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ABSTRACT 

In this paper , a new shape control method called one-point shape control is proposed for cubic Bezier curves. 
First, we show that a Bezier curve, with given boundary points and tang ent directions , can be uniquely 
determined by a point called the shape point . Then the advantages of this shape control method are discussed 
and shape classification with respect to the shape point is also studied. Furthermore, by using this one-point 
shape control method , we introduce a new offset algorithm for Bezier curves. Empirical tests will be given. It 
shows that our offset algorithm is not only simple and direct but also effective and efficient. 
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1 INTRODUCTION 

To design curves and surfaces according to given constraints plays an impor t ant role in many science and 
engineering applications. For example, the graphical description of geological and physical phenomena, the 
visual representation of experimental or statisti cal data and the modeling of car bodies, ship hulls , airp lane 
fuselages and etc . Short after the advent of computers, a new discipline called computer aided geometric 
design - CAGD for short emerged. It is dedicated to the study of designing curves and surfa ces. Among 
variou s techniques in CAGD, the interpolation is one of the oldest as well as th e most useful techniques. 
Unfortunately, it tends to generate unexpected oscillations (or bumps) that will ruin the shape of curves (or 
surfaces). It has been found that , in curve design , the piecewise approa ch by stitching together a succession of 
curve segments enjoys less numb er of oscillations and ease of shap e control (Bartels, Beatty and Barsky 1987). 
For example, the interp olation by cubic splines is a typical one (Faux and Pratt 1979). Many methods have 
been developed to control the shape of interpolating curve segments (Fletcher and McAllister 1986; Harada 
and Nakam ae1982; Harada, Kaneda and Nakamae 1984; Lee and Yang 1989; McLaughlin 1983; Shirman and 
Sequin 1992). Among them, th e notion of shape control t hrough shape param eters is an effective approa ch for 
CAGD , since in interactive design , one may modify the curves by varying the shape parameters intera ctively 
or in passiv e plotting, one may preset shape parameters properly to control the fedelity of th e interpolation 
(Fletcher and McAllister 1986; Lee and Yang 1989; Shirman and Sequin 1992). 

As possessing some merits for curve design, the Bezier curve is one of the most popular representa tions in 
computer aided geometri c design (Farin 1988; Faux and Pratt 1979; Lee 1989). In this paper we will confine 
ourself to the study of shape paramet ers of cubic Bezier curves. First, th e notion of one-point shape control 
is introduc ed. It shows that a cubi c Bezier curve can be uniqu ely determined by a point called shape point . 
Ther efore th e shape control can be achieved simply by moving the shape point directly with a pick device such 
as a mouse . Moreover, as the generated Bezier curve will pass through the shape point, the designer can get 
more intuitive sense visually on how the chang e of shape parameter - the shape point affects th e change of the 
shape of the curve. Hence, to compar e with existing methods, this new contro l scheme is geometric and it is 
simp ler and more direct. Furth ermore , we discuss the shape classificat ion with respect to the shape point . It is 
known that shape classification will provide a high level shap e control in the sense that the intrinsic property 
of the curve is the major concern, for example, to keep the convex curve from being inflective or having a 
cusp . To be more precisely , we partition the plane into regions so that each region is associated with a shap e 
type. And th e shape typ e of a curve can be determined by simply checking the whereabout of the shap e point . 
Ther efore the shape type of the expecting curve can be well controll ed by locating the shape point properly . 
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In order to demonstrate the capability of our shape control method. We will apply it to the construction 
of shape preserving interpolation and the approximation of offset curves. For interpolation, we show that 
most existing shape preserving control schemes can be transformed into the selection of proper shape points. 
Therefore , the shape preserving interpolation or the visual pleasing interpolation can be realized by adding 
some extra shape points to the interpolation . For offset curve generation, since the offsetting operator is not 
closed on polynomials (Tiller and Hanson 1984), most solutions are content with approximated offset curves, 
preferably in the same function space as the progenitors . In this paper we try to approximate the offset curve 
of a given cubic Bezier curve by another cubic Bezier curve. Examples and discussions will be given to show 
that our offset algorithm is simple , direct and easy to be implemented . 

