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I 1 -6h,n-i  T G n2/2k,~,-l (181 
(17) - E k ,  n-l/(n - n/e) = __I_ 

i- This expression, like (10) above, fails to account for n 

This is in accord with the intuitive notion that for a 
sequence of n _- 2 equally slow irreversible steps the 
overall relaxation time must be of the order of n times 
the average time required for each step. 

Turning to  the T-jump experiments, one must deal 
with a process occurring under conditions never greatly 
different from equilibrium. A first approximation to 
the relaxation time may then be obtained by examining 
the sequence of steps leading to the complete dissolu- 
tion of one particular micelle A,. The overall process 
may be considered at3 a series of unit size changes with 
an average lifetime between successive changes of the 
order of At = l / 2kr , ,n - l .  Because the system is nearly 
at equilibrium, t h t ~  flmvard and reverse rates for each 
reaction 1 1  aw razarly equal, and at  any stage size 
changes in either direction have almost the same prob- 
ability. The dism hCion process thus resembles a one- 
dimensional raidom walk with steps of unit size and 
with the final slate a - 2 steps away from the initial 
da te .  Standard treLvtmentsl2 show that the mean dis- 
tance travelled after 8 steps is sl" times the step length. 
On the average, the rumber of steps taken during the 

the observed increase of 1/r  with increasing concentra- 
tion. However, using typical T-jump data for sodium 
dodecyl ~ u l f a t e , ~  ie., 1 / ~  = 600 sec-' and n = 95, it 
yields an estimated Icn,n- - l  of 3 X lo6 sec-', well above 
the lower limit based on nmr data for trifluorododecyl 
sulfate and given in (4) above. 

Although (IS) is only a rough approximation it 
appears to  represent the relation between k ,  and 
the T values found in the T-jump experiments much 
more adequately than either eq 6 or IO, based on the 
KHDS model, implying that micellixntion does involve 
a succession of many steps with. similar rates. Our 
model suggests that in stopped-flow experiments where 
the final concentration Is far below the cmc, the relaua- 
tion should appcar to be faster, with 7 given approxi- 
mately by (17). The results presented here further 
suggest that if fluorine nmr spectra were obtained in a 
52-kG field, where the term vint0 - vBq of eq 2 3 
would beaome 240 Hz, line broadening due to the ex- 
change process might become observable, allowing 
kn,n-l to be evaluated more accuratdy and much more 
directly. 
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Simple geometrical considerations indicate (as previously noted in 1955 by Tartar) that most of the common 
small soluble micelles must be ellipsoidal rather than spherical in shape. It is shown that spherical and el- 
lipsoidal micelles represent a family of micellar shapes within which the micelle aggregation number and the 
surface area available to polar head groups are continuously variable, and i t  is suggested that amphiphiles 
with a single hydrocarbon chain per polar head group form micelles with a distribution of sizes and shapes 
within this family. Amphiphiles with two hydrocarbon chains per head group require a smaller surface area 
per hydrocarbon chain, and geometrical considerations then indicate a preference for extended bilayers or 
vesicles ra,ther than spherical or ellipsoidal micelles, in agreement with experimental observation. 

The purpose of this paper is to consider the relation 
between the sim and shape of micelles formed in aque- 
oils solution bv arnahi.ohilic molecules or ions with 

The calculations are similar to calculations previously 
reported by Tartar,2 whose paper appears to have been 
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able to hydrophilic head groups will also be considered. 
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ignored in mow recent papers considering the shape of 
sinall micelles The calculations are based on two 
assumptions 

The micelXe contains a hydrophobic core con- 
sisting entirely of portions of the hydrocarbon chains. 
It is absumed that the  terminal CH, groups are always 
contained in this cope, but one or more methylene 
groups new the* miphiphile head group may not be.3 
It is assumed that no solvent enters the core. It should 
be noted that, though this overall assumption is gen- 
erally supported 5g a. variety of ~ t u d i e s , ~  - I 1  evidence 
against it has bern presented for amphiphiles with 
fluorinated (6F9) i erminal groups. l 2  

The density OC [his core is predictable to within 
a few per cent The data given by Reiss-Husson and 
L ~ ~ ~ ~ ~ ~ I ~  have been used to obtain the volume occupied 
by an alkyl chtin of ‘nG carbon atoms embedded in the 
hydrocarbon x e “  Year room temperature, with the 
.iiolume v rn A3/chain, one obtains 

o = 27.4 + 2 6 . 9 ~ ~ ~  

Essentially thc same relation would have been obtained 
on the basis of the published densities of liquid hydro- 
c.arbons or even k)y the empirical volume additivity 
rule of Traiibth.l* 

