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Growth without growth?

So far we talked about growth without actually
talking about growth...
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Growth without growth?

So far we talked about growth without actually
talking about growth...

We tried to explain income levels across differences at a given
moment, not growth rates, which only indirectly speaks about
growth.
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An introduction to Growth Dynamics
Robert (Bob) Solow
1924-

Nobel Prize in Economics, 1987
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An introduction to Growth Dynamics

Questions we asked:
- Why some countries are so much richer than others?

- Capital matters but only partially. TFP plays a much bigger role.
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An introduction to Growth Dynamics

Questions we asked:
- Why some countries are so much richer than others?

- Capital matters but only partially. TFP plays a much bigger role.
- Why do some countries grow faster than others?

- Can the answer to this question help understand the role of TFP?
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Two Pictures from 1960

Per Capita GDP
Population

Working Age Population
Attending College at 20

$1,500
25M
50%
5%

$1,500
25M
50%
13%

5/29



Two Pictures from 1960

GDP per capita, 1960 to 2019

This data is adjusted for inflation and for differences in the cost of living between countries.
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Source: Feenstra et al. (2015), Penn World Table (2021) OurWorldInData.org/economic-growth « CC BY
Note: This data is expressed in international-$' at 2017 prices, using multiple benchmark years to adjust for differences in the cost of living
between countries over time.
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An introduction to Growth Dynamics

More specific questions:

- Can differences in capital accumulation explain differences in
growth of GDP per capita across countries?
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An introduction to Growth Dynamics

More specific questions:

- Can differences in capital accumulation explain differences in
growth of GDP per capita across countries?

- Is capital accumulation the ultimate source of sustained growth in
GDP per capita?
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The Solow Growth Model

We add the time dimension!

- Production:
Y;=AK{L™*,  a€(0,1), te{0,1,2---}
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The Solow Growth Model

We add the time dimension!

- Production:
Y;=AK{L™*,  a€(0,1), te{0,1,2---}

- Resource constraint:

Y = C; + S, t€{0,1,2,---}
—~— ——

consumption  savings

- Capital Accumulation:

Kiey = K+ L — d-K de(0,1), te{0,1,2,---}
P ——
investment  depreciation

K1 —Ki = MKy =h—d- K
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The Solow Growth Model

We add the time dimension!

- Production:
Li=1L, te{0,1,2,---}
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The Solow Growth Model

We add the time dimension!

- Production:
Li=1L, te{0,1,2,---}

- Investment:
=8 =38Y;, 5€(01), te{0,1,2---}
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The Solow Growth Model: Taking Stock

Normalizing the price of the output good P; = 1 each period, for each period

t€{0,1,2,---}, given parameters d, 3, A, L, « and the initial value of capital Kj there are
five unknowns Y;, K1, Lt, Ct, I and five equations:

Yi

Yi
AKi 1
L

I

that characterize the solution to this model.

AKFLI®
Ci+ I

It —d-Ki

5Y;

(1)
(2)
(3)
(4)
(5)
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The Solow Growth Model: Factor Markets?

What about factor markets?
- We can add factor markets, satisfying:

Wy = MPLf:(1—0¢)—
ryr = MPKt:(Xf

- But nothing else would change in the model.

- So to simplify, we keep these two equations and unknowns out!
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Solving the Solow Growth Model

Solving fully the model with equations is very hard. We usually do that numerically, using a
computer. But here are some things we can do with pen and paper to simplify the problem:
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Solving the Solow Growth Model

Solving fully the model with equations is very hard. We usually do that numerically, using a
computer. But here are some things we can do with pen and paper to simplify the problem:

- Reduce equations to strictly necessary
- Show solution on a diagram (Solow Diagram)

- Solve for the “Long Run” of the model (Steady State)
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Solving the Solow Growth Model

Strategy: Reduce system of equations from five to two

- Equations (2) and (5) are redundant, not independent: if /; = 5Y;, then
— C; = (1 —3)Y; ("Walras’ Law”; reduces the system to 4)
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Solving the Solow Growth Model

Strategy: Reduce system of equations from five to two

- Equations (2) and (5) are redundant, not independent: if /; = 5Y;, then
— C; = (1 —3)Y; ("Walras’ Law”; reduces the system to 4)

