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Lecture 1

1.1 History
Date People What Why Techniques
1969 Faddeev Gauge fixing Quantize Berezinian
and Popov (adding ghosts) Yang-Mills integration
1973 't Hooft and Quantized Quantize Feynman
Veltman Yang-Mills Yang-Mills diagrams
Becchi, Rouet, Cohomological ~ Understanding Derived invariants
1975 Stora, Tyutin theory to quantize 't Hooft (Lie algebra
(BRST) Yang-Mills and Veltman cohomology)
Batallin and  Quantize systems Derived
1981 Vilkovisky with complicated  Supergravity intersections
(BV) gauge symmetries (Koszul complexes)
Quantize Analyze .
1992 Henneaux Yang-Mills Yang-Mills . Derlvgd
. . Intersections
using BV using BV
Combine BV Make BV Derived everything,
2007 Costello with effective quantization analysis, and
field theory rigorous homotopy theory

1.2 References

The main references for this seminar will be:

+ Costello - Renormalization and Effective Field Theory [Cos11];
« Elliot, Williams, Yoo - Asymptotic Freedom in the BV Formalism [EWY18];

+ Gwilliam - Factorization algebras and free field theories [Gwi].

1.3 Roadmap to BV Quantization

The space of fields E° is a cochain complex
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Figure 1.1: Roadmap to BV quantization.

equipped with a differential Q such that Q? = 0. Moreover, & admits a —1-shifted
symplectic structure, that is, there exists a non degenerate pairing of degree —1

(): E®E — R[-1]

such that (x, y) = —(=1)F#VUD (%) This structure defines a +1-shifted Poisson
bracket
{,}:0(E)0O(E) — O(E)

where 0(&) = Sym*®(&") is the (graded) commutative algebra of polynomial func-
tions on the dual complex &". Pick S € 6(&) obeying the classical master equation
(CME)

{S,S} =o0.

The data (&, (-, -),S) defines a classical BV theory. The CME says {S, -} is a differ-
ential which makes (O(&), {S, -}) into a cochain complex such that
H0(8) = O(Crit(S)),

where Crit(S) denotes the critical locus of S. We will restrict to S of the form

S(e) = (e,Qe) + I(e)
—_—— ——

free part interaction
(kinetic + part .(cublc
mass terms) ~ OF higher)

Example 1. Why are the cubic and higher order terms called interaction terms? For
electromagnetism on a manifold M we have a space of fields ¥ = Q}(M) & Q°(M, S)
in degree 0. Let F = dA and define

S(AY) = JM F A XF + (i, d) dvol + (¢, Ay dvol .

quadratic terms interaction terms

Computing the Euler-Lagrange equations we obtain the system of differential equa-
tions

*dxF = ¢y dx,
day =0

which is coupled because of the interaction term.
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1.4 Quantization in the BV formalism

The slogan of quantization in the BV formalism is to deform the differential. In the
perturbative context we work in formal power series in 7, for example, over the ring
R[[7#]]. Quantization results in a cochain complex (O(E)[[%]], {S%, -} + hA, where
A is called the BV Laplacian, and S € O(&E)[[%]] satisfies the quantum master
equation (QME)

({S%, -} + hA)? = 0

Example 2. In finite dimensions, i.e. ¥ = R", the BV fields are
8 = R —> R
therefore
0(&) = R[xl,...,x”,gl,...,fn]
and the BV Laplacian takes the form

n

d

P)
A=)y ——.
OEH IxH

p=1
In this form, it becomes clear that A is a differential operator of degree 1 such that
A =0.

The quantum action is a function of the form

5%(e) = (e, Qe) +1%(e)

where 7 € O(E)[[1]] is cubic mod 7 and satisfies the QME
QI + %{Iq, I} + hAIT = 0

which resembles the Maurer-Cartan (MC) equation. In infinite dimensions, some
problems arise:

i) there may be no solution to this equation. In this case we say that quantization
is obstructed (there is an anomaly);

ii) the QME in infinite dimensions is ill-defined. Some functional analysis is needed
to make sense of this problem.
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Lecture 2

In this lecture we consider a naive example that aims to exemplify how the Euler-
Lagrange equations lead us to classical BV theories.

Example 3. Let ¥ be a finite-dimensional vector space encoding the naive space of
fields and consider an action
S:F — R.

We say that S is a naive action because it might be necessary to add additional
terms to S to guarantee that it satisfies the CME. The solutions to the Euler-Lagrange
equation are fields f € ¥ such that dSy = 0. Restricting to the case ¥ = M for
some finite-dimensional manifold M, we say that critical points of the action form
the critical locus of S

Crit(S) = {p e M | dS, = 0}

Alternatively, we can characterize the critical locus of S as an intersection in T*M
Crit(S) = Graph(dS) N Graph(M)
where we identify M with the zero section. It follows that
O(Crit(S)) = O(Graph(dS)) ®a (M) O(M).

We are going to consider a derived version of this construction, where the tensor
product ® is replaced by a derived tensor product ®". This raises the obvious ques-
tions:

r

Figure 2.1: Well-behaved (in green) and badly-behaved (in red) points of an intersec-
tion.
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« Why? This intersection might not be well-behaved, in the sense that dS and
the zero section might not intersect transversally, or even smoothly, at every
point, as illustrated in figure 2.1. The derived approach allows us to study these
badly-behaved points using Serre’s intersection formula.

+ How? We replace O(Graph(dS)) ®q(r+am) O (M) with a dg commutative algebra
A such that
H°A = 6(Graph(dS)) ®c(r-a) O(M).

To compute the derived tensor product ®" we need to resolve either O(M) or
O(Graph(dS)) in O(T*M)-modules. Let us make use of Darboux coordinates
to resolve

O(Graph(dS)) = @(T*M)/(flGraph(dS) =0)

- @(T*M)/(Pu - aus)'

Consider the resolution

&pu—auS
_

L O(T*M)(&,..., &) 6(T*M)
O(Graph(dS))
which we extend to the left as a Koszul complex K™ = @ (TM) (&, ..., &) with

differential

d= Z(Pu 9§,1

This complex freely resolves @(Graph(dS)). Alternatively, (K*,d) admits a
coordinate free description where

K™ =0(T"M) ®pm) X (M).

