
I define the following variables:

X The matrix m× n of predictors

y The response m-vector

B The current m× q basis matrix

W The weight matrix (W =
√

Ω−1). The usual case is that W is
diagonal (that’s what py-earth currently supports). W is not neces-
sarily symmetric, although Ω always is. For example, W could be a
Cholesky factor of Ω−1 and would therefore be triangular.

Q An orthonormalizedB. Q = BT andQTWTWQ = In and span (Q) =
span (B)

T The upper triangular q× q matrix that orthonormalizes Q. T is the
cholesky factor of BTWTWB.

D Composite matrix [B,y]

M OrthonormalizedD. M = DS andMTWTWM = In and span (M) =
span (D) and M = [Q, z]

S The upper triangular (q + 1)× (q + 1) matrix that orthonormalizes
D. S is the cholesky factor of DTWTWD.

z The orthonormalized y. That is, BT z = QT z = 0 and yTy = 1 and
span ([B,y]) = span ([Q, z]).

b The candidate new basis vector. bi = max (piXi,c − φ, 0) = max (pixi − φ, 0)
for some knot candidate, φ, and variable candidate, c, and parent
candidate vector, p = B:,d for parent candidate d.

x The candidate variable vector. x = X:,c.

c The candidate variable index. See x.

p The candidate parent vector. p = B:,d.

d The candidate parent index. See p.

c The weighted candidate new basis vector, c = Wb.

I’ll use the following conventions. All non-bold capital letters are matrices. All
bold lowercase letters are vectors. All lowercase non-bold letters are scalars. If
I make a rank 3 tensor, it will be uppercase and bold. I’m sure I won’t need to
go past rank 3. I’ll represent a row of a matrix, Φ, by Φi,:, a column by Φ:,j

and a sub-matrix by Φa:b,c:d and similarly for vectors. An element of Φ is Φi,j .
If there are no ranges involved, I might drop the comma and just write Φij . If
I’m using actual numbers, or it’s in any way ambiguous, I’ll keep the comma.
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I’ll use i to index rows and j to index columns. I’ll use k and h for rows and
columns, respectively, if I need additional indices.

Let V = [Q, c, z]
T

[Q, c, z] and let C be its upper triangular cholesky factor
such that V = CTC. Then V and C have the following special structures:

V =

 Iq γ 0
γT β α
0 α 1

 (1)

C =

 Iq δ 0
0 ε ζ
0 0 η

 (2)

The following identities hold:

ζ2 + η2 = 1 (3)
ζε = α (4)
γ = δ (5)
β = δT δ + ε2 (6)

= δ2 + ε2 (7)
= γ2 + ε2 (8)

and their inverses are:

η =
√

1− ζ2 (9)
ζ = α/ε (10)

ε =
√
β − δ2 (11)

=
√
β − γ2 (12)

The objective here is to minimize η, which is the root mean squared error of the
solution to the least squares problem

η = min
ψ∈Rq+1

√
([Q, c]ψ − z)

2 (13)

which is equivalent to the objective of the weighted least squares problem we
want to solve. Let’s say there are two candidate knots, φ and φ̃, φ̃ < φ. All
quantities discussed so far relate to φ. I want to compute the corresponding ·̃
quantities, associated with φ̃, from the original quantities as quickly as possible.
There is a fast update rule for b, which is

b̃i − bi =


0, xi ≤ φ̃
pi

(
xi − φ̃

)
, φ̃ < xi < φ

pi

(
φ− φ̃

)
xi ≥ φ

(14)
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Let’s get the update formulas for α, β, γ.

α = bTWT z (15)

=

m∑
i=1

wibizi (16)

∆α =

m∑
i=1

wizi∆bi (17)

=

m∑
i=1

wizi


0, xi ≤ φ̃
pi

(
xi − φ̃

)
, φ̃ < xi < φ

pi

(
φ− φ̃

)
xi ≥ φ

(18)

=
∑

i:φ̃<xi<φ

wizipi

(
xi − φ̃

)
+
∑
i:xi≥φ

wizipi

(
φ− φ̃

)
(19)

=
∑

i:φ̃<xi<φ

wizipi

(
xi − φ̃

)
+
∑
i:xi≥φ

wizipi

(
φ− φ̃

)
(20)

=
∑

i:φ̃<xi<φ

wizipixi − φ̃
∑

i:φ̃<xi<φ

wizipi +
(
φ− φ̃

) ∑
i:xi≥φ

wizipi(21)

= σ − φ̃τ +
(
φ− φ̃

)
υ (22)

where

σ =
∑

i:φ̃<xi<φ

wizipixi (23)

