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Optimal mechanism in bilateral trade |

@ Mpyerson-Satterthwaite setup
e for simplicity: ¢ and v are uniformly distributed on [0, 1]

@ envelope theorem:
o Us(c) = Us(1) + [Z Ey[y(v,x)] dx

= Ts(c) = Us(1) + [ZEy[y(v,x)] dx + E,[y(v, c)]c
o Up(v) = Ug(0) + [y Ecly(x,c)] dx
= Tg(v) = vE[y(x, c)] — Up(0) — [y Ec[y(x, c)] dx

@ budget constraint (in ex ante form):

/0 U5(1)+/ Eu[y(v, )] dx + Eu[y(v, ¢)]c de

< /0 vE[y(x, c)] — Ug(0) —/0 Ec[y(x, c)] dx dv
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@ budget constraint (in ex ante form):

/0 Us(1)+/ E,[y(v,x)] dx + E,[y(v, ¢)]c dc

< /0 vE[y(x, c)] — Ug(0) — /OvEc[y(x, c)] dx dv

@ use integration by parts to eliminate double integrals:
1

U5(1)+/ 2E,[y(v, c)]c dc < —UB(O)—l—/ Ec[y(v,c)](2v—1) dv

Us(1) + Ug(0 // v,c)(2v —1—2c) dv dc
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@ objective:
fol fol y(v,c)(v —c) dv dc
@ constraints:
e budget balance:
Us(1) + Ug(0) < fol fol y(v,c)(2v —1—2c) dv dc
@ monotonicity:
e E,[y(v,c)] non-increasing in ¢
o E.[y(v, c)] non-decreasing in v
e participation:
e Us(1)>0
o Ug(0) >0
o feasibility: 0 < y(v,c) <1
e variables: y, Us(1), Ug(0)

e what is optimal Us(1), Ug(0)?
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@ Lagrangian relaxed problem:

// v,c)(v—c+ AN2v—2c—1)) dvdc

. 1 ifv—c>X/(1+2)
yi(v,c) = / )
0 else

@ )\ such that budget balance constraint holds with equality:

1-M/(142)) 1
/ / (2v—-1—-2c)dvdc=0
0 c+A/(142))

1 fv—c>1/4
& =1/4 = *(v,c) = -
1+2’\ / v ) {O else

@ monotonicity: v’
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@ "second best™ trade if and only if v — ¢ > 1/4

@ compare to equilibrium in linear strategies of the double
auction (exercise 2c for lecture 5)



Many buyers and sellers: setup

@ n buyers and m sellers

@ buyer / has unit demand and valuation v; (private
information)

@ seller / has unit supply and costs ¢; (private information)

@ which trades are efficient?



Many buyers and sellers: efficiency

e order valuations (relabeling buyers if necessary):
ViZ Va2V,

@ order costs (relabeling sellers if necessary):
<<=y

@ draw supply and demand



Many

buyers and sellers: almost efficient trade

let k be such that vy > ¢ but vii1 < Craa

o efficiency: buyers 1 to k trade with sellers 1 to k
"almost efficient mechanism'™

e buyers 1 to k — 1 trade with sellers 1 to kK — 1

e buyers pay price vy, sellers receive ci
show: almost efficient mechanism is (dominant strategy!)
incentive compatible and produces budget surplus
assume that v; ~ ® with strictly positive density on
support [a, b]
assume that ¢; ~ W with strictly positive density on
support [c, d] with [a, b] N [c, d] # 0

Efficiency in almost efficient mechanism is arbitrarily close to
first best efficiency as m, n — oo.



Public good problem with many players: setting

@ public good is either provided, x =1, or not, x =0

@ [ players with private valuation 6;

@ 0; are independently uniformly distributed on [0, 1]

@ costs of public good are ¢/ with0 < c <1

@ outside option: 0

@ direct mechanism: (x(0), t;(0))

@ participation constraint: U;(0;) = Xi(0,)0; — T:(6;) > 0
@ ex ante budget balance: Eq [ . t;(0)] > Eg[x(8)]c!



@ incentive compatibility is equivalent to

e envelope theorem: U(# fo i(
e monotonicity: X; mcreasmg in 6;



budget balance |

Z t;(6)
-y / (00 dby > Bylx(0)]cl

> Ey[x(6)]c!

&y /0 X600 — UA6:) d6: > Eolx(0)]c]
&y /0 X600 /0 " Xi(s) ds d; > Ey[x(8)]cl
& Z /01 Xi(0;)(20; — 1) d6; > ZEQ[X(H)]C

< Ky

> x(0)(26; -1 c)] >0
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& By |Ix(0)> (20, —1—c)/I| >0

1

@ as | — oo, (D.:(20; — 1 —c))/I converges to
Ey [20; — 1 — (]

o Eg 20, —1—c] <0

e if | — oo, budget balance holds only if x(¢) = 0 with
probability 1 as set of § where (>_.(20; —1— <))/l >0
has zero probability in the limit

@ in the limit, > . 0; — c is strictly positive with probability
lifc<1/2

@ large number of players amplify the free-rider problem



Public good: Welfare maximizing mechanism

max [Eg
X

x(6) >0 - c}]

i

s.t.: [y

> x(0)(26; -1 c)] >0

i

L=E

1

x(0)) {0 —c+ A28 —1— c)}]

0 else

A
x*(@):{l Ziei—CZH__AZil_Qi

A* such that budget balance constraint holds with equality



Public good: Welfare maximizing mechanism
example

e for ¢ = 1/4 (all values are rounded):

| A/(1+X) | prob x* =1 | prob x® =1
2 0.31 0.63 0.88
3 0.45 0.54 0.93
4 0.54 0.46 0.96
5 0.6 0.4 0.97
10 0.76 0.21 ~




Why ex ante BB is equivalent to ex post BB |

We used the ex ante budget balance: In expectation, the
transfer the seller receives equals the transfer the buyer pays.
The expected transfer of the citizens equals the costs of the

public good times the probability that it is carried out. Ex post

budget balance means that the budget is balanced for every
single type vector. Clearly, ex post budget balance implies ex
ante budget balance.

For the setting with quasi-linear utility and independent types
that we looked at here, there is a general result that says: If
we have a direct mechanism that is incentive compatible,
(satisfies participation constraints), and ex ante budget
balanced, then there are transfers that maintain the properties
of this mechanism (incentive compatibility, participation
constraints, same allocation for every type vector) but add ex
post budget balance.
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The proof is as follows: Take the public good setting for concreteness
and take some mechanism (x, t). Now we designate player 1 as the
budget balancer and change his transfers in the following way

#(0) = t1(0) — [-x(0)cl + Xy ti(0)] + Eo_, [-x(0)cl + 3oy i(6)|61]
Note that — given #; — the expected value of the transfer did not change.
In fact, player 1 is asked to cover the amount of the budget deficit that is
above (or below) the budget deficit one would have expected conditional
on player 1's type. Hence, T; and U; did not change and therefore
participation constraint and incentive compatibility of player 1 still hold.
For player 2, modify transfers to

B(0) = ta(0) — Eg_,[-x(0)cl + 31_, t:(0)|61]. By ex ante budget
balance, the expected value of Eqy_, [—x(0)cl + E,I':1 t(0)]041] (taking
expectation over 6;) is non-negative. As the term added does not involve
0>, incentive compatibility is not affected. Hence, T, and U, did not
change and therefore participation constraint and incentive compatibility
of player 2 still hold.

For all other players #; = t;. Adding all transfers then yields
> ti(0) = x(0)cl, i.e. ex post budget balance.
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