Because no holes may exist within the micelle, one 
or more dimensions are always limited by the maximum 
possible extenion of a hydrocarbon chain. This dis- 
tance is obtained from the distance of 2.53 8 between 
rsltcrnate earlton atoms of a fully extended chain,15 
wjth the acidiiion of the van der Waals radius of the 
terminal methyl girorip (2.1 and one-half the bond 
ZengLh Lo Ihe first t-ttom not contained within the hy- 
J~ophobic co-e t-rO 6 .&. The maximum length 
!,,, for a chain with nc ernbedded carbon atoms, in 8, 
becomes 

k,,, = 1.5 + 1 . 2 6 5 ~ ~ ~  

(I)  

(2) 

(1) 

( 2 )  
Globular Micelles 

The radius oi thcl hydrophobic core of a spherical 
micelle may not evceed La, and the maximum number 
of hydrocarbon chains per micelle is thus uniquely 
determined frr each value of nc by combination of eq 
1 and 2, For arnphiphdes with a single hydrocarbon 
chain this IS i.quivalernt to the maximum value for the 
micelle aggregation number, m.  Table 1 shows calcu- 
lated valines for several values of nc and comparison of 
these with e3 perin-iental micelle aggregation numbers 
immediately shows that most of the common small 
compact micdes cannot be truly spherical in shapc. 
For example, the i~ eight-average aggregation number 
(@zW) of dodecyI sulfate micelles ranges from 62 in the 
absence of added salt to 126 in 0.5 M NaCl.17*18 The 
maximum number Sor a spherical micelle depends on 
the choice of a value fop. ncj but even with nc = 12 the 
maximum value of ~r^l is only 56. There is good evi- 
dence that a: least, one and perhaps more of the CHz 

Table L : Micelle Aggregation Number for Globular Micellesa,* 

Prolate 
ao/bo = 1.25 
ao/bo = 1.5 
~ o / b o  = 1.75 
uo/bo = 2.0 

Oblate 
ao/bo = 1.25 
ao/bo = 1 .5  
ao/bo = 1.75 
ao/bo = 2.0 

-v 

6 10 12 

Sphere, ro = I,,, 
17 40 56 

Ellipsoids, bo = I,,, 

21 50 70 
25 60 84 
29 70 9’1 
33 80 111 

26 63 81 
38 90 123 
51 123 171 
67 160 223 

15 

84 

105 
126 
14 6 
167 

131 
188 
256 
335 

20 

143 

I78 
214 
250 
285 

223 
321 
437 
570 

a nc represents the number of carbon atoms in that portion of 
the alkyl chain which is incorporated in the hydrophobic core. 
This will generally be less than the total length of the hydro- 
carbon chain. The tabulated figures are the number of hydro- 
carbon chains per micelle. This i s  equal to the micelle aggrega- 
tion number nz for amphiphiles with a single hydrocarbon chain. 
It would be equal to 2rn for amphiphiies with two chairis, each 
of nc carbon atoms. 

groups of amphiphile alkyl chains do not in fact enter 
the hydrophobic core in micelle formation, so that ne 
for a dodecyl chain should be assigned a value less than 
12, leading to smaller maximal values for rn. Thus for 
nc = 10 the maximal value of ?n for a spherical micelle 
is only 40.19 
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To incorporate a larger number of hydrocarbon 
chains in a micelle, a distortion in the micelle shape is 
required. The simplest possibilities are ellipsoids of 
revolution: the minor semiaxis bo of an ellipsoid may 
not exceed I,,,, but the major semiaxis a. is not limited 
and an increase ha the available volume is thus provided. 
Table 1 slrom pertinent calculations, for selected values 
of nc, for boCi prolate and oblate ellipsoids. It is seen 
that only slxtall values of the ellipsoidal axial ratio 
(a&) are r € ~ c ~ ~ ~ r ~ ~  for a substantial gain in the micelle 
a g g r ~ ~ ~ a t i ~ ~ i  rwnber, sufficient to account for experi- 
mentally obscwed values. 

Formataon of nn ellipsoid (bo = L,,,) from a sphere 
(TO -- E,n,,) is aeeompanied by an increase in total sur- 
face area ( S ) ,  but the increase is less than the increase 
in volume. The surface area per hydrocarbon chain 
is thiis diminished. For amphiphiles with a single hy- 
drocarbon chain this is equivalent to the surface area 
per molecule iS/m) and this is an important quantity 
because i t  is a rnessure of the separation between 
arnphiphile head groups. Because the head groups 
extend away from hihe surface of the hydrophobic core, 
one is generally interested in knowing the value of 
S / m  a t  some clistame a! outside the core surface, ire. ,  a t  
the sinrface of a sphere with radius r = ro + d or a t  the 
surface of an E'%pbOjd defined by semiaxes a = a0 -k d,  
0 = bo -I- d. 