A model for O(Graph(dS)) ®L O(M) is given by

O(T*M)
O(Crit"(8)) = K™* @1 6(M)
which we call the derived critical locus. But notice that
O(T*M) ®p(r) PV* (M) ®p(1a1) O(M) = PV* (M)

where PV*(M) denotes the complex of polyvector fields on M. The differential
is given by contracting with dS, so we write

O(Crit"(S)) = (PV* (M), —145).
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Lecture 3

We want to sketch how to go from the Yang-Mills action

Shalve(4) = J tr(Fa A %Fy)

n

to the Yang-Mills classical BV theory

-1 0 1 2

Q'(M,9) —— Q'(M,g) =5 Q" (M,g) — Q"(M,9)

N —— | — |
ghosts fields antifields antighosts

with BV action
SPV(e) = (e, Qe) +1(e)
where

= uenp

is the —1-shifted symplectic structure. There are some points to motivate:
i) fields ~» fields and antifields: coming from the derived critical locus dCrit(S);

ii) ghosts: coming from taking the derived coinvariants of g ~ V.

For Yang-Mills spacetime is a manifold M" and Q'(M, g) is the space of fields.
However, in what follows, let M be the space of fields. Recall that

Crit(S) = {p € M | dS, = 0}
= Graph(dS) N M

in T*M. Dually
O(Crit(S)) = 6(Graph(dS)) ®q (1) O(M).

By homological yoga, taking the derived intersection means that we replace the ten-
sor product ® with the derived tensor product ®". To find Crit"(S) we resolve either
O (Graph(dS)) or 6(M) as 6(T*M)-modules. Last time, we wrote the Koszul complex

K™ =PVP(M) Qg O(T*M)

where PV? = AP X(M) and differential
k .
Q:01 A~ ANy ®1 |—>Z(—l)”lvl/\---Aéi/\---/\vk@)(p(vi)—dS(vi))
i=1

8
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Exercise 1. Check that H*(K*®, Q) = 6(Graph(dS)), so
Crit"(S) = K* ®p(ra) O(M) = PV* (M)
and thus O (Crit"(S)) =~ (PV®, —ig5).
Exercise 2. Show that H’O(Crit") = 6(Crit).
We can enhance O (Crith(S)) to a sheaf on M. Following Grothendieck
Crit"(S) = (M, PV}, —145)
is an example of a dg manifold.

Definition 1. A dg manifold is a smooth manifold M with a sheaf Oy of dg com-
mutative algebras (DGCAs) locally isomorphic to Oy (U) = A E(U), where & are
the smooth sections of E — M.

Ignoring the differential, we get a sheaf (M, PV},) on M such that
PV = /\%M ~ Sym X[1].
The underlying graded manifold of Crit?(S) is
T*[-1]M = (M, Sym X[1])
displaying the following properties:

i) the graded manifold T*[—-1]M is a —1-shifted symplectic graded manifold just as
T*M is a 0-shifted symplectic manifold,;

ii) Induced from the —1-shifted symplectic structure we get a 1-shifted Poisson bracket
on O(T*[-1]M) = PV(M) known as the Schouten bracket

{f.g} =0,
{o, f} = of,
{o,w} = [0, W],

{u,o Aw}={u, o} Aw+ovA{uw}
for f,g € O(M) and u,0,w € PV (M).
Exercise 3. Show that —i45 = {S, -}.

Definition 2. A P algebra (A, d, {,-}) is a DGCA (A, d) equipped with a 1-shifted
Poisson bracket {-,-} : A® A — A obeying:
i) graded skew-symmetry:

{x,y} = _(_1)(IXI+1)(|y|+1){y’x};
ii) graded Poisson identity:
{xyzh = (xydz+ ()WY {x, 2}
so {x, -} is a degree |x| + 1 derivation;
iii) graded Jacobi identity:
{x 4y 21} = {{x y}, 2} + () VWD 1y e 21y
iv) compatibility with differential:
d{x,y} = {dx, y} + (-1 {x, dy}.

Exercise 4. Check that the Schouten bracket defines a Py-algebra on O (T*[-1]M).
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Lecture 4

Last time we constructed the derived critical locus of S: M — R
Crit"(S) = (T*[-1]M, —145)

where we understand T*[1]M = (M,PV®) as the underlying manifold M equipped
with the sheaf defined by the assignment

PV*: U — Symé(U) (T (U)[1]).
Proposition 1. If V is a locally-finite —1-shifted symplectic dg vector space then
O(V) =Sym(V")
is a P-algebra.

Proof. The pairing (-, -) induces an isomorphism V = V¥ [—1] which we use to define
a bracket
{}: sym*(VY) — R

which we extend as a derivation to O(V). |

4.1 Work Perturbatively

Fix a solution to the equations of motion p € M, and consider V = T, M instead of M.
Then we can expand S as a polynomial (or formal power series).

For us, the space of fields # will always be a sheaf of vector spaces on spacetime.
In our example, spacetime is a point pt and # = V for some finite-dimensional vector
space. Going forward we rewrite T*[—1]M ~» T*[-1]V.

Remark. Be analogy to ungraded geometry T*V = V & V" we have that
T [-1]V =V e V'[-1].
In infinite dimensions we consider the sheaves

T'[-1]F = FeF'[-1]
N—

sheaf of BV fields
without gauge symmetry

10
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Because we are expanding around a critical point the action has takes the form

S(e) = (e, Qe) +I(e), 0:F — FY[-1].
———

Hessian
of S

Now let M be a finite-dimensional manifold called spacetime, # the space of naive
fields, as a sheaf of vector spaces on M, and & the sheaf of BV fields. Our ultimate
goal is to make sense of expressions of the form

Snaive
J exp (— ) D¢.
peF (M) h

If £ =V and S is quadratic then

Jv exp(—%) d¢ = JV exp(— <¢’§¢>) d¢

() s

and if S(¢) = (#, QP) + I(¢p) we incorporate the interaction terms by working per-
turbatively.

Even at finite dimensions, the case det(Q) = 0 poses a bad problem when trying to
apply the previous formula. However, degenerate critical points are an unavoidable
feature with gauge symmetry !

