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1 Model

A monopolist seller can produce a quantity ¢ € R, at costs ¢(¢) where ¢ is an increasing
and convex function. There is a single buyer whose valuation for quantity ¢ is denoted by
v(g,0) where v is assumed to be three times continuously differentiable[l] Here 6 denotes
the consumer’s “type” — which is private information of the consumer and not known by the
seller. From the seller’s point of view, the type is distributed according to some distribution
F with continuous density f on the support [0, 1].

It is furthermore assumed that v, > 0 (“more is better”) and v, > 0 (“higher types have
a higher marginal utility”) as well as v(0,q) = 0 (“zero valuation for zero quantity”). The
assumption vy > 0 is well known under different names (“single crossing condition”, “Spence-
Mirrlees condition”, “constant sign condition”). This condition will play a major role in the
proof of lemma [I] below.

As the seller does not know the buyer’s type, he will offer a whole “menu” of choices. A
menu is a list of price-quantity pairs from which the consumer chooses one (which means
that he gets the chosen quantity and has to pay the corresponding price). Put differently,
the seller offers a price function which gives for every quantity the consumer might want, the
price he has to pay.

The task is now to find the price function (or the menu) that maximizes expected profits.

2 Revelation principle

The first step, in this derivation is to apply the famous revelation principle which implies in

this setting that it is without loss of generality to concentrate on menus (g(-),t(-)), where

T use “valuation” and “willingness to pay” interchangeably. In particular the payoff of a buyer of type 6
when buying quantity ¢ at price p is v(g,60) — p, i.e. utility is assumed to be “quasi-linear”.



q(0) is the quantity a type 0 receives and t(0) is the price a type 6 pays, which are “incentive
compatible” and satisfy the “participation constraint”. Incentive compatibility means that
every type 6 € [0, 1] finds it optimal to truthfully announce/reveal 6 if he is faced with the
following problem: “Tell me a type 0 € [0, 1] and you will then get quantity q(é) but you will
have to pay t(d).” Individually rationality meand that v(¢(0),6) — t(0) > 0, i.e. every type
is at least as well off consuming ¢(6) at price t(0) as he would be when consuming nothing
at price 0.

You may have expected to try to find an optimal function p(q) that assigns to every quan-
tity a price but it turns out that the problem of finding the optimal ¢(#) and () that satisfy
the constraints of incentive compatibility and the participation constraint is mathematically
simpler. The revelation principle tells us that the two problems are interchangeable. If you
think a bit about it, that is actually not that surprising: Take some function p(q). If the
buyer has to choose from this function, every type will have some optimal choice ¢*(#) and he
will pay price p(¢*(0)). If we define, ¢(0) = ¢*(0) and ¢(0) = p(q*(0)), then we have functions
g and t that yield the same outcome as the p(¢q) with which we started and are incentive
compatible (think for a minute about it if incentive compatibility is not clear) ]

Finally, let us be a bit more precise what incentive compatibility means mathematically.
I will call a pair of functions ¢(f) and t(f) — each mapping from [0, 1] to R, — a “direct
revelation mechanism”. Such a direct revelation mechanism is incentive compatible if for

every 6 € [0, 1] and every 0 [0, 1] the inequality

A ~

v(q(8),0) —t(0) > v(q(9),0) —t(6)

holds. (The left hand side is the payoff of a type 6 getting quantity ¢(6) while paying ¢(6).

A~ ~

The right hand side is the payoff of a type 6 getting quantity ¢(f) and paying ¢(6).) The

direct revelation mechanism satisfies the participation constraints if the inequality
v(q(0),0) —i(6) >0

holds for all types 6 € [0, 1].

Our task is therefore to maximize expected profits, namely

/0 £(6) — c(q(6))]£(6) O

subject to the participation and incentive compatibility constraints. Here you will realize

that we run into a problem: we have infinitely many constraints! (recall that for each 6 and

2We can ensure that the participation constraint holds by adding the point (0,0) to the menu.



each 6 we have one incentive compatibility constraint...). To deal with this, we need to
do something clever. What we will show is that a direct revelation mechanism is incentive
compatible if and only if it satisfies two conditions (which are a bit simpler than the original

incentive compatibility constraints):
1. an “envelope condition” (defined below)

2. a monotonicity constraint, namely ¢(#) has to be weakly higher for higher types.