The remainder of this paper will be presented in the following order . In Section 2 a new shape control method 
called one-point shape control is introduced. Besides, the loci of shape points w.r.t. the notions of shape 
classification are investigated. In Section 3, the application of one point shape control to shape preserving 
interpolation is discussed . Then based on the control of shape points, a new Bezier offset approximation 
algorithm is proposed in Section 4. Moreover, examples and empirical tests are given to demonstrate the 
quality of the proposed algorithms. Finally; the conclusion is presented in Section 5. 

2 SHAPE CONTROL AND SHAPE CLASSIFICATION OF BEZIER CURVES 

A cubic Bezier curve is defined by 

(1) 

0 $ u $ 1, where ro, r1 , r2 and ra are Bezier points and the polygon formed by ro , r 1, r2 and ra is called 
Bezier polygon (Bezier 1972). We refer r 1 and r 2 as interior Bezier points and r 0 and ra as boundary Bezier 
points . From Equation 1, we have the following results . 

"Y(O) = ro , "Y(l) = ra , r(O) = 3(r1 - ro), r(l) = 3(r3 - r 2), 

where r(u) denotes the first derivative of "Y(u) w.r.t. parameter u. Hence , a Bezier curve passes through its 
boundary Bezier points . Moreover , vectors r~1 and r-;;3 have the same directions as the tangent directions 
at boundary Bezier points , respectively . The curve is influenced by its interior Bezier points which provide an 
intuitive means for varying the shape of curve (Faux and Pratt 1979) if the boundary Bezier points are fixed. 

Now let us discuss the shape control in the aspect of interpolation . Suppose {P; IO ~ j $ n} is a set of ordered 
points. Th e interpolation problem is to find a set of interior Bezier points {r{ , riilO $ j $ n} such that the 
Bezier spline is a smooth curve passing through the given points . Here , the j - th curve segment is denoted 
by "Y;. From th e above formulation, the boundary Bezier points ~ and i{ are equal to given interpolation 
points P; and P;+1 , respectively and therefore they are fixed as far as the interpolation is concerned. In other 
words, th e interpolation requirement implies th e c0 continuity. For smoothness, in this study, we require the 
interpolating curve to possess at least slope conti nuity, i.e. G 1 continu es (Faux and Pratt 1979) . Therefore 
two adjacent curve segments should have the same tangent direction at the joints P;( l < j < n). As for the 
choice of tang ent directions, several methods have been developed and some good suggestions are given in 
(Fletcher and McAllister 1986; Shirman and Sequin 1992). 

After the tangent directions at boundary Bezier points have been determined, the only shape parameters 
remain for each curve segment are the magnitud es of tangents, that is velocities, at two boundary Bezier 
points . Most existing shape control are based on these velocities (Boehm, Farin and Kahmann 1984; Lee 
and Yang 1989; Piegl 1987; Shirman and Sequin 1992). In the following we will transform these two shape 
parameters into another parameter domain such that a more simple and direct shape contro l scheme can be 
derived. 

2.1 One-point Shape Control Method 

According to the previous discussions, since an interpolating curve is defined segment by segment, it suffices 
to study the shape control of a single curve segment. Let "Y(u) be a cubic Bezier curve with the Bezier control 
points r, = (x,, y,)(i = 0, 1, 2, 3). Let T o = (go, ho) and T a= (93, ha) be the unit tangent vectors of "Y at r o 
and ra respectively . To vary the shape of the curve, one can slide the interior Bezier points r 1 and r 2 along 
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directions of To and Ta , respectively. Because the tangent directions at endpoints are fixed, the following 
equation holds 

(2) 

Hence, the shape of the curve can be determined by choosing suitable values of a and /3, where a and /3 are 
known as the shape parameters (Fletcher and McAllister 1986; Foley, Van Dam , Feiner and Hughes 1990; 
Kochanek and Bartels 1984; Lee and Yang 1989; Shirman and Sequin 1992). From Equation 1 and 2, we have 
the following. 