- Plug-in (4) into (1), becomes Y; = AK*L'~* (reduces the system to 3)

- Plug-in (5) into (3), becomes AK;. 1 = 8Y; — d - K;. Using above,
AKi1 = BAK!L'~* — d - K; (reduces the system to 2)

Final system:

Y, = AKMLT®
AKi 1 = BAKML'™™ —d- K
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Capital Dynamics (second equation)

Investiment,
Deprecio:t]on
Te=clK+

L,

Lo
dK,

dko

here Jepre_ciox‘tion is above
investment, so
the economy shrinks

K

— A
I=54 K T

K+

Capital
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Solow Model: The Steady State

Y, = AKMLT®
AKi 1 = BAKML'™® —d- K
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Solow Model: The Steady State

Y, = AKMLT®
AKiyy = BAKML' ™ —d- K

At the Steady-State (SS), AK;,1 = 0 and K;, 1 = K3, so we might as well call it K*. The

same is true for Y, so we call it Y*. Let us look for K*, Y* that satisfy the definition of a SS
in the system above:
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Solow Model: The Steady State

Y, = AKMLT®
AKiyy = BAKML' ™ —d- K

At the Steady-State (SS), AK;,1 = 0 and K;, 1 = K3, so we might as well call it K*. The

same is true for Y, so we call it Y*. Let us look for K*, Y* that satisfy the definition of a SS
in the system above:

e A 1-«
BAK)'L'™ —d-K*=0 «<— K* = <S‘;) L
1

:}Y* = ,_41'
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Solow Model: The Steady State

Note that the model
predicts that the
capital-to-output ratio is
increasing in the
investment rate:

K*

Y*

Qi o

In the data, there is indeed
a positive correlation
between those variables.

Source: Penn World Tables, Vrsion 9.1

Capital-output ratio, K/Y
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Solow Model: The Steady State
Other predictions of the model do not have a great fit...

Y* -4 S =
* — = A= | —
y=17-" (d)
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Solow Model: The Steady State
Other predictions of the model do not have a great fit...

Y* 4 (&)=
*E?:AT"‘ =
y=1T=" (d)

Now assume yjcp = Eipoo, and let us make a similar decomposition as we did with the
production model:

_ 3 _ 1
Yrich _ < Avich ) 2 % ( Srich > 2
Ypoor Apoor Spoor
~——

64 32 2
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Solow Model: The Steady State
Other predictions of the model do not have a great fit...

Y* 4 (&)=
*E?:AT"‘ =
y=1T=" (d)

Now assume yjcp = Eipoo, and let us make a similar decomposition as we did with the
production model:

_ 3 _ 1
Yrich _ < Avich ) 2 % ( Srich > 2
Ypoor Apoor Spoor
~——

64 32 2

while in the production model

1

* A I %
Y rich _ Arich « krich
Y p*oor Apoor k;)koor
N~ N——~ \ ,

64 12.8~13 I 17/29



Solow Model: The Complete Diagram

Investment,
Depr‘e_cio"tion,
Output :
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Solow Model: The Complete Diagram, tracing out the dynamics

Output,
Investment, o
Dep(‘e_cia‘tion v= [K Ef_a(
5 Ak
Y, ! <
I ' Ak 0%

My |-/ A1

Capi‘tal
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Solow Model: The Complete Diagram, tracing out the dynamics
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Output,
Investment,
I)epregkxtion
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Solow Model: tracing out the dynamics

Assumeax =1/3,L=100,53=.2,d = .1.

W N~ O

250

250 +2.1 = 2521
252142 = 254.1
25414 1.9 = 256

250-0.1 =25
252.1-0.1 =25.2
254.1.0.1 =254
256-0.1 = 25.6

25031005 = 135.7
252.131005 = 136.1
254.131005 = 136.5
25651005 — 136.8

135.7-0.2=27.1
136.1-0.2 = 27.2
136.5-0.2 = 27.3
136.8:0.2 =274

(271 -25) =21
(27.2-252) =2
(27.3-25.4) = 1.9
(274 —256) = 1.8
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Output,
Investment,
I)epregkxtion
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Solow Model: tracing out the dynamics

Assumeax =1/3,L=100,53=.2,d = .1.