Figure E shows a typical example of the dependence 
of X/m on miselle aggregation $umber. The calcula- 
1 ions are for n(- -- 12 and d -5 2 A, and for the values of 
m given in Tabk 9 for spheres and ellipsoids with ro or 

= I,,,. Additional data have been generated by 
maluirig calculations for globular micelles with hydro- 
phobic cores smaller than maximal size, i e , ,  spheres 
ni th  TO < Zmax (tnd ellipsoids with bo < I,,,. The figure 
shows that, within +,be range of rn values considered, it 
is a good approximation to consider S/m a s  a single- 
valued function of 733, for all globular micelles with a 
given value of 126, cmly minimally affected by the actual 
rnicelle shape. 

It is evident from Figure 1 that spherical and el- 
lipsoidal micelles represen t a family of conformations 
within which the m i d e  aggregation number is con- 
tinuously variabl~, with a parallel variation in X/m. 
Any actual system that forms globular micelles will 
imdoubtedly consist of a distribution of sizes and cor- 
responding shapes about an optimal value of S/m. 
This optimal value will be determined (at a given total 
amphiphile concentration) by the opposing influences 
of repulsion between head groups and the tendency to 
avoid contact betweeii the surface of the hydrophobic 
core and the solvent. Repulsion between hcad groups 
will tend to increase S/m, but will become unimportant 
when X/m becomes sufficiently large. When S/m 
becomes large thew nil1 necessarily be contact between 
water molecules and the core surface, and a consequent 
pressure to reduce $',lnz. The optimal value of S/rn 
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Figure 1. Surface area per amphiphile molecule possessing a 
single alkyl chain, with 12 carbon atoms per chain embedded 
in the hydropho)ic core. The values of S / m  are calculated at 
a distance of 2 A outside the core surface: 
in Table I (sphere and prolate ellipsoids); 
Table I (oblate ellipsoids); (3, spheres with YO < I,,, to ro = 
0.851,,; 0, prolate ellipsoids (ao/bo = i.5) with bo < I,,, 
to bo = 0.851,,,ax; E, same for oblate ellipsoids. Values for 
cylindrical micelles and bilayers are also shown, They are 
independent of m, apart from end effects, which have not been 
taken into consideration. 

will be determined by proper balance between these 
factors. (These are the only energetic factors for an 
isolated micelle in equilibrium with its environment. 
At high micelle concentrations an additional pressure 
for formation of large micelles exists, as mentioned be- 
low in the Discussion.) 

It may be noted that the experimental observation 
that m, and mz may be essentially the same for most 
systems forming globular micelleszo-z2 does not require 
a particularly narrow size distribution. For example, 
the standard deviation of a Gaussian distribution func- 
tion can be as high as 1%/4 without introducing a mea- 
surable difference between mw and &*. Systems eon- 
taining large micelles often have very broad distribu- 
tion functions, with m, significaatly larger than 

Cylindrical Micelles, Bilayers, and ~~~~c~~~ 
Cylindrical micelles can grow in length without limit. 

Ignoring effects of the cylinder ends, the available sur- 
face area per single-chain amphiphile molecule is inde- 
pendent of the aggregation number. The actual value 
of S/rn is smaller than for globular micelles, in the range 
of micelle size normally observed for globular micelles, 
as is illustrated for nc = 12 in Figure 1, but for larger 
micelles the surface areas become about equal. 

Bilayers can also accommodate a limitless number of 
amphiphile molecules without alteration ir the avail- 
able surface area per amphiphile. Values of S / m  are 
generally much smaller than for any other type of 
micelle, even if the thickness ( t )  of the hydrophobic 

(20) H. Coll, J .  Pkys. Chem., 74, 117 (1970). 
(21) D. Attwood, P. 13. Elworthy, and S. B. Kayne, ibid. ,  74, 3529 
(1970). 
(22) P. Mukerjee, ibid. ,  76, 565 (1972). 



core is made substztntially less than its maximum valuc 
(Imax =;: 22,,,) as would be true i f  the hydrocarbon 
chains are not fully extended or not perpendicular to 
the bilayer suriEace. The values of S / m  are essentially 
inidependcrit of n C ,  Le., the values slmown in Figure 1 
apply to any value of nc. For bilayers there is no 
gain in S/m as one moves away from the surface of the 
hydrophobic core, 

Bilayers zlre capable of forming spherical vesicles 
with an internal solvent-filled cavity. One hilayer sur- 
face is expanded m this process and the other is con- 
tmcted. The net isvrease in S/m is small. Even if 
the radius of the ini,ernal cavity is as small as the thick- 
ness GE the bilayer core, the increase in S /m is only 
f5%‘,. As the civerall vesicle size in.creases, S / m  ap- 
proaches the v:klu~ for an infinite planar bilayer. 