-y(u) = (1 - u)2(1 + 2u)ro + u2(3 - 2u)ra + a u(l - u)2To - /3 u2(1- u)Ta, (3) 

that is, 

x(u) = (1- u)2(1 + 2u)xo + u2 (3 - 2u)xa + a u(l - u)2go - /3 u2 (1- u)g3, 

y(u) = (1 - u)2(1 + 2u)yo + u2(3 - 2u)y3 + a u(l - u)2h0 - f3 u2(1- u)h3, 

where -y(u) = (x(u),y(u)), To= (go,ho) and T3 = (g3, h3). 

(4) 

Let A = I h~ h! I, where the notation I I denotes the determinant operator. If A # 0, that is To lt' T 3, 

then we have 

/3 = 

x(u) - (1- u)2(1 + 2u)xo - u2(3 - 2u)xa g3 
y(u) - (1- u)2(1 + 2u)yo - u2(3 - 2u)y3 h3 

u(l - u) A 

x(u) - (1 - u)2(1 + 2u)xo - u2(3 - 2u)x3 go 
y(u) - (1- u)2(1 + 2u)yo - u2 (3 - 2u)y3 ho 

u (1 - u)A 

(5) 

From the above equations, we can find a and /3 if the point p = (x(u), y(u)) and the value of u are given. 
That is, if we require ')' to pass p(x( uo), y( uo)) at u = u0 , then 'Y is uniquely determined. It is obvious that the 
location of p will affect the shape of curve, therefore we call the point p as the shape point w .r.t. u = uo. The 
choice of u = u0 can be arbitary real in the interval (0, 1). But we find that u0 = 1/2 will provide interactive 
user a better intuition to locate the shape point. Moreover, if u0 = 1/2 then Equation 5 has a simpler form as 
follows. 

I 8x, - 4xo - 4x3 g3 I I 8x, - 4xo - 4x3 go 
~-~-~ ~ ~-~-~ ~ 

a= A ' /3= A (6) 

where (x,,y,) is the shape point. 

From Equation 6, we have established a correspondence between shape points and Bezier curves. Some 
examples are depicted in Figure 1. In Figure l(a), the shape point moves upward or downward, the curve will 
be loosen or tighten accordingly. This effect is called tension. It also shows in Figure l(b), that as the shape 
point drifts to the right the curve will be biased accordingly. This effect is called bias. 

Fig. 1. Shape control by shape points. 

Urheberrechthch geschutztes Material 
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The advantage of our shape control scheme is that its shape parameter is a point which is a geometric entity 
suitable for interactive curve design. In the following sections we will show that our method is good as well 
in generating interpolation curve passively. Finally we note that, the case !::,, = 0, the Bezier curve can not 
be uniquely determined by a single shape point. Therefore some extra cares must be taken for the degenerate 
case. 

2.2 Shape Classification And Characterization Diagram 

In Figure l(a), we show that if we drag the shape point upward, then beyond certain critical point, the shape 
of the curve change dramatically - the convex curve becomes concave and a simple curve becomes a loop. It 
is interesting to know how far the shape point can go without breaking the convexity. More precisely, as far as 
the shape control is concerned, sometimes we need the ability to fine tune the curve and sometimes we need the 
ability to prevent the curve from being abnormal. For convenience, we call the former as quantitative control 
and the latter as the qualitative control. For example, in Figure l(a) , we can perform the quantitative control 
by move the shape point locally to fine tune the curve but if'we want to keep the curve in convex shape then 
we better know the qualitative changes of the curve. This bring up the study of shape classification (Stone 
and DeRose 1989; Wang 1981). 

For completeness, we introduce the shape classification of Bezier curves in the parametric space a ,8- plane, 

where a and.Bare defined in Equation 2, a detail study can be found in (Wang 1981). Let L be the line with 

the direction To and passing through the point ro and let M be the line with. the direction T3 and passing 

through the point r 3. Since we assume To ~ T3, L n M;t': 0. Let s be the intersection point of lines L and 

M. According to the convex and inflective theorem (Lee and Yang 1989; Wang 1981), we have the following. 

Theorem 1: The curve segment "t is a convex one if either O $a$ 31 and O $ .B $ 3m or a$ 0 and .B $ 0, 
where / = lls - roll and m = lls - r311· And, the curve segment"( has a single inflection point if 
either O < a< 3/ and .B < 0 or a< 0 and O < .B < 3m (see Figure 2(a)). 

