174 Chapter 7. Bayesian statistics

where £(6, ) is the loss we incur if the true value is 6 but we guess 6.
If we use /5 loss, £(0,0) = ||@ —8||2, then the optimal estimate is the posterior mean, § =
we show in Sec. 8.1.5.1. If we use £; loss, £(0,6) = |@ — 6], then the optimal estizz® is the posterior

median, as we show in Sec. 8.1.5.2. If we use 0-1 loss, (6, 9) =1 (9 =47, then the optimal estimate

is the posterior mode or MAP estimate, 6 = argmaxg p(6|D), as we show in Sec. 8.1.2.1. This is the
easiest point estimate to compute, since it just requires optimization, and not integration. However,
0-1 loss is a very unnatural loss function to use for parameter esimation, which are real-valued vectorss

7.1.2.2 Credible intervals

We often want a measure of confidence in our parameter estimates. A standard measurg/0f confidence
in some (scalar) quantity 6 is the “width” of its posterior distribution. This can be #feasured using a
100(1 — a)% credible interval® which is a (contiguous) region C' = (¢,u) (stpdding for lower an/
upper) which contains 1 — « of the posterior probability mass, i.e.,

Co(D) = (L,u) : PU<O<uD)=1—a

F is the cdf of the posterior, and F~! is the inverse ¢z
p(8|D) = N(0,1), and « = 0.05, then we have £ = ®(a/2) = —1.96, and u = (1 — a/2)
where ® denotes the cdf of the Gaussian. This is illustrated in Fig. 3.6b. This justifies the co:
practice of quoting a credible interval in the form of p & 20, where p represents the posterior ydean,
o represents the posterior standard deviation, and 2 is a good approximation to 1.96.

In general, it is often hard to compute the inverse cdf of the posterior. In this case, A simple
alternative is to draw samples from the posterior, and then to use a Monte Carlo approy/mation to
the posterior quantiles: we simply sort the S samples, and find the one that occurs at Jocation «/S
along the sorted list. As S — oo, this converges to the true quantile. See beta credible/ int demo.py
for a demo of this.

A problem with central intervals is that there might be points outside the cengfal interval which
have higher probability than points that are inside, as illustratedin Figure 7.1(a/. This motivates an
alternative quantity known as the highest posterior density or HPD regionm which is the set of
points which have a probability above some threshold. More precisely we find the threshold p* on
the pdf such that

l—az / p(O/D)d0 (7.4)
0:p(0|D)>p*
and then define the HPD as
Ca(D) ={0: p(6|D) = p*} (7.5)

1. A credible interval is not the same as a confidence interval, which is a concept from frequentist statistics which we
discuss in Sec. E.3.4.
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Figure 7.3: Computing the distribution of z = y*, where p(y) is uniform (left)./ The analytic re-
sult is shown in the middle, and the Monte Carlo approxzimation is shown on the/right. Generated by
change_of wvars_demold.py.

7.1.2.3 Posterior samples

Often we want to compute the expected value of some fydction of a random variable, Z = f(V). We
can approximate this by drawing many samples of Y fy6m its (posterior) distribution, and then using

1< )
B0 = [ fpdy =~ 3 1w (76)

This is called Monte Carlo integrAtion, and has the advantage over numerical integration (which is
based on evaluating the function £ a fixed grid of points) that the function is only evaluated in places
where there is non-negligible yrobability. Thus MC integration scales better to high dimensional
problems.

For example, suppose y/4 Unif(—1,1) and 2 = f(z) = y%. The exact mean is given by

y3
[t =1/3 (7.7)

We can apgroximate this by drawing many samples from p(y), squaring them, and then averaging;

we find E[F] = 0.34, as shown in Fig. 7.3.
By varying the function f, we can approximate many quantities of interest, such as the mean,
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178 Chapter 7. Bayesian statistics

7.2.1 The beta-binomial model

Suppose we toss a coin N times, and want to infer the probability of heads. Let y, = 1 denote the
event that the n’th trial was heads, y,, = 0 represent the event that the n’th trial was tails, and
D = {yn:n=1:N} be all the data. We assume y,, ~ Ber(f), where 6 € [0,1] is the rate parafneter
(probability of heads). In this section, we discuss how to compute p(6|D).

7.2.1.1 Likelihood

We assume the data are iid or independent and identically distribxated. Thus the likelihood

has the form

N

p(Dlo) = [ (1 = 0)' =¥ = 0™ (1 - 0)™ (7.11)
n=1

where we have defined Ny = Zf:[:l I(y, =1) and A = Z{Y:l I(y, = 0), representing the number of

heads and tails. These counts are called thegufficient statistics of the data, since this is all we
need to know about D to infer 6. The to#l count, N = Ny + Ny, is called the sample size.