3 Deriving the envelope and monotonicity condition

Now, take a direct revelation mechanism consisting of the two functions ¢(6) and #(#) and
for now assume that it is incentive compatible. We define U(0) = v(q(0),0) — t(0). As the

mechanism is incentive compatible, the following holds for any two types 6’ and 0":

v(q(0'),60") —t(0') = w(q(0"),0') —t(6")
v(q(6"),0") —t(0") = wv(q(6),0") —t(¢).

These two conditions can be rewritten as

u) = U6") —v(q(0"),60") +v(q(6"), 6
U") = U —v(q(0),8) + v(q(6"),0").

Rearranging these two inequalities gives

S
—
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—
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S
—
R
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—u(q(0"),0") +v(q(0"),6")
ue) —ue") < wv(q(?),0) —v(q(6),0").

Assume 6’ > ¢”. Then combining these two inequalities gives

U(Q(H”)ﬁ;), - Z/(/Q(Q”),Q”) U (9;)/ - g/w") < v(fJ(9’),9;)/ - Z/(/q(Q’)ﬁ”)‘ (1)

Now we derive the monotonicity constraint:
Lemma 1. In every incentive compatible mechanism, ' > 0" implies q(0") > q(6").

Proof. implies that

v(q(6"),0') — v(q(0"),0") < v(q(8),0') — v(q(¢),0")



(recall that 8 — 0" > 0 by assumption). The last inequality can be rewritten as

/0 ve(q(0"), ) dxg/ ve(q(0"), z) dx

11 6//

which in turn is equivalent to

q(0’) ¢’
0< / / Uq@(yv I’) dx dy
q(9//) 0//

By the assumption vg > 0, the integrand of the previous expression is strictly positive
everywhere. But then the previous inequality can (by #” < €') hold only if ¢(6”) < ¢(¢').
(Remember that fab == [0

Since the types 6’ and 0” were arbitrary we get that ¢ has to be monotone, i.e. higher
types lead to (weakly) higher decision. ]

Next, we derive the envelope condition. In (I, the right hand side converges to vy(q(¢'),¢’)
as 0" — 0. If ¢ is continuous at €', then the left hand side converges to ve(q(0'),0") as well.
This, of course, implies that the middle term also converges to vy(q(#'),0'). As the middle
term is U'(0), we then get U'(0) = vy(q(¢'),0").

As ¢ is monotone (see the lemma above), ¢ is continuous almost everywhereﬂ Conse-

quently, we have shown the following result:

Lemma 2 (envelope theorem). In an incentive compatible mechanism, U'(0) = vy(q(6),6)
for almost all € © and thereforfﬁ

U() =U(0) +/0 ve(q(z), ) d. (envelope condition)

We have now established that incentive compatibility implies both the monotonicity and
the envelope condition. Now we want to show the reverse: If a mechanism satisfies both the
monotonicity and the envelope condition, then this mechanism is incentive compatible.

Let t and ¢ be such that the envelope condition and monotonicity are satisfied. Take

3This useful fact follows from the following idea: At every discontinuity ¢ has to “jump” over a rational
number. If a monotone, say increasing, function had an uncountable number of discontinuities we would
therefore have to conclude that there are uncountably many rational numbers (as the function is monotone it
has to jump over a different rational at every discontinuity). The rational numbers, however, are countable.

4Here we use the fundamental theorem of calculus. Strictly, speaking we have not checked its conditions
properly. In particular, we have to verify that vg(g(6),0) is bounded and integrable. Without going into
details, let me just say that given the assumptions made this can be shown by showing that for ¢ a bounded
domain can be used without loss of generality.



arbitrary types 6" and 6”. Because v, > 0, monotonicity of ¢ implies that

q(x)
/ / vg0(y, x) dy dx > 0. (2)
0 (0//)

(The trick is that monotonicity implies ¢(z) > ¢(0") for all z € [0”,0'] if ' > 0". If ' < ¢",
then we can rewrite the expression above as f:,// qu((j)ﬁ) ve0(y, x) dydx > 0 and monotonicty
implies then that ¢(x) < ¢(6”) for all x € [¢',6"].)

Rewriting gives

/0 va(q(z), z) — ve(q(0"),x) dx > 0.

1

By the envelope condition f;,: vo(q(z),z)dx = U(0") — U(0"), and therefore the previous

expression is equivalent to
U0 —U(6") — v(q(6"),0') + v(q(6"),6") 2 0
Rearranging gives
U(0") = U(0") + v(q(0"),0") — v(q(0"),8") = v(q(6"),0') — £(0").

