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Questions?



Exercise 1

Assume that the utility function ui represents i ’s preferences over a

set of alternatives X = {x1, x2, ..., xn}. Show that

a) i ’s preferences are transitive;

b) the function vi denoted by vi (x) = f (ui (x)) also represents i ’s
preferences if f is a strictly increasing function.

c) Assume now that there are only 2 alternatives, i.e.

X = {x1, x2}. Assume that there are 2 people in the society

and person 1 prefers x1 over x2 while person 2 prefers x2 over

x1. Choose some utility functions u1 and u2 to represent their

preferences. Assume that society chooses the alternative x

maximizing u1(x) + u2(x).

Which alternative does society choose with the utility
functions you chose?
Show that a transformation as in the previous subquestion can
change society’s choice. What is the problem and how does it
come about?



☒
What does theTü Ui represerts i 's preferenasmean?

Ui ruprechts individual its preferences means

×, ≤ Xz ⇔ 4- (Xs ) ≥ 4- ( Xz ) for all ✗„ xz in✗
-

Xi isw over Xz
is a number in IR

Example :

-

Person i weakly prefes an apple over an Orange .

⇔ Person i's utility from an apple is at least as high as from an
orange

e. g. 4- ( apple) = 10 , Ui (Orange)
= 5 Ui / apple) > Ui (Orange)



What are-transiiepreferenc.es ?

i '
s preferences are transitive

,
if

✗ ^ ≥ ✗
z and ✗z ≥ X3 then ×

,
≥ ✗

3

for all ✗ 1 , Xz ,
✗
3
in ✗

↳ Set of alternatives

wewanttoshow.lt
i ' s preferences can be represented by a Utility

function
,

then the preferences are transitive .



Profite
vs assome that ×, ≥ ✗a and Xz ≥ ✗

3 for

some X1
,
Xz

, Xz in × .

As the preferences can be represented by ui
,
we know that

Vi (Xs ) ≥ Ui (✗a) and Villa ) ≥ U :( X3)

⇒ vi ( Xs ) ≥ ui Hat ≥ Vi (X3 )
→ au of those are numbers

and in particular Vi (Xs ) ≥ Vils)

as the ≥ relation on the real humbers is lnaturally) transitive

→ This implies that ✗^ ≥ X3
. ☐



☒ " "t.fi" "" e.IT?f....:::=iE:-E-/

We want to show :

""" = fcuiixnaesorepreseu.si,

"" "

go. ,

being

asi-YKETI.ae?F'x1Y~Xz
⇔ f-Wiki)) ≥ fluilxz ) ) for all ✗

„ Xz in ✗



We have to Show :

( i) If ×, 2×2 then fluilxe)) ≥ fluilxz))

Iii ) If flui 1×1) ) ≥ fluilxz) ) then X
,
≥ Xz

-

( i ) We know that ×, ≥ Xz :

AS u
. represerts its preferences ,

this Means

that u :( ✗ ^) ≥ Villa )

→ This impuls ftw :(Xs )) ≥ f /Villa) )
as f is Strictly inweasing



Iii )
We know that fluilxe )) ≥ flvilxz)) :

We can apply the inverse function f-
^

off

to this inequality . f-Yfcx)) = ✗ An inverse is a Action
that Serres to "Undo

" anotherfndion.

⇒ f-
"

( f / Villa ) ) ≥ f
"

/ fluilxz ) ) f
"

is also

Strictly inweasing
due to the derivat.ve

⇔ Vi (✗1) ≥ Vi (✗2) ⇔ × , & ✗
z of the inverse function

(f)
' ( fcx)) = 1-

fix )



④
1- some :

Person 1 : ↳ (✗1) = 1
,

Villa) = 0

→ Person 1 prefes ×
,

Person 2 : Walker ) = 0
, V2 (✗a) = 0,1

→ Person 2 prefes Xz

What would Society choose? (maximizevnlxltuzlx) )
un ( Xs ) + Uzlxs ) = 1+0=1

Us ( ✗a) + v2 ( ✗a) = 0 + 0,1 = 0,1 < 1

→ Society would Moose X1



Show that a transformation as in 1b ) can orange
Society 's choice

.

Now assume that person 2 reports the Utility function

Üa with Ja 1×11=0
,
Ja Hat = 10

→ Transformation by f-(x ) = 100 -✗

→ Person 2 Still prefes ✗ a

What would Society choose now ?

↳ (Xs ) + Üa (✗ ^ ) = 1 + 0 = 1

Utility is an

v1 (✗2) + Üz (✗z) = 0+10 = 10 > 1 Concept

→ Society Winehouse X2



Exercise 2

Assume that there are m people in society and society has to

choose an option from X = {x1, x2, ..., xn}. The preferences of

each member of society can be represented by a utility function ui .
Society chooses the alternative x 2 X maximizing

Pm
i=1 ui (x).

Show that the chosen alternative is Pareto efficient.



②
Pareto effizient :

-

There exists no alternative that Could make one

individual bettet off without malling at least one

individual Wwe off

We want to show :

If Society chooses the alternative ✗ c- ✗ maximrzing
m

€
,
UILX)

,
then the Chaser alternative is Pareto effizient



Paff

1- ssume Society Cheese a State YEX maximizing
& uilx)
i- ^

We want to show that y is Pareto eftiüert
.

proofbywntradictiori.be
assume that y is not Pareto effiüert

,
this Means

that there ex ists some alternative I c- ✗ that

makes at - least one Person Strictly bitter off than y
and that makes all the other Persons not worse off .