τ =
∑

i:φ̃<xi<φ

wizipi (24)

υ =
∑
i:xi≥φ

wizipi (25)
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For β,

β = bTWTWb (26)

=

m∑
i=1

w2
ib

2
i (27)

∆β =

m∑
i=1

w2
i b̃

2
i −

m∑
i=1

w2
ib

2
i (28)

=

m∑
i=1

w2
i

(
b̃2
i − b2

i

)
(29)

=

m∑
i=1

w2
i

(
b̃i + bi

)(
b̃i − bi

)
(30)

=

m∑
i=1

w2
i (bi + ∆bi + bi) (bi + ∆bi − bi) (31)

=

m∑
i=1

w2
i (2bi + ∆bi) ∆bi (32)

= 2

m∑
i=1

w2
ibi∆bi +

m∑
i=1

w2
i (∆bi)

2 (33)

= 2

m∑
i=1

w2
ibi


0, xi ≤ φ̃
pi

(
xi − φ̃

)
, φ̃ < xi < φ

pi

(
φ− φ̃

)
xi ≥ φ

(34)

+

m∑
i=1

w2
i


0, xi ≤ φ̃

p2
i

(
xi − φ̃

)2
, φ̃ < xi < φ

p2
i

(
φ− φ̃

)2
xi ≥ φ

(35)

= 2

m∑
i:φ̃<xi<φ

w2
ibipi

(
xi − φ̃

)
(36)

+2

m∑
i:xi≥φ

w2
ibipi

(
φ− φ̃

)
(37)

+

m∑
i:φ̃<xi<φ

w2
ip

2
i

(
xi − φ̃

)2
(38)

+

m∑
i:xi≥φ

w2
ip

2
i

(
φ− φ̃

)2
(39)

= 0 + 2

m∑
i:xi≥φ

w2
i (xi − φ) p2

i

(
φ− φ̃

)
(40)

+

m∑
i:φ̃<xi<φ

w2
ip

2
i

(
xi − φ̃

)2
(41)

+

m∑
i:xi≥φ

w2
ip

2
i

(
φ− φ̃

)2
(42)

= 2

m∑
i:xi≥φ

w2
ip

2
ixiφ− 2

m∑
i:xi≥φ

w2
ixip

2
i φ̃ (43)

+2
m∑

i:xi≥φ

w2
ip

2
iφφ̃− 2

m∑
i:xi≥φ

w2
ip

2
iφ

2 (44)

+

m∑
i:φ̃<xi<φ

w2
ip

2
i

(
x2
i − 2xiφ̃+ φ̃2

)
(45)

+

m∑
i:xi≥φ

w2
ip

2
i

(
φ2 − 2φφ̃+ φ̃2

)
(46)

= 2

m∑
i:xi≥φ

w2
ip

2
ixiφ− 2

m∑
i:xi≥φ

w2
ip

2
ixiφ̃ (47)

+2

m∑
i:xi≥φ

w2
ip

2
iφφ̃− 2

m∑
i:xi≥φ

w2
ip

2
iφ

2 (48)

+

m∑
i:φ̃<xi<φ

w2
ip

2
ix

2
i − 2

m∑
i:φ̃<xi<φ

w2
ip

2
ixiφ̃ (49)

+

m∑
i:φ̃<xi<φ

w2
ip

2
i φ̃

2 +

m∑
i:xi≥φ

w2
ip

2
iφ

2 (50)

−2
m∑

i:xi≥φ

w2
ip

2
iφφ̃+

m∑
i:xi≥φ

w2
ip

2
i φ̃

2 (51)

= 2
(
φ− φ̃

) m∑
i:xi≥φ

w2
ip

2
ixi + 2

(
φφ̃− φ2

) m∑
i:xi≥φ

w2
ip

2
i (52)

+

m∑
i:φ̃<xi<φ

w2
ip

2
ix

2
i − 2

m∑
i:φ̃<xi<φ

w2
ip

2
ixiφ̃ (53)

+

m∑
i:φ̃<xi<φ

w2
ip

2
i φ̃

2 +

m∑
i:xi≥φ

w2
ip

2
iφ

2 (54)

−2

m∑
i:xi≥φ

w2
ip

2
iφφ̃+

m∑
i:xi≥φ

w2
ip

2
i φ̃

2 (55)

= 2
(
φ− φ̃

) m∑
i:xi≥φ

w2
ip

2
ixi + 2

(
φφ̃− φ2

) m∑
i:xi≥φ

w2
ip

2
i (56)