GC¥F.
—_———
nonlinear action

Example 4. Consider Yang-Mills with gauge group G and trivial gauge bundle M X
G — M. The space of fields is

F(M)=Q'(Mg),  g=Lie(G)
and the group of gauge transformations
G = Aut(M x G — M) = Map(M, G)

where
Lie G = Map(M, g) = Q°(M,g).

Instead of G C ¥ (M), we focus on the action of the Lie algebra of gauge transforma-
tions
Lie(G) C F(M).
Adopting the standard notation, we write that ¢ € Q°(M, g) acts on A € Q!(M, g) by
c-A=dc+ [cA]
Exercise 5. Check that
SYM = ‘[ <FA, FA> dvol

naive

is invariant under infinitesimal gauge transformations.

!Gauge transformations preserve the action S"V¢ and the equations of motion.
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Lecture 5

(John Huerta)

5.1 Ultimate Goal

Define and use the Feynman “path” integral

S(¢)
J e 7 Dg.
PeF
(Euclidean field theory)
In the constructive track: see Gongalo on how to do this. In the BV track: we will
produce a formal power series in 7.

5.2 Recall

« From now on: We work perturbatively, i.e., formally (in Algebraic Geometry
speak), i.e., in formal power series, i.e., infinitesimally.

« Now M is going to be a finite dimensional manifold, denoting space-time. E.g.,
M = IRd, or M = pt.

« ¥ always denotes the naive fields, a sheaf of vector spaces on M; specifically,
sections of some vector bundle F — M.
Example: Yang-Mills fields for a trivial G-bundle M X G — M, then (M) =
QY (M, g), where g = Lie(G).

« & (“extended”), the space of BV-fields, a sheaf of graded vector spaces over M,
sections of a graded vector bundle E — M. E°(M) = F(M).

In the Yang-Mills example, where d = dim M

-1 0 1 2
EM) = Q"(M,g) © Q' (M, ) ® Q' (M, 9) ® Q" (M, 9)
N’ N e N e’ |
“ghosts” “fields” “anti-fields” “anti-ghosts”

12
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5.3 BV Formulation of Gauge Theory
Input: Naive gauge theory

L ~ 7
—— ——
Lie algebra of space of naive fields
infinitesimal gauge
transformations

The action may be non-linear. In the Young-Mills example it is an affine action
Q°(Mg) ~ Q'(Mg).

There is a two-step process to writing down the gauge theory:

1. Take the “stacky quotient”
F Ty L (this lecture)

2. Take the derived critical locus of Sgayge:

T [-1](F/ L) . (already done)

5.4 Lightning Fast Introduction to Derived Invari-
ants

g a finite dimensional Lie algebra, R a finite dimensional representation of g
g — gl(R)
over some field k € {R, C}. Observe that

RO={veR|Xv=0forall X € g}
= Homg (s, R)

Derived version Hom ~» RHom.
Try RS = RHomyyq(k, R), where U is the enveloping algebra. ILe.,

_ Tg
Cx®y-y®x—[xy]

Ug

where T4q is the tensor algebra.
Fact 1. Repy ~ Ug—mod.

To compute RHomyg4(k, R) we need to resolve k or R as Ug modules.
Similar to the Koszul complex

—k -1 0
. —— Age Ug g®Ug —— Ug
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with differential
A*lge —AF @ Ug

k
xo/\~--/\xk®y|—>Z(—1)ix0A~~-JE-~~Axk®xiy
i=0

D D[] Axg A T K A @Y

i<j
With this differential
H° (A*g® Ug) ~ k
H* (A*g® Ug) =0 fork <0

Hence

R" = RHomy, (k, R)
= Homyy(A*g ® Ug, R)
~ Homy (A*g, R)

because A*g ® Ug is free.

14

Definition 3. For g a Lie algebra, R a representation of g, the Chevalley-Eilenberg

complex C*(g, R) is defined as
C*(g,R) = Hom(AXg, R)

with

k
dw(xg, ..., x3) = Z(—l)’xi X0y s Xy 3 XE)

i=0

S D™ X1, Hor oo T

i<j
Conclusion. Back to R = O(V), then

R" = O(V)he
~ Homy, (A%, O(V)
~ A" ® O(V)
~ Sym(g"[~1]) ® Sym(V")
~ Sym(V* & g"[-1])
~0(gl11 @)
=0(V/g).

Hence

Definition 4. V/g:=g[l] @V

.y Xk)

Puzzle: what happened to the differential d. It becomes a vector field ong & V'!.
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5.5 Back to Yang-Mills

V s QY(M, g)
g~ Q°(M,g)

Step 1: Q1(M, )/ Q°%(M, g) := Q°(M,g)[1] ® Q' (M, g)
Step 2: & for Yang-Mills

-1 0
T*[-11(Q° (M, 9)[1] ® Q' (M, g)) ~ Q" (M, 9)[1] ® Q' (M, g)
@ (Q'(M,9)[1] ® Q'(M,9))"[-1]
~ Q°(M,9)[1] ® Q' (M, g)
® Q71 (M, 9)[-1] ® QY(M, g)[-2]

15
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Lecture 6

Last time we discussed perturbative classical BV gauge theory. We had
LCF

with Spaive € Oloc(F). The recipe is:
i) take the stacky quotient

Yyp=LilloF

with a vector field Qcg. The condition that Sp,jve is gauge-invariant is equivalent
to

QCESnaive = 0
ii) take the derived critical locus
1-11("/ )
with differential {Spaive, - }. The underlying space is
LMeFe (L1leF) [-1]=L1]leFeF [-1]e LY[-2].
iii) obtain the BV action S satisfying the CME
{$,S} =0
and incorporate (somehow) Spaive and Qcg. This means that
Snaive =S|l and  Qcp = {8} fyes
Fact 2. The vector field Qcg is Hamiltonian, i.e.
Qck = {Sck, '}

with respect to the —1-shifted symplectic structure, for some Scg. As such, we can

define
S= Snaive + SCE-

16
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For Yang-Mills on an oriented Riemannian n-manifold, with trivial bundle M x
G — M and g = Lie(G), & looks like

Q"(M,g) — Q'(M,g) —— Q"'(M,g) —— Q"(M,9)
and the we write the action

1
Snaive (A) = J Z(FA» Fy).
M

We compute that

1
Sce(c, A A", ") = J (dac, A™) + 5<[c, cl,c*).
M

Choose bases {T,} for g and {e;} for V. An element of gfrak[1] @ V can be written
XT,[1] + d'e;, X% o' e R.

