angle, they are about the [ame diagonal.

I
For, if it be poflible, let == be the diagonal of Z

and draw I — [131]
%
Since L and are about the fame diagonal "~ ,
and have common, they are fimilar [v1. 24];
oo g 8 & M LELLI
but : 00 =t I == [hypl],

and % =———— == e—.. [V.9], which isabfurd.

L1
o’e ~~ isnot the diagonal of

in the fame manner it can be demonftrated that no other

line is except

QED.

VI. 282



PROPOSITION XXVII. THEOREM.

Q| F all the rectangles contained by

N4 the [egments of a given [traight
8| /ine, the greateft is the [quare
which is defcribed on half the line.

Let

be the given line, and e unequal

and

then. C m o

For it has been demontftrated already [11. 5], that the {quare of half the line is

{egments, and equal {fegments;

equal to the rectangle contained by any unequal fegments together with the
{quare of the part intermediate between the middle point and the point of
unequal fection. The {quare defcribed on half the line exceeds therefore the

reftangle contained by any unequal fegments of the line.

QED.
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PROPOSITION XXVIII. PROBLEM.

O divide a given [traight

8| the rectangle contained by its

[egments may be equal to a given area, not

exceeding the [quare of half the line.

2
Let the given areabe = o Bife(t =mmmm---- , ormake
D) D)
—IETEEETT 5 andif = .
2 2
the problem is {olved. Butif === & 5
then muft =-- C (hyp.]
Draw J_ — 5 make
_ ... @ ooooooc ; with
as radius defcribe a circle cutting the given line; draw .
2 D)
Then =seess- K e + - —
2
[1.s] = .
p) 2 2
But = —— + —— [147];
2 2
¥ Emmmam N — 4+ —_— = + —
2
from both, take ===, and
2
....... K e——ren D —,
But — [conft.], and ¢% ========= is{o divided that
2
....... K ——— = .

QEF.
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PROPOSITION XXIX. PROBLEM.

O produce a given [traight
! [ine ( weex), [0 that
the rectangle contained by the

Jegments between the extremities of the
given line and the point to which it is
produced, may be equal to a given area,

t.e. equal to the [quare on .

a.
2
I_
|

5 and with the radius

defcribe a circle meeting

==== produced.

QEF.
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PROPOSITION XXX. PROBLEM.

O cut a given finite [traight line
(

mean ratto.

«au2), 11 extreme and

On

-==« defcribe the {quare

[1. 46); and produce

——, fothat ——er X

2,
------- — —— [VI 2,9],

take —————— T sssesss , and

draw 1] ==+ , meeting | = [131].
T}len u — e x ------- ) andls SO = ;
and if from both thefe equals be taken the common part 5 : | -

which is the {quare of s willbe = o Whichis
e S x ------- ; that is
2,
—_— T ) QEETTITYT 5
ole = g ce o mmmmaas s and - isdivided

in extreme and mean ratio [V1. def. 3].

QEF.
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PROPOSITION XXXI. THEOREM.

i F any fimilar retilinear figures
2| be [imilarly deftribed on the

: | fides of a right angled triangle
(4 A), the figure defcribed on the fide

(e
equal to the [um of the figures on the other

Jides.

) Jubtending the right angle is

From the right angle draw perpendicular to ==

then = : : : : [VI. 8]

s T oo S [V1.20]
but _ QO —— Q0 oo O oonanr [VI. 20]
Hence =ssss== + .
ot mm + . N ;

arldo.o_+ =_-

QED.
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PROPOSITION XXXII. THEOREM.

two triangles ( A and
k?) A), have two [ides

proportional g e <]
....... S weseenn),and be [0 placed 2
at an angle that the homologous fides are
parallel,the remaining fides ( and
) form one right line.
Since i - . — [1. 29];

and alfo fince

and fince 0 2% aunmmas e [hyp.],

the triangles are equiangular [v1. 6];

.‘.‘:A:but = 5
o N + /N = A + + A

= (1 [13],

and % and lie in the fame ftraight line [1. 14].

QED.
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PROPOSITION XXXIII. THEOREM.

| N cqual circles

{O. O

angles, whether at the centre or

circumference, are in the [ame ratio to one

another as the arcs on which they [tand

d:d:—: )

Jo alfo are [ectors.

