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Course Information

Material can be found on GitHub

Prerequisites: High school level math knowledge

Solve linear and quadratic equations

Take derivatives and know their interpretation

Integrate simple functions

What is a distribution

Calculation of expected value and variance

Refresh your knowledge if necessary

Contact Address: hornberger@wiso.uni-koeln.de



Advice for Understanding the Material

Work on the exercises beforehand (but do not be discouraged

if you cannot solve them)

Study in groups if that is beneficial to you

Solve the exercises yourself after the exercise session

Make sure you understand and can apply the mathematics
steps/tools as well as the economic concepts and intuition
taught in the lecture

The exam will ask you to transfer your built up knowledge to

new exercises

Ask questions if anything is unclear



Exercise 1

1. Recall the notion of a random variable and how to compute the

expected value of discrete and continuous random variables.

2. Let X and Y be two random variables with Y ⇠ U([0, 1]) and

X taking a value of 1 with the probability 0.4 and a value of 0

with the probability 0.6. Calculate E(X ) and E(2Y ).

3. Consider the random experiment ”rolling a regular die once”

and define a random variable Z that gives the number that is

rolled. How is Z distributed? Assume that you receive a

payment of z2
when the die shows the number z . What is the

expected payment you get?



Randomvariabk.lt
variable whose possible Value s are numerical

Outcomes of a random phenomenon .

Typically represented by a Capital letter (e.g. X , Y )

1- random variable ✗ is a map ×
: I → IR

←
Set of events that
can OCWR

→ Two types : discrete and Continuous random variables



EIIE.TL?sibIi:F-mesieuentsiswuntabk
-

→ finite number of distinct values

Example : number of patient in a doctor's Office on
-

a given day

Expectedvaluvaluesnm.EU/I--Exi-Pp!EasE.'-+yi--1
where ×

, . .
.

,
in are the valves that ✗ can take



Examplesuppd.ca variable ✗ can take the valves 1
, 2,3 or 4 .

The probabilities associated with each Outcome are
described by the following fable :

Outcome 1 2 3 4Probabilityfo.it/Q3/Q4/Q2-
What is the expected Value ?

F- (X ) = 0,1 . 1 + 0,3 . 2 + 0,4-3+0,2 . 4 = 2,7



www.uousrandomvaria#
↳ there are infinity Many possible Outcomes
-

Example : Wight of a Person or weight
1- Continuous random Variable is not defined at specific
Value S .

lnstead
,
it is defined over an internat of Value s and is

represented by the area under a Curve (integral )

The probability of observing any Single value is 0
,
since

the humber of values the random variable Could take
is infinite .

Expected Value :
-

b

F- (X) = fx . fast DX

a w

probability density function (pdf) of ✗

↳ give the probability density at each point in the internat



Examp.IS
-ppose ✗ is a Continuous random variable
defined on the intervall [0,1]

pdf : f- (x ) = 2x for 0 ≤ ✗ ≤ 1

fcx) = 0 otherwise

What is the expected Value ?

F- (X) = § ✗ . fcxldx = [ × . Zxdx = [ 2×2 dx = [3×3]!
a

°

-

= Ig

(
integration :

" dx = n¥×
"



ET
E(

P (✗ = 1) = 0,4

PCX = O ) = 0,6

F- (X) = :-& xi.PH/--xi ) = 0 . 0,6 + 1. 0,4 = 0,4



I-FC2Yi@YnUlCO.t ] ) → Uniform distribution
↓

is distributed as

cumulative distribution function : cdf

Givestheanswerto.it
'

What is the probability that Y is weakly less
than some wahre y

? "

Fly ) = 0,3

↳ The probability of Y being less than
y
is 0,3 .

The derivative of F is Called the probabilityE (f)



For ✗ ~ 0,1 ] )

¥d: O for y
< O

Fly ) = { Y y
c- [0,1]

^
y
> 1

pdf-if.ly ) = {
^ ✗ c- ( 0,1]

0 else



Any internat of numbers of equal length has an

equal probability of being observed
.

Gangolf Fix an internat of length 0,1 .

The probability that y falls in the subinterval

[0.2
,

0.3 ] is the some as the probability
that

y falls in [ 0.55
,
0.65]

.

y§
"" "° ↑" """ "" € "°" ""

Orange area is equal to 1



b

F- (Y ) = f y fly ) dy = § yfajdy = [ y .
1 dy = [ Ey

?

] !
a

= ¥ . 1 2+ ¥ . 0 = 12

F- ( 2x) = § 2g . fcyldy = § 2g . 1dg = [y
2
]! = 12-02=1



1.30 Random experiment : roll a regulär die Once

What is the Set of Outcomes ?

D= {1,23
,
4

, 5,6}

Before a random variable Z :

z : 1 → R

How is 2- distributed ?