Let £% be the linear coordinate corresponding to T,[1] and x' corresponding to e;.
Note that £* has degree +1.

Proposition 2 (Berezin, Leites). Consider
Der(@(R”) ® /\ WV)

where {6,} is a basis of W, and 6¢ denotes the respective dual basis elements. Then

Der(@(IR”) ® /\WV) (@(RH) ® /\WV){a P 821}

where -5 is the degree —1 derivation such that

99 '

9ot gn = (1 gl gk 078,k
pY (-1) k

The idea of the computation is to determine the coeflicients of the derivation Qcg
by computing Qcgx’ and Qcgé%. We obtain

= £'pl (- e )

3lecl
where p : ¢ — X(V) and [T, Tp] fC

Definition 5. A perturbative classical BV theory consists of the data:
i) a graded vector bundle E — M;

ii) a —1-shifted symplectic structure

ERE — Dens M;

iii) a local action functional S € Op,.(&) that is at least quadratic and satisfies the
CME.
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Let & be the topological vector space (TVS) of global smooth sections, and &, the
TVS of compactly supported sections. Then O(&) is the completion of the symmetric
algebra on &). We define

0(E)10c(E) € O(E)

where F € 0),.(&E) is a sum of terms of the form
e € & +—>J Die...D,eQ
M
for D;: & —» C*(M) and Q a density on M.
Proposition 3. For a classical BF theory & we can write
S = j (e,Qe) +1I(e)
M

where Q: & — & is a differential operator of degree +1, squares to zero, and I €
O1oc(E) is at least cubic and satisfies the QME

QI+%{I,I} 0.
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Lecture 7 - Rui Peixoto

7.1 Quantum BV in Finite Dimensions

In this section we start out journey towards the quantization of BV theories. Recall
that out goal is to provide a homological approach to compute integrals of the form

J e h D¢.
peF

We will introduce the quantum BV complex as a generalized divergence complex.
In finite dimensions this is an obscured version of the de Rham complex, where we
have the usual homological approach to integration.
For this chapter we return to the finite-dimensional case, which corresponds to

the case where spacetime is a point M = pt. Consider:

i) a n-dimensional graded vector space V of fields;

ii) a —1-shifted symplectic pairing (-,-): V®V — R;
iii) an action S € O(V) such that

_ classical master
{Ss S } =0, equation (CME)

where {-,-}: O(V)® O(V) — O(V) is the +1-shifted Poisson bracket induced
by the symplectic pairing,.
Such a setup makes (O(V), {-,-}) into a cochain complex such that

H6(V) = 6(Crit(S)).

Passing to the derived critical locus, we have seen that functions on Crit"(S) form
a commutative dg algebra

O(Crit"(S)) = (PV*(V), —1g5)

which we call the classical BV complex. Passing to the quantum version amounts
to deforming this complex by changing the differential.

7.2 Integration in Finite Dimensions
Fixing a nonvanishing top form p € Q"(V) defines a map

J;/: OV)—R

f | s

19
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where we make the necessary assumptions on O such that f is integrable with respect
to . This map depends only on cohomological data. Explicitly, we have that

_lre
J, = 4]

where [-] denotes the cohomology class in Hgr (V). Note that the denominator is just
a normalizing factor. If we pick p € Q"(V) such that [y, g = 1, computing the integral
of f with respect to y boils down to computing a class in cohomology

Lf/l = [fu].

The pairing by integration with y is nondegenerate so it defines an isomorphism
O(V) — Q"(V) which we can extends to an isomorphism of complexes

my: PVE(V) — Q" F(V)
X —> ixpl.

Example 5. In coordinates, let g = dx! A--- Adx" and X = faxih EERW axifk‘ Then

Jd
00 = {5750 55
:crfdxl...dﬁj"...dﬁj"...dx”
where the terms dx/i are omitted, and o = +1 is such that
odx!. . dx" =dx/t ... dxdk Adxl. . dx"
The divergence operator on PV*(V)
div, = m;ldmy

is obtained by pulling back the de Rham differential on Q°® using p.

div div
. ——— PV (V) —L = PV (V) —— 6(V)

SR
s omy(v) —4 s o yv) —4 s on(v)

Because it admits this definition in the finite-dimensional case, we say that the
divergence complex is an obscured version of the usual de Rham complex. At this
point, one might wonder: why do we not just use the de Rham complex to begin with?
The point is that, unlike the de Rham complex, the divergence complex generalizes
to the infinite-dimensional case.

Recall how before we recovered the space of functions on the critical locus Crit(S)
from PV*® by passing to cohomology in degree 0. This crucial information is encoded
in the de Rham complex in degree n, where top forms live. In infinite dimensions,
this data escapes as the de Rham complex ceases to be bounded above. However,
it still resides in degree 0 in the divergence complex. In this sense, the natural ap-
proach in quantum field theory is to generalize the divergence operator to the infinite-
dimensional case.
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Example 6. Let V = R and pyp.p be the Lebesgue measure. A simple computation
recovers the usual divergence operator

ox

=m,'(df)

= m;l(g—]xc,u)

_of
Coox

diVLeb(f%) = mljldmp(f 0 )

If we write the generator of the vector fields as & = % then

d d
diviep = —— = A
Leb axa§ BV

takes the form of the usual BV Laplacian. It is straightforward to generalize to the

n-dimensional case P

diviep = Apy = Z PP

i=1

Example 7. Consider again V = R but let ys be a Gaussian measure of the form

_s
Hs =€ "[peb.

