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1 Describing a Sequence-of-Markets Equilibrium

This subsection describes the Neoclassical Growth Model. For more details, re-
fer to Chapter 1 of Stokey & Lucas’ textbook. It builds on the foundation of the
Solow-Swan model presented in undergraduate macroeconomics —with the dif-
ference that all decisions, including savings, are endogenous. Like in the Solow
model, given assumptions below, there will be a unique steady state for this econ-
omy —that is, a dynamic equilibrium where all allocations are unchanged from
one period to the next.

Assumptions

1.

2.

Time is discrete: t = [0,...,T]

A complete, transitive, and reflexive preference schedule > has a numerical
representation u(-).

We assume u : R™ — R is continuously differentiable, stricly increasing,
and strictly concave, such that lim._,o t/(¢;) — —oo

Preferences are given consumption streams: {c;};° = {co,c1,...}
Future period consumption is discounted by discount rate g € (0,1).

Lifetime utility is represented by a sum of discounted consumption streams:
YiZo Buler)-

Individuals are endowed with initial capital ky and, every period ¢, one unit
of time that can be split between work (1) or leisure (I), such that n 4/ = 1.

Firms have a technology that transforms inputs into outputs: Y; = F(K;, Ny).

We assume F : RT™ — R is continuously differentiable, constant returns to
scale (homogeneous of degree one), strictly-quasi-concave, with F(0,n) =
0 Vn; Fg(K,N) >0,Fy(K,N) >0 VN,K; limg_,o F'(K,1) — oo;

limg_,0 F/(K,1) — 0.



10. Households exist within measure one. By “measure one households,” we
mean that there are uncountably many households and their measure is
normalized to one, ie.: i ~ Uniform(0,1). This abstraction helps with
the assumption that each household individually has no aggregate impact
—they operate in a competitive market as price takers. Mathematically, since
each i has measure zero, they can have no impact over the aggregate econ-
omy. Under these assumptions, we can characterize the aggregate stocks

Ki = [} kidi, Ny = [ nidi.

11. Small letters represent individual household/firm variables or parameters
while capital letters represent aggregate variables.

1.1 Defining the Sequence of Markets Equilibrium

Household preferences take the form:

> B'llog(ct) +alog(1—ny)] (1)
t=0
i.e., the household derives utility from consumption (c;) and leisure (I; = 1 —
nt). The preference for leisure relative to consumption is controlled by «.
Households face a budget constraint:

ci+ir < wpng + riky + 71 (2)
M\/_./ %,—/
expenditures income

They supply units of labor (1;) and are paid a market wage (w;) thereby earn-
ing labor income (w;n;). Similarly, households supply units of capital (k;) and
are paid a market rental rate of capital (r;) thereby earning capital income (k¢r¢).
Households own the firms, thereby earning (if any) profits 7r;. Households can
choose to consume c¢; or invest i; their income.

Investments (i;) add to capital stock (k;) the household owns, which depreci-
ates every period at a fixed rate (). The law of motion for capital is given by:

kiv1 = (1—06)kt + it (3)

Putting those together, the constrained maximization problem households face
is, therefore:

maX{Ct,kt+1,it,”t}t°°:0 Z ﬁt[log(cf) + “10g<1 - nl‘)] (4)
t=0
s.t. ci + ktJrl < wing + riks + (1 — 5)kt + 714, ko >0 given

Firms have access to the following technology:

Y; = AKIN! Y (5)



where Y; is total output and A is an exogenous parameter for technology or
productivity.

Firms face an unconstrained static maximization problem, which tries to max-
imize profit as the difference between output and inputs:

max A(KH)O (N0 — o, N — 1, K¢ (6)
K¢ ,N¢

Definition 1 (Sequence-of-markets equilibrium). A sequence-of-markets equilib-
rium consists of:

i) household choice streams for consumption, work, and savings: {c, n¢, k11 }50:0'
ii) firms’ choice streams for capital and labor demand: {K¢, N#} .
ili) prices streams: {wy, 7;}52.
Such that:

a) Given (iii), (i) solves the households’ problem.
b) Given (iii), (ii) solves the firms” problem.
¢) Markets clear:

* Ngt = Ni

* Kyt =Ky

* Ci+Kepr = AKKDP(ND)T0 + (1 - 0)K;

¢ Due to free entry, there are zero profits: 7; = 0.

1.2 Characterizing the SoM Equilibrium

Since preferences are strictly concave, the Karush-Kuhn-Tucker conditions are
satisfied and we can rule out corner solutions, and write the inequality constraint
with an equality. We can also rewrite the second constraint in terms of i; =
kiv1 — (1 — 6)ks and plug it in the first constraint to reduce the maximization
problem.

The Lagrangian for the household maximization problem is:

[1e

¥ = B log(ct) + alog(1 —ny)] +
=0
Z At[weng + rike + 110 + (1 — )k — ¢j — k1] (7)
=1

with the following first order conditions



i1

ct = At 8)
Ct
kigr 0 Ar=Agalree +(1-0)] ©)
o
ng B Tom on (10)

Combining (8) and (9) yields the Euler Equation:

Bl = Bl + (1-0)
t Cr+1
1 1
o= ,37Ct+1 [re+1+ (1= 9)] (11)

which intuitively states that, at the optimal point, the marginal utility of
present consuming one unit of output (the left hand side of equation |12) must
equal the discounted marginal utility of saving one unit of output today and con-
suming it tomorrow. Note that the right hand side of the equation incorporates
how much the saved unit will yield in capital income and how much it will de-
preciate.