WNE-LO

100.0
110.0
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Solow Model: principle of transition dynamics

Capital stock

L i bttt

The slope of this curve, which represents
the rate of cap?‘tal o&cumu[a‘t]on,

s Steeper‘ farther away from and
Rlatter closer to the steady state.

Equivalently, the same is shown by
the strict concavity of the curve.

This is the principle of transition
dynomics: growth is faster the
Purther away from the steady state.

0 tTime
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Solow Model: principle of transition dynamics
The mathematics behind the principle
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Solow Model: principle of transition dynamics
The mathematics behind the principle

Kt _ Yt g

A Ki Ki
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Solow Model: principle of transition dynamics
The mathematics behind the principle

Kivr Yt -
Kiw Y LY K Y
Yo T %k ke UvTa T 0%
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Solow Model: principle of transition dynamics
The mathematics behind the principle

Kivr Yt -
Kiw Y LY K Y
Yo T %k ke UvTa T 0%
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Solow Model: principle of transition dynamics
The mathematics behind the principle

Kivr Yt -
Kt Y Y K* B oy
Z&‘j%;* - 37%? S}z;’ 37; - z; - Ci—— 37%;;
Kivr Yo Y
A Kk <Kt K*)

Kt+1 Y Y/ Kt
A K SK* X ( 1
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Solow Model: principle of transition dynamics
The mathematics behind the principle

Kivr Yt -
Ktiq o Yy _Y* _.K*_é ___Y*
Z&‘j%;* - 37%? S}z;’ 37; - z; - Ci—— 37%;;
Kivr Yo Y
A K % <Kt K*)
Kiern Y Yi/Ki
AKt = SK*X<Y*/K* 1

Kt+1 _ Y K* 17“_ LLVvE AR\
At = sK*x<[KJ 1 (v = AR
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Solow Model: principle of transition dynamics
The mathematics behind the principle

Kien Yt -
ATt = SK d
Kiev Yy Y K 8 S
Z&‘7%;* - 37%; S;z;’ < 37; - z; - Ci—— SI<H:)
Kt _ o (YY"
A Kt - 8 <Kt K*)
f<f+1 o _AXSE Y}/f<f -
A—Kt = SK*X<Y*/K* 1)
,<f+1 R y* K* 1-a RV *\a/T\1—a — A a7 1—a
At SK*X([KJ S1) (Y = AKOMDT Y= AN D))

So AKTTT will be large if the gap KK is large.
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Important aside: there are no explicit banks, but there is still a real

interest rate

Real interest rate: the amount of output a person can earn by saving
one unit of output for a year, or the amount of output a person must
pay to borrow one unit of output for a year.
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- Production view: save 1 unit at time t — invest 1 unit /; — get 1 unit of K;, 1: rented
at r = MPK, but depreciates at (1 — d).
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Important aside: there are no explicit banks, but there is still a real
interest rate

Real interest rate: the amount of output a person can earn by saving

one unit of output for a year, or the amount of output a person must
pay to borrow one unit of output for a year.

- Financial view: save 1 unit at time t — receive 1 + R units at time { + 1

- Production view: save 1 unit at time t — invest 1 unit /; — get 1 unit of K;, 1: rented
at r = MPK, but depreciates at (1 — d).

If markets are fully integrated, by nonarbitrage, the following must
hold:

1+R = r+(1-4d)
— r = R+ d

return on physical capital return of financial capital + depreciation 229



The forces behind the Solow Model

- If a society has some endowment of capital, it can save and invest to grow, accumulate
capital stock and grow richer.

- However, with a fixed population and diminishing marginal returns to capital, growth
cannot go on forever in this mode.

- In fact, in this “growth model” there is no long-run growth: is a unique steady-state in
which the economy does not grow!

- The Solow model does a good job of explaining differences in capital accumulation
across countries.
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It has limits but it was a breakthrough

All theory depends on assumptions which are not quite true. That
is what makes it theory. The art of successful theorizing is to make

the inevitable simplifying assumptions in such a way that the final
results are not very sensitive”

Bob Solow (1956)
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