In this case, we see that

L [If _s 105 . _s
= m,usl(_fe " fLeb — __fe h,uLeb)

ox fox
_9f 1S
Cox  hox

from which we conclude that
. 1
leS =——lgs + Agy.
h
If 2 # 0 (and is not formal) we can multiply by 7 to obtain a differential
h diVs = —lgs + hABV

on PV*(V) that we recognize as a deformation of the classical BV differential given
by contracting with dS. Alternatively, we can also write the divergence operator in
terms of the Schouten bracket

divs = {S, } + hAgy.
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Proposition 4 (Wick’s Lemma). We canrecover (a baby version of) Wick’s Lemma
employing just cohomological methods. This lemma gives a formula to compute the
moments of the Gaussian measure associated to a free field theory. Let

2 P o 0
S:x—, hdivi = - x— +h——
2 of  ox 9k

with respect to which we compute
divs(x"7'¢) = —x" + i(n — 1)x" 2.
Passing to cohomology we get
[x”] =h(n-1) [x”_z]

which we apply recursively to conclude that

niz(n—1)" ifne2Zs
nl _ n. _ >
<] = va o= { 0 otherwise

7.3 Quantum Master Equation

The quantum master equation (QME) can be formulated as the requirement that
the divergence operator squares to zero

div = 0
such that (PV*, divs) is a cochain complex. We have seen that
hidivs(X) = {S, X} + Ay (X), VX € PV 2(V)
therefore

(rdivs(X))” = {5, {8, X}} + Ai{S, ApyX}
+ RARV{S, X} + B*A%, X

- {%{5, S)+ hABVS,X}
where we employed the graded Jacobi identity for the Schouten bracket
{{S. 5}, X} = 2{S, {5, X}}
and compatibility with the differential Apy
Apv{S, X} = {ApvS, X} — {S, ApvX}.

Because X is arbitrary, we conclude that div§ =0if
1
E{S,S} + hAgyS = 0.

which we recognize as the Maurer-Cartan equation.
We conclude with one more reformulation of the QME. A straightforward but
lengthy computation shows that for X, Y € PV*

divg(X AY) =dive X A Y + (=) X divg Y + {X, Y}.
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This is a consequence of the fact that, even though m,, defines a chain map, it is not
a Lie algebra morphisms with respect to the wedge product. The failure of divs to
be a derivation is measured by the bracket. Using this identity, we can formulate the
QME as the condition

divg (e_%) =0.

To see this, note that

Y
St

1 /1
divs(e_%) = {S, e_%} + hAgye 7 = _ﬁ(E{S’S} + hABVS)e_

vanishes if
1
E{S, S} + AgyS = 0.
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Lecture 8 - Manuel Araujo

8.1 Feynman Integrals in Finite Dimensions

Our study will involve integrals of the form

n
2

J dryxe Q60 = 7

\VdetQ

for a nondegenerate quadratic form Q.

Expectation value of monomials
We are interested in expectation values

1
IR,I d”xe_EQ("”‘)xi1 X

Jor e 1000

2m

(i - Xy, ) =

To compute these consider

W(J) = J dpe- 20GRU)

n

which is such that
d d

ERE0)
a-]il o a]iZm

Coxi, - Xy, ) = W (0)

Completing the square we get

w(J) = ez [ g1 b0~
JR"
= ez(Q7) f' d"xe—2Q(x—Q 7 Jx=Q71))
Jrn
= eiUQ7) P d”ye‘%Q(y,y)
JR"
w(0)
therefore
0 0 _
<<xi1"‘xi2m>> = ... e_%U’Q 1]>
a]il a]igm JIO

24
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and Taylor expanding the exponential we obtain

9 1 Y
Cxiy oo Xy, ) = 8111 . % o pZ_O ZP_p'(Z ]j]ijk)
1 d

- 2’"m!ﬁi1 ’ afzzm -0 (Z]]]kQJk)

_ ! § -1 -1
omm! lojlay " * " Flogy_1logm

0E€Som

We can exploit the symmetry of this formula by noticing that there exists a free action
of the group
Sm>< 23
corresponding to permutations of the elements in each pair, as well as the order of
the pairings. We call the equivalence classes of permutations corresponding to pick-
ing (unordered) pairs of elements by pairings, and write the corresponding quotient
group
Matchings, = Sem / S < ZI1-

which we will often abbreviate to just My,,. The size of any orbit is |O(o)| = 2"m! so
we sum on matchings to obtain

_ -1 -1
«xil wo e Xigm = Z loyloy * " " Rlogy_1logy,

0EMy,

Z (O H®mooo (x;, ® - ®x4,).

oE€EMy,

Example 8. Consider a monomial i = x;x;,x3x4, then

~~ A

(x1x0x3%4)) = +

X1 X2 X3 X4 X1 X2 X3 X4 X1 X2 X3 X4
= Q Qs + Q14 Qp3 + Q013034 -
On the other hand, for the monomial i/ = x* there is further symmetry, so we get
((x4>> = 3Q1_11Q1_11-

For a general finite-dimensional vector space V the expectation value corresponds

to a map
H: TV — R

where TV" denotes the tensor algebra of V. Picking a top form p on V we can write
Iy pe” 290N g, (x) ... gy, (%)
IV ﬂe_%Q(x’x)
= 3@ 000 (¢, -+ @ i)
o]

(i, ® -~ ® ¢y, ) =

The graphical representation systematize the computations. In this context, a
graph consists of:
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i) a finite set V of vertices;

ii) a finite set HE of half-edges (an even number of them);
iii) an incidence map i : HE — V;

iv) a matching o on HE.

A graph automorphism permutes vertices and half-edges, respecting i and o.

Example 9. The following graph has a nontrivial automorphism

o

ab

corresponding to permuting half-edges a < b.

Expectation value of symmetric tensors

Consider homogeneous elements ¥y, ..., ¥, € Sym V" such that

‘I]a = Z(¢a)i1""’iduxil e xl‘da

where |¥,| = d, and 2m = )} _, d,. We compute the expectation value

(B %)= Q) eoo (- &)
[o]

Example 10. For ¥ € Sym* V" we have

~ ~ (A T
O\ A\AZ
y ¥ ¥

In general, on (¥; ® - - - ® ¥,)) there exists an action of

MM
3
b4

Sg X -+ XSy

1 r

therefore we can write

1 1 1
¥ Q.- —7, ) = Hem 5o (¥ ®---Q Y,
<<d1! | y >> [ZJ])|Staba|(Q )®™ o 5o (¥ )

where
[o] € (s S )\Matchingsm_

a=1"%4dq

Example 11. Employing the previous formula we see that

MM
)\ N _1 oy (o1
<<ZT>> = |Staba|W_ n i%:I‘PUkI(Q )ik (Q7) -
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Example 12. Let ¥}, ¥; € Sym® VV. We can verify the previous formula by explicitly

computing

(¥, = + 5 terms

)