But this is exactly the incentive compatibility conditions for 8" and #”. Since 6’ and 0" were
arbitrary, the mechanism is incentive compatible which is what we wanted to show.

Hence, we conclude that incentive compatibility is equivalent to envelope condition and
monotonicity condition. In our profit maximization problem we can use envelope and mono-
tonicity condition as constraints instead of the infinite number of incentive compatibility

conditions.

4 Profit maximization

Note that — by plugging in the definition of U(f) — we can express expected profits also as

/0 [0(q(6),6) — c(q(6)) — U(B)]£(6) db.

(Verbally: profits are welfare minus the “rent” of the buyer.) As the envelope condition is
stated in terms of U rather than ¢, we will use this form where we substitute out ¢t and choose

U instead. We can later use the definition of U to get ¢t as soon as we know U and gq.



Our profit maximization problem, therefore reads

masx [ 10(a(6).6) = c(a(9) - UO)1(6) o

a().U(
subject to the constraints
e U(B)=U(0)+ fog vg(q(z), z) dx (envelope condition)
e ¢ is weakly increasing (monotonicity constraint)
e u(f) >0 for all § € [0,1] (participation constraint).
To simplify matters, we first plug the envelope constraint into our objective which yields:

max / [0(q(6), 0) — e(q(0)) — U(0) — / vsla(), x) dal £(6) d

q(),U(0)
subject to participation and monotonicity constraint. Admittedly, the objective is a bit ugly

as it includes an integral inside an integral. We use a small aside (using integration by parts
to simplify) ]

1

/01 /Oeve(Q(x),:L’) dx f(0)df = [/0909((1(95),;1;) da:F(G)] —/Olva(q(e)’g)p(g) do

0

= [ wlat@)ayde 1= [ wnia@).0)F®) as
- / (1— F(6))s(q(6),6) df

This allows us to rewrite our profit maximization problem once more as

1-F())
F(9)

subject to participation constraint and monotonicity constraint. Now given this objective

max)/o [v(q(0),0) = c(q(0)) — U(0) vo(q(6),0)].f(0) db

a(-),U(0

clearly we want to choose U(0) as low as possible. By the participation constraint, however,
we cannot choose a negative U(0). Hence, the optimal U(0) has to be 0.

This leaves us with the maximization problem

1 — F()
f0)
5The “parts” are (i) ﬁf vg(q(x), z) dx and (ii) f(6). To take the derivative of the first part with respect to

0, recall that a derivative of an integral with respect to its upper boundary is the integrand evaluated at the
upper boundary.

max/o [v(q(8),0) — c(q(0)) —

a() vg(q(0),0)]f(0) df




subject to the monotonicity constraint.

The final trick will look a bit weird but it is in fact the standard way to proceed in
the literature: We will ignore the monotonicity constraint and later find assumptions under
which this constraint is not binding and can therefore be ignoredﬁ

Of course, even this leaves us with the daunting task of choosing the function ¢ that

maximizes fol [v(q(0),0) —c(q(9)) — %gge)vg(qw), 0)]f(6) df. However, this problem is much

simpler than it might look at first. The solution is to maximize the integrand “pointwise”, i.e.

for each 6 we choose the ¢(#) that maximizes [v(q(6),0) — c(q(0)) — 1}f;()9)v9(q(9),0)]f(0)

The solution has therefore to satisfy the first order condition

1-F(0)
f(9)

Finally, I want to state some assumptions under which (i) the first order condition has

vq(q(6),0) = co(9(0)) vgn(¢(6),0) = 0. (3)

a unique solution and therefore defines the optimal ¢(#) and (ii) the neglected monotonicity
constraint does not bind. As for (i), we can assume vy, < 0 and v, < 0 which implies
together with the convexity of ¢ that the maximization problem is strictly concave. For
(ii), it is customary to assume that F' is a distribution for which f(6)/(1 — F(#)) (the so
called “hazard rate”) is non-decreasing (this is true for the uniform, the normal and many
other distributions) and v, > 0. If you apply the implicit function theorem to the first
order condition , these assumptions guarantee that the implicitly defined solution ¢(#) is

strictly increasingﬁ

5Yes, it is possible to solve problems where the monotonicity constraint is binding. However, this is
mathematically not so easy and beyond the scope of this course. Consult (Bolton and Dewatripont), [2005]
ch. 2.3.3) if you want to know a bit more.