The die is regulär
⇒ Z ~ Unit ( { 1,2 , 3,4

,
5,6})

→ Uniform distribution in the discrete case



2-
2
is the random variable that defines our payment .

Expected Payment :

6

E- ( ZZ ) = § i
2 Plz -- i )

= 1
? f- + 2? f- + 32 - f- +42.01 +52 . f- + 62¥

= f- ( 1 +4+9+16+25 +36 ) = f- ' 91

= 15,1667



Exercise 2

1. Let f (x , y) = y2 ln(x)� y . Compute
@f (x ,y)

@x and
@f (x ,y)

@y .

What is the geometric interpretation
@f (x ,y)

@x ?

2. Recall the definition of concave functions in one real variable.

3. Compute max
x2R

g(x) with g(x) = �2x2 + 32x + 7.



☒ Partial derNatives :

fcxiyl =

y
? link) -

y

= gz - ¥ - o = ,¥

= 2g Enix) - 1



Geometricintepretation.HUdoes a function charge with respect to one of
its independent variables while Keeping the other

independent variables constant
.

For % ?



2.1: 3D Plot

For a

fixed Y ,

\ % is just

the Slope of

the red eine



④
Defrniti.org A function f is Called concave

,

if

f- ( 2x + (1- 2)y ) ≥
2. flx ) + (1-2) fly )

→ If you draw a straight line Connect
-

ng any two point
on the graph of the function ,

the line will always
be below the graph.

fcx) ^

¥4
For differentiale functions : f concaue ⇔ f

"
≤ 0



2.JO
max 9k) with gcx)

= - 2×2+32×+7
✗ EIR

How do we dbive the maximum ?

First - oraler - Condition (FOC ) :

g
' (X) = 0

g
' 1×1=-4×+32 =:O

⇔ 32 = 4✗

⇔ 8 = ✗

Second- oder - Condition (SOC) :

g
" (X) < 0

g
" (X) =

- 4 < 0 ✓ ⇒ the maximum is attained at ✗ = 8

the maximum value is : 918) = -2.82 + 32-8+7 = -128 + 256+7 = 135



Some helpful notes on MathematicalÖ

Types of numbers

Natural numbers : IN = { 1,2
,
3,4

. . .
. } - . .

Integer
: # = { 0, -1,1 ,

-2.2
,

-3
, } . .

. }

Rational numbes : @ = {¥ :p E #
, q c- IN}

Real numbers : IR alt rational and irrational nurnberg

Summation Sign :

→ abbreuiation of a Sum

€m hi : =
am + am+ ^

+ am +2
+ . . - + an Where a ; ER for all i



Calalations with fradions

→ numerator

→ denomination

Muttiplication : % . § = ab÷
Addition : G- + § = ¥

Addition without the samedenominalor : 9- + d≤ = %dd-i-bb.at = "%I

Division : G- :& = a÷ = f- .

= :#



Power Laws

a

°

= 1

a
'
= a

Mtn

am . a
"
= a

(a)
"
=
am
"

a

"
.
b
"

= (ab)
"

a

"

= ¥
a
"

F = an
- m

±
= Tat

a

≈
= TEa



Saving equations

p-q-t-ormula.it+ px + q = 0

⇒ * =
- I ± TIEF

Büromaterial
axb )

<
= a

2
+ Lab +

b2

la - b) 2
= a

2
- Lab + b2

(axb) . ( a -b) = az -b2



Piecewise Functions

0
, ✗ ≤ 1

f- (x ) = { ^ < ✗ ≤ 5

fix,
^

± '

5 <×

" -

1-
3 -î



Differentiation Reles

fY|f◦ < is a wnstant ( c c- IR)

×

"

↳
" ^

2+-0

et ei

lncx ) | ¥

Example : fcx) = X
"

,
f- '

(x) = 4×3
-

f- ( x ) = ¥ = ✗
-5

,
f-

'

(x) = - 5×-6 = - ¥
fcxl = JA = ✗

£
,

f-
'

(X) = Ex
-% ¥



Sum / Difference Rule : (ftg )
'
= f-

'

± g
'

Example : (✗ 2+3×1 = 2×+3

"" " = " "
" " ""

Example : (2×2) '
= 4.x

Product Rule : (f. g)
'
= f

'

. g + f -9
'

Example : ( lncx ) • 2x ) '
= ¥ . 2x + lnlx) . 2

Quotient Rule :(§) '
=

ft-9g-zf-9-f.org/--0c-xampu:K#--EYIY-2'="¥ ="÷



chai-R-klglf.CH/)l=g' ( f- (x) ) . f
'

( x )
- -

exteior deivative inner deivative

Example : ( lncx? ) )
'

= ¥ . 2x = ¥- = ¥



Integration : Power Rule

Power Rule : fx
"

dx = 1- ✗

" + ^

-

Example : 9×3 dx = f- ✗
4

Example : /☒ dx = 1¥ ✗

£+1
= } ✗

?