This means that one person has a higher -Utility from
IT and all Others have at least the Some Utility .

⇒ ET u:(F) > & uily ) µ5-1

This is a contradiction , since y was supposed to

maximizei.EU:(X )
⇒ y has to be Pareto effiüert

. ☐



Exercise 3

Assume i ’s preferences over lotteries on the set of outcomes

{healthy , ill , dead} satisfy the assumptions of the von

Neumann-Morgenstern expected utility theorem and can therefore

be represented by three numbers uhealthy , uill and udead . Assume

that uhealthy = 1, uill = 0.75 and udead = 0.

a) Treatment 1 leads to the probability distribution (0.3, 0.5, 0.2)

(over {healthy , ill , dead} ) while treatment 2 leads to the

probability distribution (0.4, 0.3, 0.3). Which treatment does i

prefer?

b) Show that i’s preferences over lotteries can also be represented

by the three numbers vhealthy = a · uhealthy + b,

v ill = a · uill + b and vdead = a · udead + b where a > 0 and

b 2 R are some real numbers.



3 Set of outcomes : { healthy ,
ill

,
dead}

uhealthv = 1
,

ui" = 0,75
,

udead = 0
Treatment 1 :

-

Probability distribution ( 0,3
,
0,5

,
0,2 )

heaethy ¥ !

Exped-edutitityoftr-eatment.co
,
} . ÄHM + 0,5 . Ü

"

+ 0,2 . um = 0,3-1+0,5-0,75 + 0,2 - O = 0
,
675

Treatment 2 : Probability distribution ( 0,4 , 0,3
,
0,3)

-

Exped-edutnilityoftreatmentzheau.hu
+ 0,3 . Ü" + 0,3 .

udead = 0,4-1 + 0,3-0,75 + 0.3.0 = 0,625 < 0,6750,4 . u

→ Person i would Moose treatment 1



3b vhealthy = a. uhealthyg.gs
vi
"

= a. ui
"
xb where a>0 and b c-IR

y
dead

=

a . udead +b

We want to show that Yeah
,

vi"
,

and vᵈᵈᵈ also represert its

prelerenus over lotteries on the Set of Outcomes
.

Compute expected utility from some random lottery Ip , q ,
1- p

-

q )

with P , ftp.G ,
1] prob. o!

↓

healthy Pricb. Of Prob.
"
"

of dead



Elvlp , q ,

1-p.gl/--p.vhealtY+q.vi" + (s -p - q ) . ✓

dead

=p . ( a. uhe
""

+b) +

g. ( a. Ü
"
+b) + ( 1- p - q ) . / a. u

""
+ b)

= p.bi-q.bi-l1-p-ql-b-i-a.fp.ve
-↳

+ qui
"
+

ftp.q/udead)lp+q+1-p-q).b--b
TT

= b. + a- F- ( ulp , q ,

1-p
- ql)

We can See that we just applied the transformation function fcx) = a- ✗ + b
to the old Utility .

Since f-
'

(x) = a > 0 (by assumption ) , this is a positive monotone transformation
and results in the some preteenus

↳ a Seer in exercise 1b)



c) Show by means of an example that i’s preferences are not

necessarily represented by vhealthy = f (uhealthy ), v ill = f (uill)
and vdead = f (udead) for some strictly increasing function f.

Why does this not contradict our result from exercise 1 above?



3⑤
Example : f-4) =JF

,
which is Strictly inweasing on (0,0 )

=☒ = ✗

±

f- ' (x) = Ex
- €

= f-¥ = 217>0 for × > o

Before: Malthus = 1
,

Ü
"
= 0,75

,

udead = 0

Now : vheathu = f ( uhe
""
"Y
) = Tf = 1

✓

i"

= TOI ≈ 0,866

✓
dead

= Tot = 0



Compare the two lotterie :

✓
health

= 1

Lotteryt : (O
,
1

,
O )

, Lottery 2 : ( 0,4
,

0,5
,
Q1 ) vi

"
≈ 0,866

- -

✓
dead

= 0

healthy
u

= 1

will = 0,75

Lottery 1 : udead = 0÷÷→healthy in dead
F- ( U ( O

, 1,0 ) = Du + 1 - U + O - U = 0-1 +1-0,75+0-0 = 0,75

healthy
E ( u / 0

, 4
,
0,5

,
0,1 ) = 0,4 . u + 0.5 Ü

"
+ Qiudead = 0.4-1+0,5<0,75+0,1 -0=0,775 > 0,75

→ Here
,
the person chooses lottery 2

After the transformation :

healthy deadt.ELVIO.TO/=o.v--.v-o.v=o.T+1.TH+o.T= 0,866

F- ( V ( O, 4 ,
0,5

, 0,1 ) = 0,4 -Ü
""

? 0,5 -v70.1 -V

""!
0.4.1 +0,5-0,75+0.1 . 0--0,833 < 0,866

→ Here
,
the person chooses lottey 1IFI-H-i-0.in#--flElulQ4.OiJ.Q1))The transformation was not applied to the

Whole utility function ,
but just to each of the vis Seperately .