Take in the circumference of O any

number of arcs  m—— g — y &C.

each =  —_——— 5 and alfo in the

circumference of Q take any

number of arcs  ......-

each = ) draw the radii to the

extremities of the equal arcs.

Then fince the arcs o &c. are all equal, the angles

b 9
l, ‘, \ s &ec. arealfo equal [111. 27]; ¢% ‘ is the fame

multiple of l which thearc ~—_— i5Of wmmm= § andin the fame

manner @ is the fame multiple of 4 o whichthearc " ......=” isof

the arc .
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Then it is evident [111. 27], if ‘ (or if mz times 1)

C,=,1 A (or 7 times 4)then ~_— (orm times

—)C,=,1 reeueee” (OF 72 times )3

K 1 . 4 09 —x g o [Vv.def. 5], or the angles at the

centre are as the arcs on which they {tand; but the angles at the circumference
being halves of the angles at the centre [111. 20] are in the fame ratio [v. 15], and

therefore are as the arcs on which they ftand.

It is evident that fectors in equal circles, and on equal arcs are equal

[1. 45 111. 24, 27, and def 9]. Hence, if the {ectors be {ubftituted for the angles in
the above demonftration, the {fecond part of the propofition will be
eftablifhed, that is, in equal circles the fectors have the fame ratio to one

another as the arcs on which they ftand.

QED.
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PROPOSITION A. THEOREM.

F the right line (s===sx= )
bifecting an external angle

AA ‘ o the triangle 2

meet the oppofite [ide (mmmm—) produced,

that whole produced fide (=== ), and
its external [egment (===ssss ) will be
proportional to the [ides (s and

), which contain the angle adjacent
to the external bifected angle.

For if

bedrawn || =ese--- .

then b — D s [1.29];

|
A )

g
3

= s [1.29];
and oo mEEmmas — ’ [I 6]’
aNd e——aas . te e———urnas . Emmmaa [V. 7];
Butalfo, e=———=ausss S sumnass 0! munans S smmmmss [vr. 2];
and therefore e=zssss . mmmmas 1 e———urnas . [V. II].

Q.ED.
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PROPOSITION B. THEOREM.

F an angle of a triangle

be bifected by a ftraight line,

d| which likewife cuts the bafe; the
rectangle contained by the fides of the
triangle is equal to the rectangle contained
by the [egments of the bafe, together with e
the [quare of the [traight line which bifects K ’
the angle. ’

Let be drawn, making 4 — A; then fhall
2

X — e X — + .
About 7~ s defcribe [1v.5],
produce to meet the circle, and draw s=sss=s .

Since 4 = A [hyp.],

and — ' [111. 21],
K / and ‘\ are equiangular [1. 32];

[vi 4];
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—
P
—

o)

[

e

but X — X

QED.
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PROPOSITION C. THEOREM.

d| perpendicular to the bafe; the
rectangle contained by the fides of the
triangle is equal to the rectangle contained

by the perpendicular and the diameter of

the circle defcribed about the triangle. '

From ‘ of “_'_‘_‘_‘_ draw J_ ....... —_

then fhall sesseas X — X the diameter of the

and

defcribed circle. Defcribe O [1v. 5], draw its diameter em—— ,

5 then becaufe ‘ — ,\ [contt. and 111. 31];

draw
and .~ = ¢ [11r. 21];
Kok “_‘_'_::_ is equiangular to % [vL. 4];
... IIIIIII : :: C— : ;
and ¢ ammsss X — X [vI. 16].

QED.
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PROPOSITION D. THEOREM.

2| HE rectangle contained by

the diagonals of a quadrilateral
e | figure infcribed in a circle, is
equal to both the rectangles contained by
oppofite fides.

Let / be any quadrilateral figure infcribed in O;
and draw === and 5 then
X —
....... X — 4+ ST

|
5
o}
5
=

again, becaufe A
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and P = [111. 21]

O nmmener D e C [v1. 4];
and 0, seeeess X —  pooooac X [v1.16]
but, from above,

— x — x ....... 5
o X = ooooooc X — 4
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THE END.
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