~ 

13 

(31.3ml 
• 

It C1 (,1 

{O 0) 
0 

Cz 12 C.i 

(a) 
( b) 

Fig . 2. Characterization diagrams of shape parameters (a, .B) and shape point p(x , y). 

A diagram called the characterization diagram (Stone and DeRose 1989) of Theorem 1 is depicted in Figure 
2, where C 1 U C 2 is the convex region and 11 U 12 is the region having one inflection point (Wang 1981). We 
note that, from qualitati ve point of view, there are five shape-types for cubic Bezier curves, namely, convex 
curve, one inflection point curve, two inflection points curve, loop and cusp (Wang 1981). Since interpolation 
is our major concern, we prefer that every interpolation curve segment looks nice and simple. Hence we are 
only interested in regions C 1 , C 2 , 11 and 12 . The detail diagram for classifying other shape-types can be found 
in (Wang 1981). 

As we have shown in Equation 6 that there is a correspond ence between (a, .B) and shape point p = ( x,, y,). 
In the following, we will establish an affine transformation such that the charact erization diagram in (a , .B) 
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plane is mapped . to (z, y) plane to form the characterization diagram of shap,· poi 111.. 

Let shape point p = (z.,y.) = 7(1/2) . Equation 3 can be rewritten as follows. 

1 1 1 
p = 2(ro + r3) + 8aTo - 8{l'r3, 

which has the matrix form as 

(7) 

(8) 

where To = (go, ho) and T3 = (g3, h3) are two unit tangent vectors of 7 at points ro and r3 respectively. Since 
,r can be regarded as a linear transformation plus a translation, it is an affine transformation from (a, /3) plane 
to (x, y) plane . 

Under the affine transformation r, lines a= 0, fJ = 0, a= 31 and fJ = 3m in Figure 2(a) can be transform ed 
easily into lines L1, L2, L3 and L4 in Figure 2(b) respectively . The equations of these lines are given in the 
following: 

(9) 

where 

1 1 1 
a= 2(ro + r3), b = 8(ro + 3s + 4r3), C = 8(4ro + 3s + r3) (10) 

and tis a parameter. 

According to ( 9), the (x, y) plane is partitioned into regions by these lines . Since ( 8) is an affine transformation, 
the correspondence between regions in (o ,/3) plane and (x,y) plane becomes obvious (see Figure 2). Hence we 
have the following theorem. 

Theorem 2: The curve segment 7 is convex ifp E 1r(C1)U1r(C2) and the curve segment 'Y has a single inflection 
point if p E 1r(I1) U 1r(I2) (see Figure 2(b )). 

From the above theorems, the shape of the expecting curve can be obtained by identifing the region where the 
shape point has been located. In the following section, we will illustrate how the notion of shape classification 
is applied to the shape preserving interpolation. 

3 SHAPE PRESERVING INTERPOLATION 

To generate a satisfactory curve by interpolation has long been an aim in the study of curve design. But 
the notion of satisfaction is rather vague . Sometimes we like the int erpolation curve to be faithful to the 
interpolation points and sometimes we prefer that the interpolation curve looks pleasing even it has an irregular 

. interpolation points . As the measures of faithfulness and pleasingness are very subjective, one way to cope 
with this problem is to provid e shape control param eters so the designer can either tune the curve interactively 
or preset the parameter values by experience . In this section we will focus on shape preserving interpolation 
and use it as an example of qualitative shape control. Moreover, some interesting shape param eter values 
which are sufficient to produce a shape preserving interpo lation are given explicitly . 

The notion of shape preserving (Flet cher and McAllister 1986; Lee and Yang 1989) addresses a high level 
control of th e shape of the interpolation curve. It requires that the turning behavior of the interpolation curve 
should be in accord with the turning behavi or of the polyline obtained by the linear interpolation. Intui tively, 
a convex (concave) curve segment has its tangent vectors always turn to right (left) and the turning behavior 
changes at th e inflection point. It is known that the turning behavior can be chara cterized by the curve's 
intrinsic property (Faux and Pratt 1979). The main concern of shape preserving interpolation is to control 
the numb er of inflection points of the interpolation curve to avoid th e extraneous oscillations and to prevent · 
th e curve from being singular. So it is not the metter o.f quantitative changes but the qualitative change of 
the curve. 