M

\V \V+9terms

v P Y ¥
=6 1@2+9 L

3130 W TN, 3131
ETH O O

Example 13. The example ¥ € Sym® V" exhibits more symmetry. As before, we

have
(¥ @ W) =6 T@‘P +9 O,

In this case, there exists an action of (S3 X S3) < S, therefore

332 R4 \I’ 3‘3’2 v v
SRR oo

W—“ W—/
| AutT| | AutT|

where we identify the denominators with number of automorphisms of the respective
graph.
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Lecture 9 - Manuel Araujo

9.1 Feynman Integrals - Part 2

Groupoid of graphs with prescribed vertices

Let V; be the set of vertices with valency d € Z. The groupoid Graphsy,. _,, consists
of the data:

i) objects: matchings in HE (set of half-edges);

ii) isomorphisms: collections of morphisms

Qq: Vg — Vg, 0<d<D

and ¢: HE — HE respecting the incidence maps.
The action of the group

Va
G= | | (Sa)™ = Sy,
d=0 ~—— ——
permute permute
half-edges  vertices

on Matchings,,, is such that
Stab, = AutT,, Vo € G\Matchingsm

where I}, is the graph corresponding to a matching o, in the obvious way. Fixing
g € G and 0 € My, defines a canonical isomorphism

[, — Iyo
and we identify Graphsy, . with the action groupoid of G acting on Matchings,,..

Example 14. There is an isomorphism of graphs

ji

but no such graph isomorphism exists for between the following graphs.

- O—O

28
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Example 15. Consider homogeneous polynomials P; € Sym? VV. We compute
Vo Vb\\ _ |G —-1\®m W ... Vp
{Po(x)" ... Pp(x)"P)) _; |Autr0|(Q )¥m oG o (PP @ ®PP)

where
D

G| = ]—[(d!)Vdvdz.

d=0

We can rewrite this as

D
{Po(x)% ... Pp(x)"P)) = (n(d!)VdVd!) > ﬁ@gq,{m(r)
d=0 r

where we relabel the sum as being over graphs, to which we apply the following
procedure.

Po-1py2 (T)

— ™~

label vertices Py label edges Q7!

~— —

contract I

Example 16. For ¥ € Sym? V" we check that

=535 QQ Q1 QO+ ()

Perturbed Gaussian

We define a perturbed Gaussian integral

pert pert
J dxe™ 20X+ (J dxe%Q<x,x>)<<ep<x> )
Rn

n

where
p
p(x )_ng 4 pyesymivV.
We write
b 9dPa b ng
9d-d d
ePW:]_[e il Z (n W)Po(x)v‘)...PD(x)VD
d=0 VooV Vd=0 " d\&
therefore
1
eP(X)> Z go . Z |Autr|¢’Q {pd}(l“)
..... FeGraphsVO’._”VD

1
= —— b .
0~ '{g94Pa}
Zr: | AutT|

— change labels

sum over Py gqPy
all graphs
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Example 17. Let

Qv =¥, plr)=ix

In this case

pert
P(}) = f dxe 7%+

n

1
1 1
* 75 A Ao OOO o(2). )
The n-th coefficient of this series expansion is given by

Z 1 _(41’1—1)”
- | AutT|  nlan

——

n vertices
of valency 4

This expression for I (A) has radius of convergence zero. Asymptotically, one can
say that for all N > 0 there exists My such that

IP(2) - \/_Z)L" )”‘ < MylA[N*!

for A < 0 provided that || is sufficiently small.

Connected graphs

It can be useful to rewrite the usual expression in term of connected graphs. To
achieve this, we decompose the sum with respect to the number of connected com-
ponents of the graphs

connected
components valencies
—— o
[0¢]

! N r Tk
Zrlmcp(r) > 1(]_[ T l)CD(yl) L ®(p)

k=0 Y1<'"<Vk Iyl k=

S 1
]
Ycol;elcted (; r‘| Aut )/|”
——

finitely-many
nonzero valencies

1
= 11 eXp(lAutqu’(”)

y connected
| uty| (y))

:exp( 5

y connected




CHAPTER 9. LECTURE 9 - MANUEL ARAUJO 31

Example 18. We can repeat the same computation summing on connected diagrams

IP(A)z\/ﬁexp(% 8/1 m/l A +_OOO o(X)

2 2 2
27 (1+A+A—+A—+A—+@(A3)).
8 24! 16 822

Expectation value of perturbed Gaussian

To compute expectation values note that

ug,c;rt dxe™2Qxx)+p(x) g, (x)...%(x)
<<“I’1 "P >>pert Ipert —1Q(x x)+p(x)
R» €z ’

(@, ... w,)

(=)

where each term V¥; is of the form
1
‘I’j = Z E\Pj’d
d>0 '

for ¥; ; homogeneous polynomials of degree d, therefore

oP() _ (2n)¢
(e we) = s 3 e

where now we are summing over graphs I' colored by {0, ..., r} where each nonzero
color appears exactly once, and where ®(I') encodes the following procedure.

o(T)
label 0-colored label j-colored
vertices of valency d vertices of valency d Iazel e(igl;es
by gaPa by ¥4 y Q
contract T’

Decomposing each graph I' into a 0-colored part components and the rest we get

P=TLy" - Uy
—_—
0-colored
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where the graphs y; are connected 0-colored and (each connected component of) T
has at least one nonzero color. Therefore

(o wy=> 3 Y e

k=0 y1<--<yx my,...mg=1

(Z 2, Z (HW) (Yl)ml...q)(yk)mk)

k=0 y1<--<yx my,.