Note that we can also consider a Bfmomial likelihood model, in which we perform N trials and
observe the number of heads, y, ather than observing a sequence of coin tosses. Now the likelihoo¢
has the following form:

p(D|#) = Bin(y|N, 6) ]Z)eiv(l — )Ny (7/12)

The scaling factor (1;) is independent of 6, so we can ignore it. Thus this likelihood is proporttional
to the Bernoulli likelihood in Eq. (7.11), so our inferences about 6 will be the same for both models.

7.2.1.2 Prior

To simplify the computations, we will assume that the prior p(@) € F is a conjugate prior for the
likelihood function p(y|@). This means that the posterior is in the same parameterized family as the
prior, i.e., p(8|D) € F.

To ensure this property when using the Bernoulli (or Binomial) likelihood, we should use a prior
of the following form:

p(0) x 6571 (1 —9)P 1 (7.13)

We recognize this as the pdf of a beta distribution (see Sec. 3.4.4).

7.2.1.3 Posterior

If we multiply the Bernoulli likelihood in Eq. (7.11) with the beta prior in Eq. (3.66) we get a beta
posterior:

P(O]D) x O (1 — g)No g% =1(1 — 9)P 1 (7.14)
o Beta(0] & +Ny, 5 +No) (7.15)
= Beta(f] @, 8) (7.16)
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180 Chapter 7. Bayesian statistics

where N=0 + @ is the strength (equivalent sample size) of the posterior. We will now show that the
posterior mean is a convex combination of the prior mean, m =& / N (where N2& + J is the prioy

strength), and the MLE: 0,1, = %

a+N, Nm+ Ny N N N %
= = mle

E[0D] = ——— = - = —m+
a+Ni+ 5 +Ny N+ N N+ N

(7.19)

where A = ¥ is the ratio of the prior to posterior equivalent sampleize. So the weaker the prior,
the smaller is A, and hence the closer the posterior mean is to the MLE.

To capture some notion of uncertainty in our estimate, a common approach is to compute the
standard error of our estimate, which is just the posterior standard deviaton:

se(8) = /V 9]D] (7.20)

In the case of the Bernoulli model, we showed that the posterior is a beta distribution. The variance
of the beta posterior is given by

(7.21)
where @=a +N; and E:? +No. If N >a + /?, this simplifies to
VI[0|D] ~ % = L\;@) (7.22)
where 6 is the MLE. Hence the standard error is given by
(7.23)

We see that the uncertainty goes down at a rate of 1/v/ N. We also see that the uncertainty (variance)
is maximized when § = 0.5, and is minimized when 6 is close to 0 or 1. This makes sense, since it is
casier to be sure that a coin is biased than to be sure that it is fair.

7.2.1.4 Posterior predictive

Suppose we want to predict future observations. A very common approach is to first compute an
estimate of the parameters based on training data, 9(D), and then to plug that parameter back into
the model and use p(u\@) to predict the future; this is called a plug-in approximation. However,
this can result in overfitting. As an extreme example, suppose we have seen N = 3 heads in a
row. The MLE is § = 3/3 = 1.0. However, if we use this estimate, we would predict that tails are
impossible.

One solution to this is to compute a MAP estimate, and plug that in, as we discussed in Sec. 4.4.1.
Here we discuss a fully Bayesian solution, in which we marginalize out 6.
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Bernoulli model

For the Bernoulli model, the resulting posterior predictive distribution has th/ fgfm
1
Py =1ID) = / Py = 110)p(0/D)do (7.24)

/ 0 Beta(6] @, B)df = E[0|D] = a7 (7.25)
0

In Sec. 4.4.1, we had to use the Beta(2,2) prior to recover add-ony/ smofthing, which is a rather
unnatural prior. In the Bayesian approach, we can get the sapfe effgct using a uniform prior,
p(f) = Beta(0|1,1), since the predictive distribution becomes

Ny +1

=1D)= ————
oy D) V1+]\u+2

(7.26)

This is known as Laplace’s rule of succession. Sec/Fig. 7/ for an illustration of this in the
sequential setting.
Binomial model

Now suppose we were interested in predicting/he numper of heads in M > 1 future coin tossing
trials, i.e., we are using the binomial model iystead of Zhe Bernoulli model. The posterior over 0 is
the same as before, but the posterior prediglive distrjbution is different:

\Beta (6, B)df (7.27)

1
puiD.0) = [ Bin(yl
JO

M 1 b
- — [ (1
(i‘/) B(a,p) Jo (

Do not distribute without permission from Kevin P. Murphy and MIT Press.

(7.28)
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Figure 7.7: (a) Posterior predictive distributions for 10 future trials after seeing N1 5/4 heads and No =1
tails. (b) Plug-in approzimation based on the same data. In both cases, we use a unif#fm prior. Generated by
beta_ binom_ post_ pred_ plot.py.

We recognize the integral as the normalization constant for a Befd(a@ +y, M — y+ B) distribution.