In (Lee and Yang 1989), a necessary and sufficient conditi on for shape preserving interpolation with respect 
to the parameters a and /3 has been proposed and some parameter values have been suggest ed to ensure the 
shap e preserving interpolation. We will compute the corresponding shape points for th e suggested value in 
the following. 
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Let r0 , r1 , r2 and ra be the Bezier points of 'Yi and s be the intersection of two lines which contain the vectors 
r1 - r0 and ra - r2 respectively. Then we have r1 - ro = t1(s - ro) and r3 - r2 = t2(ra - s). It is obvious 
that t 1 and t2 are shape parameters such that O $ t1, t2 $ 1. Intuitively, we can increase the tension factor of 
the shape parameter to avoid the extraneous inflection points. (Fletcher and McAllister 1986) and (Lee and 
Yang 1989) suggested that t 1 = t 2 = 1/2 is a good starting value. To find the corresponding shape point, let 
p = (x(l/2), y(l/2)), then 

1 1 3 
p = 8(ro + 3r1 + 3r2 + r3) = 8{ro + 3[ro + t1(s - ro)] + 3[r3 - t2(ra - s)] + ra} =a+ 8(s - a), (11) 

where a= (ro + r3)/2, and t1 = t2 = 1/2. 

Hence for each curve segment if we choose p according to ( 11), the generated Bezier spline will be shape 
preserving. In the next section, we will apply the notion of one-point shape control to the construction of 
offset curves. 

4 OFFSETTING :UEZIER CURVES 

Offset curve generation is an important application in computer aided design and computer aided manufactur
ing systems. Recently many research efforts have been devoted to the study of offset construction algorithms 
(Coquillart 1987; Hoschek 1988; Hoschek and Wissel 1988; Klass 1983; Tiller and Hanson 1984). As the off
setting operator is not closed on function spaces, most existing method are content with approximated curves 
which preferably belong to the same function space as the progenitors . In this section we will introduce a 
new offset curve algorithm based on our one-point shape control method. The algorithm was tested on many 
examples which show that although our algorithm is simple, it perform quit well. 

Let 'Y(u) be the given curve . Then the offset curve 'Yd(u) of'Y(u) (with offset d) is defined as follows. 

'Yd(u) = 'Y(u) + N(u) · d, (12) 

where N ( u) is the unit normal vector of 'Y( u). For opposite side offset curve, we may choose the offset (-d) 
in Equation 12. In this paper we assume r( u) is a cubic Bezier spline . The approximation is to find an 
approximate offset curve which is also a cubic Bezier spline. First let us consider an arbitary curve segment 
'Y(u) of r(u). Then by assumption, 'Y(u) is a cubic Bezier curve. Let r; = (x;,y;)(i = 0, 1,2,3) be the 
Bezier control points of 'Y(u) and To = (go, ho) and Ta = (ga, ha) be the unit tangent of 'Y at r0 and ra 
respectively. Suppose that the approximated offset curve 'Y0

( u) is another cubic Bezier curve with control 
points r;(i = 0, 1, 2, 3). 

The boundary points of 'Y0 
( u) can be determined by 

ro = "f0 (0) = 'Y(O) + dN(O) = ro + dN(O), 

I'3 = "f0 (1) = 'Y(l) + dN(l) =rs+ dN(l). 

Moreover, r1 = ro + oTo, r2 = r 3 + /3T3, where o, {3 are parameters introduced in Section 2. 

Th e quality of the approximation is determined by the choice of a, and /3. In (Hoschek 1988), a least square 
method was introduced to find proper values of a, and /3 such that the approximation error w.r.t. certain 
measure can be minimized. In this paper, we introduce a more simple and direct method to determined 
'Yo by giving a proper shape point which is known on the true offset curve. Note that, like most existing 
offset algorithm (Coquillart 1987; Hoschek 1988; Hoschek and Wissel 1988; Klass 1983), if the measure of the 
approximation is not satisfactory, we subdivide the given curve and apply the same algorithm recursively to 
new subcurves. 

