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𝜓 𝑡 = 𝑒−𝑖𝐻𝑡 𝜓 0



Why Lanczos

• Local Hamiltonians describing qubit systems are sparse

𝐻 =

0 0 𝛼 𝛽
0 𝑑0 0 0
𝛼∗ 0 0 0
𝛽∗ 0 0 𝑑1

• Calculating time evolution requires exponentiating the Hamiltonian

𝜓 𝑡 = 𝑒−𝑖𝐻𝑡 𝜓0

• This can be done by diagonalizing 𝐻

𝑒−𝑖𝐻𝑡 = 𝑆†𝑒−𝑖𝐷𝑡𝑆
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Why Lanczos

• Time evolution requires only sparse matrix – vector multiplication

𝜓 𝑡 = 𝑒−𝑖𝐻𝑡 𝜓0

=

𝑛

−𝑖𝑡

𝑛!

𝑛

𝐻𝑛 𝜓0

=

𝑛

−𝑖𝑡

𝑛!

𝑛

|𝑢𝑛⟩

• 𝑢0 = 𝜓 𝑢1 = 𝐻 𝑢0 𝑢2 = 𝐻 𝑢1 . . . .
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Why Lanczos
(Krylov Subspace)

• 𝐾𝑟 = {|𝜓⟩, 𝐴 𝜓 , 𝐴2 𝜓 , 𝐴3 𝜓 …𝐴𝑘|𝜓⟩} Is the krylov subspace for a given matrix 𝐴

and vector 𝜓 of order 𝑘

• One can construct a basis {|𝜙𝑖⟩} for this subspace using Gram-Schmidt

෩𝜙 𝑘−1 = 𝑢𝑘−1 −

𝑖

𝜙𝑖 𝑢𝑘−1 |𝜙𝑖⟩

|𝜙𝑘−1⟩ =
෩𝜙 𝑘−1

⟨ ෩𝜙 𝑘−1
෩𝜙 𝑘−1
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Why Lanczos
(Krylov Subspace)

• One can construct an orthogonal matrix 𝑄𝑛,𝑘 With 𝜙𝑖 as the columns such that

𝑇𝑘,𝑘 = 𝑄𝑘,𝑛
† 𝐻𝑛𝑄𝑛,𝑘

• Where 𝑇 is a Tridiagonal matrix

• ∴ 𝑒−𝐻𝑡 = 𝑒−𝑖𝑄𝑇𝑄
†𝑡 = 𝑄𝑒−𝑖𝑇𝑡𝑄† = 𝑄𝑉𝑒−𝑖𝐝𝐢𝐚𝐠 𝑇 𝑡 𝑉†𝑄†

• Diagonalizing a Tridiagonal matrix is a lot faster since typically, 𝑘 ≪ 𝑛
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Lanczos vs NumPy

(ground state calculation)
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Thank You