Combining (8) and yields the Labor Leisure Optimality Condition:

L
— = Mw
'Bnt Wt

1 «
—w; =
Ct 1-— n

(12)

which states that, at the optimal, the marginal utility of consuming the earn-
ings of one additional unit of work must equate the marginal disutility of working
an additional unit.

The optimality conditions for the firm’s problem are:

K 0AKDHTHNDT =7, (13)
N o (1-0)AKKH (N0 = w, (14)

Equation states that the optimal quantity of capital demanded will be
such that the marginal product of capital equals the marginal cost of renting an
additional unit of capital. Equation states that the optimal quantity of labor
demanded will be such that the marginal product of labor equals the marginal
cost of hiring an additional unit of labor.



2 Describing the Recursive Competitive Equilibrium

As we have seen in class, we can write the dynamic problem we have seen in the
previous section with a recursive formulation:

V(K k) = max.,p log(c)+alog(l—n)+ BV (K K) (15)
s.t. wKn+r(Kk+(1-8k=kK+c
K' = G(K)

where ¢, n,k are individual consumption, labor and capital allocations, K, N
are aggregate capital and labor allocations, w(K), r(K) are price functions, &, J are
parameters, and G(K) is a perceived law of motion for capital.

Assume further there exists a representative firm that produces the output
good using technology F(K,L) = AK?N'~? and solving subsequent problem:

maxg,n, AKIN] ™ —r(K)K; — w(K)Ny (16)

Definition 2 (Recursive competitive equilibrium). A Recursive Competitive Equi-
librium consists of:

i) a value function V (K, k) and policy functions ¢(K, k), k' (K, k), n(K, k)
ii) a perceived law of motion for aggregate capital G(K)
iii) price functions w(K), r(K)
iv) firms policy functions K;(K), N;(K)
such that:

a) Given (ii) and (iii), (i) solves the household problem
b) Given (iii), (iv) solves the firm’s problem
¢) Markets clear:

e K;(K)=K

o Ny(K) = n(K,k)
o o(K,K) +K (K K) = F(Ky(K), Ny(K)) + (1 — 5K

d) Expectations are correct: G(K) = k'(K, K).



2.1 Characterizing the Recursive Competitive Equilibrium

The Lagrangian for the household problem is:

& =1log(c) + alog(l —n) + BV (K, k') + A[K' 4+ ¢ — w(K)n — r(K)k — (1 — §)k] (17)

with the following first order conditions:

c 1:/\
c
o
= K
n T Aw(K)

Ko A= BV (K, K)
which can be combined into a labor-leisure optimality condition:

a  w(K)
1-n ¢ (18)
To derive the envelope condition, first write the value function with the opti-
mal values for ¢(K, k), n(K, k), k' (K, k) and replacing for ¢(K, k) using the budget
constraint:

V(K. k) = log (w(K)n(K k) + r(K)k + (1 = 8)k — K'(K,k) ) +alog(1 — n(K,k)) + BV (K', K

then take the derivative of the value function with respect to k, ignoring any
indirect effects through the policy functions:

aV (K, k)
ok
Shifting this one period forward and using the FOC for k’ yields the euler
equation:

r(K) + (1+9)
c(Kh)=c,n(KX)=nk (Kk)=k' c

= l(K) + (1-0) (19)

The firm has the following optimality conditions:

PAKSTINI Y = r(K) (20)
(1-0)AKIN® = w(K) (21)

By market clearing:



1
Kd = K= kldl (22)
0

1

N; = N= ; n;di (23)
AKIN'? 1 (1-9)K = K +C (24)

and that expectations are correct:
G(K) = K(K,K) (25)

The optimality coinditions above characterize the RCE.

3 Solving for the steady state

By comparing the optimality conditions in either version, you can see that they
are identical. Therefore, we can use either of them to derive the steady-state of
this economy.

In order to characterize the steady-state for this economy, we simply assume
quantities are identical across time and arrive at the following set of equations.
The goal is to solve for every variable in terms of parameters.

We start from the Euler Equation, which yields:

1 1 1

- :[Sg[r—l—(l—é)] = r=p"-(1-9)
which is in terms of parameters. From there, we can solve for the capital to output
ratio in terms of parameters, using one of the FOCs of the firm:

9X7r2> E*Q
K~ Y r

which is in terms of parameters. Additionally, using the goods market clearance
condition in the steady state, we can write:

C K
Y+(1-0)K=K+C = C=1-0g

which is in terms of parameters. We then move to labor leisure condition, which,
combined with the optimality condition for the firm, yields:




which is in terms of parameters. Moving to the production function, note that we
can rewrite:

0 ] o
Y—A(I;) NIy e v = [A(I;) N”]

where all terms on the RHS are in terms of parameters. Now that we have steady
state output and labor, we can express wages in terms of parameters:

Y

w:(l—G)N

Therefore, our steady state can be fully characterized by the following equa-
tions:

RIORIRN <

Z
\
R
N =I=
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