"If this appears strange, think about a simpler problem, say max,, 4,45 @1(q1) * f(1) + a2(g2) * f(2) +
as(gs) * f(3) = maxy, 45,04 E?Zl a;(q;) f (i) where a1, as and a3 are some functions and f(1), f(2), f(3) > 0
are some weights. Clearly, you will choose the ¢; that maximizes a1, the g2 that maximizes as and the g3 that
maximizes ag — each ¢; affects a different part of the sum and therefore the maximization problem can be
separated into three independent sub-problems. We are doing the same with the integral. . . just that we have
an integral instead of a sum. But if you remember high-school mathematics, you might recall that an integral
is simply the limit of a sum (I like to call an integral a “fancy sum” though this is admittedly a bit loose)
and therefore there is actually not much of a difference between the simple problem and the optimization
problem in the main text.

8 Alright, if you really want to see it: the implicit function theorem yields

P di=F
— f
Vg — 7 Vg6 — a0 Vg6

q'(0) = -

Vgq — Cqq = ~F Vqqt
where I left out the arguments of the functions for better readability. Our assumptions ensure that all terms
in the numerator are non-negative (and the first one is strictly positive) while all terms in the denominator
are non-positive (with the first one being strictly negative). With the minus in front, the fraction is therefore
strictly positive.



5 Bringing it finally together

Now, under our new assumptions, equation implicitly defines the optimal ¢(6). By plug-
ging this optimal ¢() into the envelope condition (and recall that U(0) = 0), we get U(0)
in the optimal menu. From the definition of U, i.e. U(0) = v(q(0),0) — t(f), we can then
calculate t(#). And there we go: we have the menu maximizing expected profits!

Ok, you are still not happy and want the optimal price schedule p(q). Well easy: For
every g such that ¢(#') = g for some type ¢’ € [0, 1], the price is ¢(¢") ]

5.1 A numerical example

All of this is probably easier if we use an example. Let’s say v(q,0) = (1 +0),/q, c(q) = q
and let F'(f) = 6 (i.e. we use the uniform distribution on [0, 1]). Check that indeed all our

assumptions are satisfied then. The first order condition becomes then

1446 _1_1—9 1

2 /0@ WO

which can be solved for ¢(6) as

q(f) = 6°

which is clearly strictly increasing in 6. Finally, U(0) = foe Va(x)de = foa xdz = 6?/2 which
gives t(0) = v(q(0),0) — U(0) = (1 + 0)V02 — 0%/2 = 6 + 6%/2.

If one wants to derive the price function p(q), note that quantity ¢ € [0, 1] is bought by
type /g and therefore the seller charges for quantity ¢ a price of t(\/q) = /g + ¢q/2. We
therefore get that p(q) = \/q+ ¢/2 for ¢ € [0, 1] (and prices are sufficiently high for ¢ > 1 so
that no type wants to buy such high quantities).

6 Some further remarks

6.1 “Single crossing” and monotonicity: A graphical explanation

The utility of type € when getting quantity ¢ and paying price ¢ is v(q, 8) — t. Think of the
consumer’s indifference curves in a ¢,t diagram. Recall that an indifference curve are all the

points (q,t) such that v(q,0) —t = U for some constant U. The slope of the indifference

9For all other quantities (i.e. those bought by no type in the optimal menu), we charge a price sufficiently
high that no type would eve want to buy these quantities.



curve in a point (g, t) is
dt

d_q . = v4(q,0)

as can seen from rearranging the equation defining the indifference curve as t = v(q,6) — U.
Intuitively, if we give the consumer one (marginal) unit more, then he is willing to pay v,(q, )
for this additional unit. Hence, we have to charge him v,(q, #) more if we want to keep him
indifferent to the starting point.

The single crossing assumption v, > 0 states that higher types have steeper indifference
curves. That is, if the indifference curves of types 6’ and §” < ¢ intersect in one point (¢, ')
then the curve of 6" will be steeper and therefore intersect the curve of §” “from below” (that
is the €' curve is below (above) the curve of §” for lower (higher) ¢ than ¢’). Since this is true
for any intersection, a given indifference curve of type ' can intersect a given indifference
curve of type 6” only once: Suppose it intersected twice. By what we just said it would have
to intersect both times “from below”. But as indifference curves are continuous["| this implies
that in between there must be an intersection “from above”. An intersection from above is,
however, impossible by vg > 0. This contradicts that there is more than one intersection.