' Z|AutI‘|(D( ))
1 .
exp( ; | Aumcb(y))(;@(r))

——

0-colored
connected

which, when normalized, wields the simpler formula

1
<<\P1 >>pert Z | Autr|q)(r)
r

——

connected components

with at least one
nonzero color

Planck’s constant

In this section we study a different type of perturbed Gaussian integrals. Let us con-
sider formal power series on R[] for some paremter 7, and fix a polynomial of
degree at least 3 (we justify this requirement later)
=) o
i d!
Then we compute

pert (27h)? 1
N dxexp[ (500 x>+p(x>)] m; Aarry e (0

H=x()

(27rh) 2
 JdetQ 4 2. Ty e s

where y(I') is the Euler characteristic of the graph. Note that

1 > (d
E| - |V|==|HE|-|V]= ) V4 - -1
[E| = V] 2||||d2=;d(2 )

N——
>0

holds if p is at least cubic. Finally, for expectation values we get a familiar result

) r—x(D)
dxexp[l(——Q(x x)+p(x))] _ (@ h: o

* C JdetO & Z | AutT|

where we sum over graphs with at least one nonzero color in each connected com-
ponent.

pert

Rn
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Lecture 10

10.1 Scalar QFT in the Wilsonian Sense

The main reference for this lecture is [Cos11, Sections 1.1 to 1.5 and 2.1 to 2.7]. Our
goal is to give a Wilsonian definition of scaler QFT. Consider the data:

i) spacetime: smooth Riemannian manifold M (we consider M = R");
ii) scalar fields: smooth functions ¢: M — R;

iii) action functional: a local functional

1
S(p) = f —50(D+m)o+ I(¢)
M ——
interactions terms

(cubic or higher)

where we call m > 0 the mass parameter and D denotes the Laplacian.
For the Dirichlet problem on some domain U € M

Do(x) + Ap(x), ifxeU
¢(x) =0, if x € U

we write the associated eigenfunctions ¢, with corresponding eigenvalues A,. It is
known that the inverse Laplacian operator is compact and self-adjoint. From the
spectral theorem follows that

O<A < <A< — oo

e
energies

In this context, observables are functionals O : C*(M) — C.

Example 19. The evaluation map is an observable
Ox(p) = p(x), Vxe M.

The physical information of the theory is encoded in the correlation functions,
which we compute (up to normalization) using the Feynman sum of histories ap-
proach

(O4,...,0,) = J e50,(¢)...0,(¢)Do.
peC>(M)

33
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To proceed, we restrict to low-energy fields
Cen =C¥(M)<a

corresponding to the space spanned by eigenfunctions with associated energy A, < A
(in principle finite-dimensional), and low-energy observables

(OZ CsA 4 C) S ObSSA .

Then
(O1,...,0n) = J eiSTIN@O, (9) ... 04(9)Dp
peCcn

for some low-energy effective action S[A]. For low-energy observable we have
O €Obscpr =0 €0bscy, 0<A <A

which motivates the decomposition of fields into low- and high-energy parts

¢ =¢L+og, oL ey

where ¢, is the projection of ¢ on C</, and ¢y the corresponding parallel component
in C<a. Then

r

e%seﬂ[/\’](w)()l(w) .- On(@L)Dey

o (pLeCSA/
r

1 ceff
_ e IN@O () ...04(9)Dg
JpeCep
_ (J e%seﬁ[A](fﬂme)Ol(m)...On(QDL)DQD
Jor PH

implying that
STV T(p) _ j FS ANt Dy
PH

Taking the logarithm we obtain the renormalization group equation (RGE)

SeE[A’] (o) = hlogJ e%SeR[A]((PL"'(”H)quH_
PH

Renormalization Group Equation

Assume that

1
A () = J —E(p(D +m?) e+ IT[A](p) .
M ——
effective interaction

From the linearity of the Laplacian and the RGE follows that

’ 1 1 €
T[] (r) = thgJ eXP(—ﬁQDH(D +m*) oy + # TIA] (o1 + QDH))D@H-
PH

We are interested in finite-dimensional integrals of the form

W(P.I) = L exp(%op(x, %) + %I(x + a))
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for some nondegenerate negative-definite quadratic form ®, understood as a Feyn-
man diagram expansion. Here P is the integral kernel of (D + m?)~! (propagator)

(o)

Py = [ ™ drKixy
=0 ~—_———
heat kernel

where we write

K (x,y) =J

fe

ex ldf||? ds| dw
p
Qyy 0

for
Quy ={f: [0, 7] = M| f(0) = x, f(r) = y}.
In terms of eigenfunctions

(o0

K2(x,y) = D e g (x)pn(y)
n=0
and K; = ng””z is such that
P(x,y) = J K;(x,y) dr.
=0

Length scale instead of energy scale

The high-energy regimes correspond to small scales:
short lengths <« high energy.

Because of this, the RGE should relate different length scales

L
P DGy = | Ky d.

I=¢

Again, the RGE for relating different scales
I*T[L] = W(P(e, L), I*[¢])

is given in terms of Feynman diagrams. Expanding in powers
Ieff = Z hjqok.[j’k.
Lj

Example 20. Some examples of the diagrammatic approach are
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and

P(e,L)
GD - @D - @

Definition 6. A perturbative QFT with space of fields and action functional as
prescribed earlier, is given by a set of interactions I[L] such that:

i) the RGE holds for any positive scales:

I[L] = W(p(s,L),I[e]), Ve, L € (0, 00];
ii) the components I; are local: if

SL](p) = Zﬁ(L)Gi(qo)

then ©; are local functionals.



Lecture 11 - Leander Stecker

11.1 Elliptic Operators and Complexes

Let M be a closed, oriented Riemannian manifold, and E,F — M complex vector
bundles over M. A differential operator

P:T(E) — T'(F)

is a C-linear map that, in local coordinates (U, x') of M with local trivializations of E
and F, has the form

where « is a multi-index and
A% € Hom(E|U,F|U)
is a bundle map over U. The number k € Z5, is called the order of P.

Definition 7. The principal symbol o(P) of a differential operator is a section of
the pullback bundle 7* Hom(E, F) over T*M, as in the following diagram.

m* Hom(E, F) —— Hom(E, F)

|

T*M d M
At & € T*M, o(P) is given by
o(P)= ) A"(x)&

|| <k

where for & = (ay, ..., a,), we write £ = &dx'. Since o(P) is the only symbol we will
need, let us just call it the symbol of P.

Lemma 1. The symbol of P is equivalently defined by
o(P)s = tlim (it) ke it/ peitf
where f is any smooth function such that

df(x) =¢.