4.1 New Offsetting Algorithm 

Given a cubic Bezier curve 'Y with Bezier points r; = (x;, y;), 0 $ i $ 3, and an offset distanced, the offset 
problem is to find the corresponding offset cubic Bezier curve 'Yo with Bezier points r 0 , i\, fo and r3 which 
satisfies 

ro = ro + dNo, fs =rs+ dN3 , (13) 

Urheberrechthch geschutztes Material 
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where, No = ((Yo - Y11 (x1 - xo))/llr1 - roll and N3 = ((Y2 - Y31 (x3 - x2))/llr3 - r& Moreover o and /3 
are shape parameters. 

From Equation 13, the Bezier points r 0 and r3 are easy to be computed. But, the computation of th e Bezier 
points r1 and r 2 requires careful thought. The main problem to compute offset is to determine a and fi of 
the offset r 0 with boundary Bezier points r0 and r3. Moreover, the tangent directions at r 0 and r 3 are given 
accord with the tangent directions at points ro and r3 respectively. 

In what follows, we will give a method that takes the above offset problem as a special case of shape control 
problem. As discussed in Section 2, the Bezier curve can be determined by its shap e point . Therefore to choose 
a better approximate curve is equivalent to choose its corresponding shape point. So the basic notion of our 
algorithm is to compute the shape point r(l/2) of the curve r by using the midpoint subdivision algorithm 
(Lane and Riesenfeld 1980). Then forces the shape point of r 0 to be 

0 (1)-{ r(l)+dNm , ifA/0, 
r 2 - r(½) + dN 0 , otherwise, 

where Nm is an unit normal vector of curve r at point r(l/2). 

(14) 

From the one-point shape control method, the interior Bezier points i'1 and i'2 can be found by Equation 13. 
From the above results, the new offset approximation algorithm can be formulated as follows. 

Algorithm : Offset; 
Input : A parent cubic Bezier curve r and an offset distance d; 
Output: Offset curve r 0

; 

Step 1: Find r 0 , r 3 and r 0 (1/2) which are discussed in Equation 13 and Equation 14; 
Step 2: Calculate the values of shape parameter a and fi according to Equation 6 and Equation 13; 
Step 3: Compute Bezier interior points r 1 and r 2 of r 0 and generate offset curve segment r 0

; 

Step 4: Check the maximum relative deviation € of r 0 from r using the following substeps: 
Step 4-1: Select a number k of points Pi , for example k = 10; 
Step 4-2: For i = 1 to k do the following subst eps; 

Step 4-2-1: Compute Pi= r(t;) where ti= i/k; 
Step 4-2-2: Project Pi onto r 0 along th e normal direction of r at r(ti ), denote the projection by p f; 

Step 4-2-3: Compute li = IIIPi - Pfll - dl/d; 
Step 5: Let€= max{!iJi = 1, . . . , k}; 
Step 6: If€ is greater than or equal to the precribed tolerance, using the midpoint subdivision algorithm split 

r into two subcurves r1 and r2 and apply the above process to each subcurves. 
End of offset algorithm . 

Fig . 3. Offsetting of open Bezier splines. 

Figur e 3 is an example of our algorithm which offsets one Bezier spline. We not e that th e discussion of th e 
loop problem caused by the interference of piecewise Bezier offset curve segments is beyond the scope of this 
paper we will addr\!SS it elsewhere (Huang and Yang 1992). 

4.2 Discussion And Examples 

According to our algorithm, the relative error of the approximation is bounded by max{ IIJr0
( u)- r( u)ll - dJ/ d} . 

Since 

(15) 
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Table 1: Experiment for data set A70 with tolerance 0.001, offset distance 10 and 10 check points . S: number 
of subdivisions. Time: CPU time (second). 

