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1. Spin-adapted CCSD

The derivation of the spin-adapted CCSD is currently in progress using Wick’s theorem

with the addition of the biorthogonal basis for the doubles residual. The expression given so

far has been translated from the implementation of this method within PyCC.

Notation

For Fock matrices that contains occupied and virtual indices such as fia will be written

as f i

a
for clarity when comparing canonical and PNO forms of the CCSD. With the same

reasoning, the single and double amplitudes are written as ti
a
and tij

ab
. Other tensors with pair

occupied indices will be written similarly to the double amplitudes. Intermediate terms such

as Fme; however, are not written in that notation to di↵erentiate itself from Fock matrices

and such.

1.1 Singles residual

The singles residual is
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where K is the two-electron integral and L is 2Kij

ab
�Kij

ba
.
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1.2 Doubles Residual
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where ⌧ is defined as, for example,

⌧mn

ab
= tmn

ab
+ tm

a
tn
b
. (3)

The asterisk on one of the terms indicates an index swap between j and e, Wmbje, when

implemented in PyCC to match the shape of Wmbej. An additional set of the double residual

expressions are evaluated, where there is a permutation between i and j as well as a and b,

due to the use of the biorthogonal basis. For example, Kij

ab
becomes Kji

ba
.

1.3 Intermediates

One-Particle Intermediates
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where ⌧̃ is defined as, for example,
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Two-Particle Intermediates
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where ⌧̄ is defined as, for example,
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1.4 Energy

Eccsd = 2f i

a
ti
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ab
Lij

ab
(13)

2. PNO form of CCSD

The diagonalization of the pair density, Dij, (Eq. 14) yields dijā which are MP2-PNOs

expanded in terms of virtual MOs (Eq. 15) with corresponding n̄ij

ā , known as the natural

orbital occupation numbers:

Dijdijā = n̄ij

ā d
ij

ā (14)
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and
��āij
↵
=
X

a

dijaā |ai . (15)

The MP2-PNOs are for a given occupied pair ij such that each pair are orthonormal but the

PNOs of di↵erent pairs are not. The overlap between the PNOs of two di↵erent pairs is

⌦
āij
��b̄kl
↵
⌘ Sij,kl

āij b̄kl
. (16)

Though, the overlap terms appears due to the generalization of the derived spin-adapted

CC expressions via Wick’s Theorem such that the basis is nonorthogonal, those terms are

interpreted as a projections from one pair correlation space to another and can be better

understood in the perspective of a matrix multiplication. Below are examples of transfor-

mation of spin-adapted CCSD terms to the local basis and the use of overlap terms (not

written in an appropriate matrix notation). The single amplitudes is only expanded with

PNOs of the diagonal pairs,

ti
āii

=
X

a

dii
aāii

ti
a
, (17)

hence the use of dii
aāii

instead of dijaāij . Looking at the third term of the singles residual with

the already transformed amplitude,
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there needs to be a projection of the virtual space of pair mm of the amplitude to the pair ii

so that the contraction results to the correct target PNO virtual index, āii. Therefore, with

the use of the overlap terms, the expression leads to
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Now, in the case where the single amplitudes are coupled to either the four-index terms (eg.

fifth term) or one-particle intermediates (eg. second term), the resulting expressions are:
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where the transformation from canonical virtual a to the PNO basis āii is due to the target

index āii of the singles residuals while e to ēii is due to its dependency of the amplitude

and what the occupied index is which is i, the same reasoning applies to Eq. (20) and all

the other integrals and intermediates. In Eq. (22), the one-particle intermediate, Fāiiēii , is

obtained through the transformation of its component to the appropriate PNO basis:
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ēii
tm
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and

⌧̃mn
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such that
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Eq. 28 is an example of the double amplitudes expanded with the PNOs of pair mn. Look-

ing at the double residuals now, we notice that Fbe intermediate is coupled to the double

amplitudes,
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, (29)
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compared to Fae intermediate coupling to the single amplitudes,
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The last example is the double amplitude coupled with a two-particle intermediate such as

Wmbej:
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where
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Kmnēimj

�
X

nf̄jnb̄jn

⌧̄ jn
f̄jnb̄jn

Sjn,ij

b̄jnb̄ij
Kmn
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Given the examples for transforming the spin-adapted CCSD to the PNO form, the next

sections will just be expressions in terms of the PNO basis without the complete transfor-

mation procedure.

2.1 Singles residual
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āii
+
X
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māmm

Sii,mm
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āimāii

�
Fmēim
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2.2 Doubles Residual
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āmj ēmj
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ēii
Sij,mm
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2.3 Intermediates

One-Particle Intermediates for Singles Residual
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āmnf̄mn
Lmn
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One-Particle Intermediates for Doubles Residual
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Two-Particle Intermediates for Doubles Residual
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ēii

ti
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X

f̄jj

tj
f̄jj
Kmb̄ij ēimf̄jj
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�
X

f̄jj

tj
f̄jj
Kmb̄ij f̄jj ēim
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