Hence

1 2 -~
/ GUra-1(1 — g)M-v+P-149 — B(y+ a, M — y+ B) (7.29)
Jo

Thus we find that the posterior predictive is gived by the following, known as the (compound)
beta-binomial distribution:

o a (M) Blata.M
Bb(z|M,a,B) & e
a2 (1) 250

(7.30)

In Fig. 7.7(a), we plot the posterior predictive density for M = 10 after seeing Ny = 4 heads and

Ny =1 tails, when using a uniform Beta(1,1) prior. In Fig. 7.7(b), we plot the plug-in approximation,
given by

p(6]D) ~ 5(6 — 6) (7.31)
1
p(y|D, M) = /O Bin(y|M, 0)p(0|D)db = Biu(y\;M,é) (7.32)

where 6 is the MAP estimate. Looking at Fig. 7.7, we see that the Bayesian prediction has longer tails,
spreading its probablity mass more widely, and is therefore less prone to overfitting and black-swan
type paradoxes. (Note that we use a uniform prior in both cases, so the difference is not arising
due to the use of a prior; rather, it is due to the fact that the Bayesian approach integrates out the
unknown parameters when making its predictions.)

7.2.1.5 Marginal likelihood

The marginal likelihood or evidence for a model M is defined as
p(DIM) = /p(@\M)p(’D\B,M)dO (7.33)
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7.2. Conjugate priors 195

Prior

The conjugate prior is known as the inverse Wishart distribution, which is a distribution over
positive definite matrices. This has the following pdf:

IW(Z| 8, %) o ||~ FH+P+D/2 oxp (—%tr(é 2*1)>

Here 7> D — 1 is the degrees of freedom (dof), and § is a symmetric pd matrix. We sg¢that S plays
the role of the prior scatter matrix, and Ny 27 +D + 1 controls the strength of tL
plays a role analogous to the sample siz

If D =1, the inverse Wishart reduces to the inverse Gamma:

/prior, and hence

IW(0?s~1,v) = 1G(0?|v/2,5/2) (7.108)
If s = 1, this reduces to the inverse chi-squared distribution.
Posterior
Multiplying the likelihood and prior we find that ge posterior is also inverse Wishart:
p(2|D, p) |2\’% exp (*%H(E*LS“) |- (+D+1/2
18 (7.109)
1 e v
—5tr [(=7'(S,+ 8)] (7.110)
(7.111)
(7.112)
(7.113)

4, this says that the posterior strength 7 is the prior strength ¥ plus the yumber of observations
_and the posterior scatter matrix § is the prior scatter matrix § plus the ata scatter matrix S,

We posterior mode of the inverse Wishart can be used to derive the shrinkage estimate for 3
discussed in Sec. 4.4.2.

7.2.4.3 LKJ prior

The conjugate prior for a covariance matrix is the inverse Wishart.However, this distribution is
hard to sample from. Consequently it is common to use the LKJ distribution as a prior instead
(this is named after the authors of [LKJ09]). This is a prior on correlation matrices C of the form
p(Cln) o< |C[771, so n = 1 leads to a uniform a distribution. We can combine this with a suitable
prior for the standard deviation, such as half-Cauchy prior (Sec. 7.2.3.5), to derive a prior for ¥ = oC.

7.2.4.4 Posterior of ¥ and p

In this section, we compute p(u, X|D) using a conjugate prior.
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198 Chapter 7. Bayesian statistics

where
M £ N(p-y)(u—y)"+F (p—m)(p—m)" +Sy+8§ (7.127)
= (R +N)pp” — p(Ein +Ny)T — (Fin +N%)p" + kmm' 48+ § (7.128)

We can simplify the M matrix using a trick called completing the square (Sec. B.2.1.6). Applyin
this to the above, we have

(R +N)pp" — p(Rm +Ny) T — (R +NZ)p ' (7.129)

s P e —\ T
- Em +Ny wm +NX
= N — — 1
(F+ )(u TN )( TN ) (7.130)
(Fm +Nx)(Fm +Ny) "
— T AT T 7.131
AN ( )
=R (pu— m)(p— m)T — Rmm " (7.132)
Hence we can rewrite the posterior as follows:
. 1
p(p, T|D) o [B|THPHD/2 oxp <7§n~ (=7 (R (p— m)(n—A) "+ S)]> (7.133)
= NIW(u, | 1, %, 9, 8) (7.134)
where
. FEm+4Ny R .
m = = =wIy (7.135)
=K +N (7.136)
=V +N (7.137)
N .
S=S+8y+ o H - MEX (7.138)
=S +So+ Finm ' — Rmm’ (7.139)

This result is actually quite intuitive: the posterior mean m is a convex combination of the prior
mean and the MLE; the posterior scatter matrix § is the prior scatter matrix S plus the empirical
scatter matrix Sy plus an extra term due to the uncertainty in the mean (which creates its own
virtual scatter matrix); and the posterior confidence factors k and ¥ are both incremented by the
size of the data we condition on.

Posterior marginals

We have computed the joint posterior
1 a5
p(p, B|D) = N(p|E, D)p(X|D) = N (p| M, EE)IVV(E\ S, ) (7.140)
We now discuss how to compute the posterior marginals, p(2|D) and p(u|D).
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