New Klass HosciiIO Hoscii20 Hoscii40 Hoscii80 
Data s Time s Time s 'I1me s Time s 'hme s Time 

a 6 0.66 6 1.26 6 8.24 6 14.06 6 25.70 6 49.05 
b 2 0.28 4 0.60 2 2.63 2 3.73 2 6.10 2 10.71 
C 3 0.33 4 0.61 3 3.46 3 5.77 3 10.49 3 19.77 
d 2 0.22 3 0.38 2 2.48 2 3.68 2 5.99 2 10.66 
e 3 0.33 4 0.93 3 3.79 3 6.15 3 10.76 3 20.05 
f 4 0.55 4 0.60 6 7.64 4 10.93 4 17.96 4 31.91 
g 1 0.05 4 0.61 1 0.11 1 0.16 1 0.11 1 0.16 

Table 2: Experiment for data set A15 with tolerance 0.001, offset distance 10 and 10 check points. S: number 
of subdivisions. Time: CPU time (second). 

New Klass HosciiIO Hoscii20 Hoscii40 HosciiSO 
Data s 'I1me s Time s Time s Time s Time s Time 

a 5 0.55 5 1.10 9 10.43 8 18.29 5 26.36 5 44.98 
b 4 0.49 4 0.66 6 6.70 6 12.47 2 11.87 2 16.54 
C 2 0.22 6 1.43 5 5.77 3 9.11 2 9.88 2 14.50 
d 1 0.05 2 0.27 3 3.57 1 1.27 1 1.27 1 1.31 
e 1 0.06 1 0.11 1 0.60 1 0.60 1 0.60 1 0.61 
f 3 0.22 3 0.55 4 4.84 3 6.87 3 11.54 3 20.87 
g 1 0.06 1 0.11 1 0.11 1 0.16 1 0.16 1 0.16 

where 

2Nm · N3 - No· N3 - 1 2Nm · No - No· N3 - 1 
lo = 4 T N ' /3 = 4 T N ' 

0 · 3 0 · 3 
(16) 

we know that Equation 15 is a Hermite curve with two end points No and N3 and two tangent vectors /oTo 
and /3T3 (Faux and Pratt 1979). Moreover, two points No and N3 lie at unit circle and the tangent vectors 
/ 0 T0 and /3T3 are tangent vectors w.r.t. the unit circle. Hence if the variation of the curvature on the curve 
segment is very small, then the Hermite curve is very close to the unit circle, that is, the relative error can be 
very small. We will not go into the detail study of the convergence of our algorithm in this paper. However, 
we have implemented our algorithm together with Klass's algorithm (Klass 1983) and Hoschek's algorithm 
(Hoschek 1988) on IBM compatible PC, with Intel 80386-class CPU and a large number of data set have 
been tested. We compared their computing time and the number of curve sections caused by the subdivion. 
According to our experiment, although our algorithm is much more simple, it produces good results for all 
testing data. In some cases, other methods produce better results in terms of the_ sections number, the new 
method is generally very close to those 'best' results. For brief, we only list some of them in Table 1 and 2, 
where HlO, H20, H40 and H80 are stopping criteria of Hoschek's algorithm w.r .t. 10 steps, 20 steps, 40 steps 
and 80 steps of iterations respectively. Figure 4 and 5 show the corresponding curves. 

Urheberrechthch geschutztes Material 
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0 5 10c m 
Data : A70 

New Kla ss Hosc h ek 

(e) 

Fig. 4. Figures for data set A70. 
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Data: Al5. 
New Klass 

0 5 10cm 
I 

Hoschek 

(a)..-==--------------------

(b)..-==-~=------- ----- -----

--- --------- ~----(c)-- .- ==:::,,>-.-~------ --------- ------

(d)--

(f) ~ 

----------------------(g)----====-- ------ ------ ----
Fig. 5. Figures for data set A15. 
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5 CONCLUSION 

In this paper, we have introduced the notion of one-point shape control. Since our control parameter is a 
point which is a geometric entity, it provides a better intuition than the conventional shape parameters which 
are two real nuIT\bers. Furthermore, the fact that the expected curve interpolates the shape point provides 
extra visual intuition for the curve designer. In order to demonstrate our shape control scheme is also good in 
automatical curve generation, we introduce its applications on shape preserving interpolation and offset curve 
generation. For offset curve generation , we show that our method is simple and efficient. 
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