37
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Proof. In a local trivialization over a chart, for a local section s, we compute
Peltfs _ Z Aa ztf
la|<k

_ (it)k—alalf if A 4 lower

ox? order in ¢
|| <k
hence
itf pitf a|0[| a
lim (it) e "/ Pe'M's = Z df P A
|a|=k
Evaluating at x gives o (P)e. ]

Example 21. The exterior derivative
d: Q*(M) — Q*(M)

can be writen in local coordinates as

noo
d= ;} —dxlA
therefore .
o(d); = Z Edx'A = EN
i=1
so the symbol is given by the wedge product.
Example 22. The Laplacian
A: C®(M) — C*(M)
can be writen in normal coordinates around p € M
n 2
== 2]
hence o(A)y = —|&|%.
Example 23. The Hodge Laplacian
A: Q*(M) — Q*(M)
is given by
A =dd* +d*d

n 9 2

:—Z(—_) (tidx’+dxlti)
- ox? axt oxt
i=1
n 2

where 1 o denotes the interior product and dx’ is the operator dx’A in Q°*(M).

oxt

Remarkably, we still have o(A)y = —|&|?. To see this, we need the following
proposition.
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Proposition 5. For differential operators P and P’ we have
o(P)¢o(P')g = o(PP');.
Proof. If P has order k and P’ has order k’, then PP’ has order k + k’ and
tli_)rglo((it)_ke_“fPeitf) ((it)_k/e_itfP'e”f)
= lim ((it)"“k'e‘”f pp'eltf )

We also need that
O'(d*)§ = g

where & € T, M is the unique vector such that & = g(&%,-). Then

o(A)s = o(dd* +d*d);
= o(dd*); + o(d*d);

= [& —1p]
= —|¢°.

Definition 8. An operator P: A(E) — A(F) is elliptic if the symbol o(P)¢ is invert-
ible for all & # 0.

Remember that, for all £ € T M, the symbol is a linear operator o(P)s: Ex — Fy.

Definition 9. An operator P : A(E) — A(E) is called a generalized Laplacian if
o(P)e = &2

for some metric g on M, not necessarily the one we started with.

The previous definition comes from [BGV96], but we have taken the opposite sign
convention.

11.2 Elliptic Complexes

Suppose P: I'(E) — T'(F) is elliptic. The symbol o(P) defines a bundle map over T*M

o(P)

0 n*E

7*F —— 0

which is exact over T*M away from the zero section. Now let (E®, Q) be the Z-graded
vector bundle E* — M, and

Q: I'(E*) — I'(E®)
a differential operator of cohomological degree 1 such that Q? = 0.

Definition 10. The complex (E®, Q) is an elliptic complex if the symbol complex
(m*E, 0(Q)) is exact over T*M — M.
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Example 24. To the de Rham complex

0 —— QM) —45 oty 4 . L onm)
corresponds the symbol complex for & € Q!(M)
¢ ¢

0 —— QU(M) —— Q'(M) Q"(M) .

Ifé#0and ¢ AP =0, then f = & A a for some o € Q°(M). We conclude that the
symbol complex is exact, and thus (Q°, d) is an elliptic complex.

Example 25. To the Yang-Mills complex
Q'(M, ) —— Q'(M,g) <=5 Q" (M,g) —— Q"(M.g)
we associate
0= A'M &g — AN(M)eg— A" (M)eg— \"(M)®g — 0.
The de Rham complex is exact, so it suffices to show that
ker(o(dxd);) = ker(¢A)

by showing that
ker(a(d*)sz) NImo(d)s = 0.
—
ker(—1¢) Im(&A)

Suppose that (E*, Q) is elliptic and choose h; a Hermitian metric on E. Define an
LZ-norm on sections

h{fz (s,8") = J hi(s, s") dvoly(x).
M
The we a get a formal adjoint

¢ g1 L g L g &

defined such that
hile(Qu, ) = hiLz(u, 0*v), Vu e &, Vo € &ML
Lemma 2. The operator
D=[Q.Q1=00"+0°Q
is elliptic.

Proof. Note that

o(Qe, = (0(Q)z)”
where the second * denotes the usual finite-dimensional adjoint with respect to the
fiber metric. Thus

o(D) = 0(Q)a(Q") +0(Q")a(Q) = a(Q)o(Q)" + 0(Q) o (Q)
and for all v € ker(U(D)g) we have

0= h(v,o(D)sv) = |O'(Q)§U|i + |0'(Q)Z§U }21

We conclude that

vE ker(a(Q)sz) N ker(a(Q)Z;) = ker(a(Q)g) N ker(g(Q)f)l
implying that v = 0. ]
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12.1 Gauge Fixing Operator

Definition 11. A free theory in the BV formalism is the data:
i) a Z-graded vector bundle E — M;

ii) a Hermitian nondegenerate pairing (-, -) of degree —1;

iii) a differential operator Q: I'(E) — T(E) of degree 1 such that Q? = 0 and Q is
skew-symmetric with respect to the pairing. This makes (E, Q) into an elliptic
complex.

Definition 12. A gauge fixing operator QF: T(E) — T is a differential operator of
degree —1, symmetric with respect to the pairing (-, -). We define D = [Q, QGF], and
say that it is a generalized Laplacian if

o(D)¢ = —|&|*

where | - | is defined with respect to any metric on M.

12.2 Heat Kernel and Propagators

Theorem 1. Fix a Hermitian metric A’ on the fibers E'. Suppose that P is an elliptic
operator, symmetric and positive, that is

K (Ps,s) >0,  VseTl(E).

Then:
i) if u € H(M, E) for Sobolev space, and Pu € C*(M,E), then u € C*(E, M);
ii) there exists a complex orthonormal basis {u;};ez., of L*(M, E) consisting of
smooth eigensections of P, with eigenvalues
0>A =224, 2.

such that 1; € Cj., for some ¢ = ¢(n, k) > 0 depending on n and k.

Proof. A rough idea of the proof is the following. Inverting the symbol gives a
pseudo-differential operator that is homogeneous in £ *. Construct an almost-inverse
P! to P. This operator smooths out functions, implying the first item. The second
item is a consequence of the spectral theorem for compact operators. ]

41
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The operator D = PP* + P*P obeys the conditions of the previous theorem. A
generalized Laplacian is, in general, not symmetric nor positive, only at higher order.
However, a generalized Laplacian is of the form

DY +F

where DV is symmetric and positive, and F is of order 0.
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