A11 of thc preceding calculations apply to amphiphile 
m~lecules consisting of one head group and one alkyl 
chain with nc carbon atoms per chain participating in 
formation of thc hydrophobic core. For amphiphiles 
with two allcyi chains, each with nc carbon atoms par- 
ticipating in formation of the hydrophobic core, the 
same calculatioiis apply, except that the number of 
amphiphile mclecules will be one-half the m values for 
single chain mo1ecralc.s and the surface areas per head 
group will be twice as large. This means that the 
S l m  values for bilayers or vesicles for two-chain am- 
phipliiles will bc comparable to the X/nz values for 
globular micelles or cylinders for single-chain amphi- 
philcs. It is proobably not necessary to seek a more 
complex expiztnar,il~n than this simple fact to  account 
fer the experi meii :a1 observation that biological phos- 
pholipids tend to  form bilayers or vesicles rather than 
$lobular 

The results of Figure 1 indicate that one can obtain 
a value of 8 / 7 0  for globular micelles from the aggrega- 
tion number done, -,he only uncertainty being in the 
proper value for nc. Thus the m values previously 
cited for dodecyl sulfate micelles (A, = 62 in the ab- 
sence of added salt, increasing with ionic strength to 
@u = 126 in 0.5 I f  NaCl) correspond to a decrease in 
f i lm from 90 wz i m  the absence of added salt to 67 Bz 
in 0,5 M XaC1. These values are based on an assumed 
value of nc f 10, arid represent surface areas a t  a dis- 
tance of 4.5 A Ron? the surface of the hydrophobic core, 
which, with the choice of nc = SO, would represent the 
approximat e iocaiioii of the sulfur atom of the sulfate 
head group. With the unrealittic choice of tic = 12, 
and a corresponding value of 2 A for the location of the 
sulfur atom beyond the core surface, the $/in values 
x+ould have b:en 77 in Ihe absence of added salt and 
60 s2 in 0.h M SaC1. The decrease in S / m  with added 
salt is of courbe t o  be expected as a result of the decrease 
in the effect of electrostatic repulsion. 

Table II shows another calculation, based on the ob- 
served merage micelle sizes for N-alkyl betaines in 
water, as a function of the length of the akyi chain.73 
It is again assumed that nc is smaller by 2 carbon atoms 
than the actual length of the alkyl chain. Although 
the head group in this case is zwitterionic, the observed 
values of S / m  are of the same order of magriilude as 
those for ionic micelles, such as dodecyl sulfate, a t  high 
ionic strength. The most likely explanation is that 
the repulsive force in these micelles is in fact like that 
in an ionic micelle, resulting lrom ~ o u ~ o m b ~ c  repulsion 
between t,he n*(CH&+ groups of thc betaine head 
groups, which, being directly attached to the alkyl 
chain, would have to  be located close t o  the hydro- 
phobic core. The negatively charged COO- groups 
would lie at; a greater distance, and would be more 
mobile, and would resemble the djffusc layer of caunter- 
ions near the surface of a11 iooic micc4lc. Both the 
critical micelle concentrations and thc rizieelle aggrega- 
tion number for decyl and dodecyl betaines arc in fact 
nearly the samc as the corresponding figures for decyl- 
arid d o d e c y l t r i ~ ~ e ~ h y l a m ~ o ~ u ~ i  Exorriideh in the pres- 
ence of about 0.2-0.3 M NaBr.1*,2* G perhaps unex- 
pected feature of Table II is the consjderabic decrease 
in S / m  with increasing chain length. The change in 
the optimal value for S/m may rt4ecL t h e  increased 
magnitude of the hydrophobic effect pel molecule, the 
repulsive force remaining constant 

Table 11: Results for N-Alkyl Betaines“ 

Ellipsoid --S/m, Az-- 
Alkpi mw ----axial ratio----. Pro- 
chain nc (exptl) Prolate Oblate late Oblate 

CS 6 24 1.44 1. .20 9’7 !Xi 
Cto 8 34 1.26 1 .12  92 91. 
c11 9 58 1.74 1.32 79 77 

