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The joint distribution is

pX.Y)|Y=0 V=1
X=0 ‘l 3

§ §
X=1 |3 H

so the joint entropy is given by

1

H(X.Y) =~ |g

13 3 3 3 1 1 .
log, P glogz sts log, 373 log, g} = 1.81 bits

overall entropy.
What is the lower bound on H (X,Y)? If Y is a deterministic function of X, then H,
So

H(X,Y) > max{H(X),H(Y)} >0

Intuitively this says combining variables together does not make the enyfopy go down: you cannot
reduce uncertainty merely by adding more unknowns to the problem, ygii need to observe some data,
a topic we discuss in Sec. 6.1.4.

We can extend the definition of joint entropy from two variable£'to n in the obvious way.

6.1.4 Conditional entropy

The conditional entropy of Y given X is the uncertai
over possible values for X:

v we have in Y after seeing X, averaged

H(Y[X) £ Eyx) [H(p(Y]X))] (6.10)
=Y p@)HEY|X =2)) =— )Y p(ylr) log p(y|) (6.11)
=- zzy:p(w«,;r/) log p(ylz) = — . 2, y) log p—xj)’) (6.12)
=- gp(n, y)logp(z,y) + ;p(l') log le) (6.13)
=H(X,Y) - H(X) (6.14)

If Y is a deterministic function of X, then knowing X completely determines Y, so H(Y|X) = 0.
If X and Y are independent, knowing X tells us nothing about Y and H (Y|X) = H(Y). Since
H(X,Y) <H(Y)+H(X), we have

H(Y|X)<H(Y) (6.15)
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160 Chapter 6. Information theory

6.2.2 Interpretation

We can rewrite the KL as follows:

K K
KL (pllg) =Y prlogpx — Y prlog g (6.30)
k=1 k=1
—H(p) H(p.q)

We recognize the first term as the negative entropy, and the second term as the cross enpzopy. Thus
we can interpret the KL divergence as the “extra number of bits” you need to pay whed compressing
data samples from p using the incorrect distribution ¢ as the basis of your codingAcheme.

There are various other interpretations of KL divergence. See the sequel to th46 book, [Mur22], for
more information.

6.2.3 Example: KL divergence between two Gaussia

For example, one can show that the KL divergence between twofultivariate Gaussian distributions
is given by

KIL (N (x| pt1, Z0) |V (%] 2, 32))

= 2 R+ ) B ) +1g(jtg§>] (6.31)

In the scalar case, this becomes

KL (N (z]p1, 01) |V (2] iz, 02)) = log’Z2 + gt )’ (6.32)

Proof. We now prove the theorem following [CT06, p28]. Let A = {«

x) > 0} be the support of
p(x). Using the convexity of the log function and Jensen’s inequality (Sec. B.4.3), we have that

“KL(pllg) = - 3 ple) og 22 = 37 p() log 22 (6.33)
z€A 1(z) €A ()
< 1og§p<z>;§§§ =15 a0 (6.34)
<log Z q(z) =logl =0 (6.35)
reEX

Since log(z) is a strictly concave function (—log(z) is convex), we have equality in Eq. (6.34) iff
p(z) = cq(z) for some c¢ that tracks the fraction of the whole space X contained in A. We have
equality in Eq. (6.35) iff 3° 4 ¢(x) = 3, cp q(x) = 1, which implies ¢ = 1. Hence KL (p||q) = 0 iff
p(x) = q(z) for all z. O
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6.3. Mutual information 165

6.3.4 Conditional mutual information

We can define the conditional mutual information in the obvious way

1(X;Y|2) 2 EByz [I(X;Y)|Z] (6.53)
z,y|z .

=Ereu) [bg p(i(IZ)zg(‘y\)Z)] (654

= H(X|2) +H(Y|Z) - H(X,Y|Z) (6.55)

= H(X|2) - H(X|Y,2) = H(Y|Z) - H(Y|X, Z) (6.56)

—H(X,Z)+H(Y,Z) - H(Z) - H(X.Y,Z) (6.57)

=I(Y;X,Z) - (Y; 2) (6.58)

The last equation tells us that the conditional MI is the extra (residual) information that X tells us
about Y, excluding what we already knew about Y given Z alone.
We can rewrite Eq. (6.58) as follows:

I(2,Y;X) =1(Z; X) + 1(Y; X|Z) (6.50)

Generalizing to N variables, we get the chain rule for mutual information:

(Zy,. . Zn; X) = Y 1(Z0s X| 21, Do) (6.60)

6.3.5 Normalized mutual information

For some applications, it is useful to have a normalized measure of dependence, between/0 and 1. We
now discuss one way to construct such a measure.
First, note that

I(X;Y)=H(X)-H(X|Y) <H(X) (6.61)
=H(Y)-H(Y|X) <H(Y) (6.62)

S0
0<I(X;Y) < min(H(X),H(Y)) (6.63)

Therefore we can define the normalized mutual information as follows:

I(X;Y)
NMI(X,)Y)= ——F———- <1 .64
(X.Y) min (H(X),H(Y)) — (6:64)
This normalized mutual information ranges from 0 to 1. When NMJ(X,Y) =0, [(X;Y) =0s0 X
and Y are independent. Without loss of generality assume X has the higher entropy: I(X,Y)=
1 = I(X;Y)=H(X)-H(X|Y)=H(X) = H(X|Y)=0and so X is a deterministic function
of Y.
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6.3. Mutual information 169

An example of a sufficient statistic is the data itself, s(D) = D, but this is not very useful, sinc

(D) = f(s'(D)). We can summarize the situation as follows:

0 — s(D) = §'(D) - D (6.78)
Here s'(D) takes s(D) and adds redundaztnformation to it, thus creating a one-to-many mapping.

For example, a minimal sufficiextStatistic for a set of N Bernoulli trials is simply N and Ny =
>, I(X, = 1), i.e., the nupzser of successes. In other words, we don’t need to keep track of the
entire sequence of hezds and tails and their ordering, we only need to keep track of the total number
of heads and tails. Similarlt, for inferring the mean of a Gaussian distribution with known variance
we only need to know the empirical mean and number of samples.

6.3.9 Fano’s inequality

A common method for feature selection is to pick input features X; which have high mutual
information with the response variable Y. Below we justify why this is a reasonable thing to do.
In particular, we state a result, known as Fano’s inequality, which bounds the probability of
misclassification (for any method) in terms of the mutual information between the features X and
the class label Y.

Theorem 6.3.2. (Fano’s inequality) Consider an estimator Y = f(X) such thatY — X —» Y forms
a Markov chain. Let E be the event Y # Y, indicating that an error occured, and let P, = P(Y #Y)
be the probability of error. Then we have

H(Y|X) <H (Y\Y/) <H(E)+ P.log Y| (6.79)
Since H(E) < 1, as we saw in Fig. 6.1, we can weaken this result to get
1+ P.log|Y| > H(Y]X) (6.80)
and hence
H(Y]X) -1
P> 6.81
log |V (6.81)

nize the lower

ing I(X:Y)) will also m

Thus mini
bound on P,

ing H(Y|X) (which can be done by ma:

Proof. (From [CT06, p38|.) Using the chain rule for entropy, we have

H(EYV) =1 (YIV)+H(EY,Y) (6.82)
— 2
—H (E\f/) +H (Y\E, Y) (6.83)
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