This is where the name “single crossing” comes from.
t

]Cg/

(a(0"),(0")) e

Figure 1: Single crossing and monotonicity: Indifference curves of " and 6” < ¢’ through the
contract (q(0"),t(6"))

How does this help us to obtain our monotonicity result? In figure[I]I draw the indifference
curves of two types, 8" and ¢ with 8’ > 0", passing through the contract (¢(6”),t(6”)) intended
for 7. As 6’ > 6", we have drawn the indifference curve of ¢ — labeled ICy — steeper than
the indifference curve of 6” — labeled ICy». (This is the role of the single crossing condition

vgo > 0 in the figure.)

10Continuity of the indifference curves follows from the assumed continuity of v.



Where can the contract of type 8" be if we want the menu to be incentive compatible? In
order to be incentive compatible, &’ has to prefer his own contract (q(8'),¢(0")) to (q(8”), t(0")).
Hence, (¢(¢'),t(¢")) has to be below ICy (recall that right bottom is the direction which
the consumer likes better in the ¢,¢ diagram: get more, pay less). Incentive compatibility
furthermore requires that 6" prefers (q(6"),t(0”)) over (q(0'),t(0")). Hence, (q(0'),t(0")) has
to be above ICps. Taking these two requirements together, (¢(6'),#(6")) has to be in the
shaded area in figure 1| Note that all points in the shaded area have a ¢ above ¢(0”). Hence,

q(0") > q(0") for any incentive compatible menu — we obtain the monotonicity condition.

6.2 Some remarks on local and global incentive constraints

Both envelope and monotonicity condition can be regarded as local constraints. That is,
under the single crossing assumption, a type does not want to misrepresent as another type
if and only if he does not want to misrepresent as a “closeby” type. Put differently, if we
design a mechanism in which no type is able to benefit from an ¢ deviation, then no type
can gain froman arbitrary misrepresentation.

To see the local nature of the constraint it is useful to look at the special case in which
the function ¢ is continuous and differentiable. In this case, monotonicity and envelope
condition can be derived from the first and second order conditions for a local maximum in
the optimization problem of the consumer: The type announcement problem of type 6 can

be written as

mgxxv(q(é), 0) —t(6).

A ~ A~

This problem has the first order condition v,(¢(6), 0)ge(6)—ts(f) = 0. In an incentive compati-
ble mechanism, the optimal type announcement is the true type and therefore v,(q(), 8)qo(6)—
to(6) = 0. To get to the envelope condition, recall that U(6) = v(q(#), ) —t(#) and therefore
U'(0) = vp(q(8),0)+vy(q(0),0)q9(8) —te(6). By the first order condition, the difference of the
last two terms is 0 in every incnetive compatible mechanism and we get U’(6) = vq(q(0), ),
i.e. the envelope condition.

To get the monotonicity condition, consider the second order condition for a maxi-
mum in the consumer’s type announcement problem: vy,(q(8),8)qs(8) + v4(q(8),0)qes(8) —
teo(0) < 0 where the left hand side has to be evaluated at the optimum 6 = 6 (ie.
assuming incentive compatibility). By the previous paragraph, the first order condition
v,(q(0),0)qs(0) — te(#) = 0 holds for every type in an incentive compatible mechanism.
Hence, the derivative with respect to 6 of the left hand side has to be zero and we ob-
tain vye(q(8),0)qe(0) + v4q(q(0),0)qa(8) + v4(q(8),0)qee(0) — tee(#) = 0. Plugging this back
into the second order condition, the second order condition (evaluated at # = 6) becomes

10



—0g0(q(0),0)qs(0) < 0. By the assumption vy, > 0, this can only hold if go(f) > 0, i.e. the
monotonicity constraint.

What we have shown is that in an incentive compatible mechanism the envelope and
monotonicity constraint hold because they are equivalent to the first and second order con-
dition for a local maximum in the type announcement. The striking result that we showed
in section 1 is that these two constraints are also sufficient for incentive compatibility, i.e.
the conditions for a local maximum imply a global maximum in our type announcement
problem. This property holds only under the single crossing condition vg > 0. That is, if
this condition is violated, then complicated non-local incentive constraints can be binding
(e.g. type 0.5 may be indifferent between his menu point and the menu point of type 0.3 in
the optimal mechanism). As this problem is much less tractable, solutions are known only

for special cases, see Araujo and Moreira (2010) and Schottmiiller| (2015)).
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