Clr, 13 130 2.02  1.42 70 66 
C13 11 87 1.84 1.35 94 71 

a Experiment,af values of ??zU, from Swarbvick and D a r i ~ w a l a . ~ ~  

It should be noted in conclusion that an important 
factor in the determination of the optimal value for 
S / m  was not mentioned in the earlier discussion of the 
subject, this being the factor of tots! amphipbile con- 
centration. In  any system in which m i s  continuously 
variable an increase in amphiphile Concentration ncces- 
sarily favors the formation of larger micelles. (A 
rigorous thermodynamic relation for the change in f i  
with increasing concentration of micelles is given by 
eq 16.99 of Hall and PethicaZ5). It is evident that 

(23) J. Swarbrick and J. Daruwala, J. Phys. Chem., 74, 1293 (1970). 
(24) R. D. Geer, E. €5. Eylar, and E ’7Y. h a c k e r ,  % b i d ,  75, 369 
(1971). 
(25) D. G. Hall and B. A. Pethica, “Nonionic Surfactaats,” 31. J. 
Schick, Ed., Marcel Deklrer, New York, N P., 1967, Chapter 16. 
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this effect will lead to a decrease in S / m  for globular 
micelles as the ainphiphilc concentration is increased. 
Figure 1 shows that the range of S / m  values for cylin- 
drical micelles overlaps the range for globular micelles 

tion3 a traneitioxz from globular to cylindrical form 

would appear likely. That such transitions actually 
occur a t  high amphiphile concentration has been well 
established by Reiss-Husson and I i~z ;za t i .~~9 '~  

at moderate'y large form and under these 'Ondi- (28) F. Reiss-Husson and V. Luzaati, J .  Colloid I'nterface Sci. ,  21, 
534 (1966). 

r~i i le  in Bursting Soap Films. Surface Tension and Surface 

elaxation in apidly Compressed Monolayers 

by A. T. Florence1& and 6. Frens*lb 
22. J .  Reynolds Industries Incorporated, Winston-Salem, North Carolina ZY108 

PubEication costs asvisted by the Philips Research Laboratories, Eindhooen, the Netherlands 

(Receiued February 94. 1972) 

Reflectometric methods for studying the thickness changes occurring during the bursting of vertical soap 
films are described. From measurements of the thickness profile and velocities in films of sodium dodecyl 
sulfate, the surface tensions in the film can be calculated using the theory of Frankel and Mysels. If no de- 
sorption of surfactant molecules occurs, the aureole expands linearly with time and the bursting may be called 
self-similar; when desorption of surfactant occurs from the soluble monolayers comprising the outer surfaces 
of the film, deviations from self-similarity arise. Such deviations are observed in the film studies, and it is 
estimated that 25% of the molecules a t  the surfaces of a thin film of sodium dodecyl sulfate desorb during 
rapid compression ( L e . ,  thickening) of the film in less than see. From published values of the surface 
area per molecule of sodium dodecyl @fate in equilibrium films it can be calculated that  the minimum area 
which the surfactant can occupy is 28 A2. 

The study of bursting soap films by means of high- 
speed flash photography has revealed the existence of 
regions of shrinking film material. Mysels called these 
disturbed regions aureoles. iLn aureole expands rap- 
idly in front of tlie growing hole. Aureoles are caused 
by gradients in the surface tension of the rapidly con- 
tracting film near the rim of the hoh2-l The surfaces 
of bursting soap iiims disappear a t  rates of the order 
of 10 m sec-l and therefore studies of aureoles afford a 
novel means of investigating the behavior of soluble 
monolayers in a rsppidiy shrinking area, i.e., at  an ex- 
treme rate of compression. 

The postulated su-face tension gradients can be cal- 
culated from the thickness profile of an aureole and the 
velocity of its expansion over the undisturbed film. 
The surface tensions cr in the aureole are then obtained 
by integration over the aureole ~ u r f a c e . ~  The quantita- 
tive experimental data at the basis of such computations 
must, however9 be rather precise. 

The earlier investigations of aureoles were done with 
flash photographic techniques. A high-speed photo- 
graph of a bursting film gives an overall view of the 
Surst a t  some instant. Series of such photographs 

could be obtained for comparable films and n-ith a vari- 
ation of the time interval between the initiation of the 
burst at to  and the moment when each photograph was 
taken.2 If these time intervals ere accurately known, 
and if also the thicknesses S in the aureole could be 
deduced with sufficient precision from the interference 
colors or patterns in the photographs, then such series 
of photographs would contain all the input information 
for the calculation of aureole surfaw tensions. It is, 
however, very difficult and certainly impractical to 
extract data of the desired quality from experiments of 
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