+

m∑
i:φ̃<xi<φ

w2
ip

2
ix

2
i − 2φ̃

m∑
i:φ̃<xi<φ

w2
ip

2
ixi (57)

+φ̃2
m∑

i:φ̃<xi<φ

w2
ip

2
i + (58)

(
φ2 + φ̃2 − 2φφ̃

) m∑
i:xi≥φ

w2
ip

2
i (59)

= 2
(
φ− φ̃

) m∑
i:xi≥φ

w2
ip

2
ixi + 2

(
φφ̃− φ2

) m∑
i:xi≥φ

w2
ip

2
i (60)

+
m∑

i:φ̃<xi<φ

w2
ip

2
ix

2
i − 2φ̃

m∑
i:φ̃<xi<φ

w2
ip

2
ixi (61)

+φ̃2
m∑

i:φ̃<xi<φ

w2
ip

2
i +

(
φ− φ̃

)2 m∑
i:xi≥φ

w2
ip

2
i (62)

= 2
(
φ− φ̃

)
λ+ 2

(
φφ̃− φ2

)
µ+ ρ− 2φ̃ξ + φ̃2ν +

(
φ− φ̃

)2
µ (63)

= 2
(
φ− φ̃

)
λ+

(
2
(
φφ̃− φ2

)
+
(
φ− φ̃

)2)
µ+ ρ− 2φ̃ξ + φ̃2ν (64)

= 2
(
φ− φ̃

)
λ+

(
2φφ̃− 2φ2 + φ2 + φ̃2 − 2φφ̃

)
µ (65)

+ρ− 2φ̃ξ + φ̃2ν (66)

= 2
(
φ− φ̃

)
λ+

(
φ̃2 − φ2

)
µ+ ρ− 2φ̃ξ + φ̃2ν (67)
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where

λ =

m∑
i:xi≥φ

w2
ip

2
ixi (68)

µ =

m∑
i:xi≥φ

w2
ip

2
i (69)

ν =

m∑
i:φ̃<xi<φ

w2
ip

2
i (70)

ξ =

m∑
i:φ̃<xi<φ

w2
ip

2
ixi (71)

ρ =

m∑
i:φ̃<xi<φ

w2
ip

2
ix

2
i (72)

For γ,

γ = QTWb (73)
γj = QTj,:Wb (74)

=

m∑
i=1

Qijwibi (75)

=

m∑
i=1

Qijwi


0, xi ≤ φ̃
pi

(
xi − φ̃

)
, φ̃ < xi < φ

pi

(
φ− φ̃

)
xi ≥ φ

(76)

=

m∑
i:φ̃<xi<φ

Qijwipi

(
xi − φ̃

)
(77)

+

m∑
i:xi≥φ

Qijwipi

(
φ− φ̃

)
(78)

=

m∑
i:φ̃<xi<φ

Qijwipixi − φ̃
m∑

i:φ̃<xi<φ

Qijwipi (79)

+
(
φ− φ̃

) m∑
i:xi≥φ

Qijwipi (80)

= χj − φ̃ψj +
(
φ− φ̃

)
κj (81)
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where

κj =

m∑
i:xi≥φ

Qijwipi (82)

χj =

m∑
i:φ̃<xi<φ

Qijwipixi (83)

ψj =

m∑
i:φ̃<xi<φ

Qijwipi (84)

Converting back to problem scale

Suppose you don’t orthonormalize y with B. Then let V ′ = [Q, c,y]
T

[Q, c,y]
and let C be its upper triangular cholesky factor such that V ′ = C ′TC ′. Then
V ′ and C ′ have the following special structures:

V ′ =

 Iq γ θ
γT β α′

θT α′ ω

 (85)

C ′ =

 Iq δ ι
0 ε ζ ′

0 0 η′

 (86)

The following identities hold:

ι2 + ζ ′2 + η′2 = ω (87)
ζ ′ε+ δT ι = α′ (88)

θ = ι (89)
γ = δ (90)
β = γ2 + ε2 (91)

and their inverses are:

η′ =
√
ω − ζ ′2 − ι2 (92)

=
√
ω − ζ ′2 − θ2 (93)

ζ ′ =
α′ − δT θ

ε
(94)

=
α′ − γT θ

ε
(95)

ε =
√
β − γ2 (96)

We can do the same fast updates as before with Wy in place of z to get α′ and
proceed from there to solve the problem without orthonormalizing the outcome.

6



If we take out c and just do linear regression for some reason (this comes
up in the actual code for the forward pass at various steps), we get the simpler
system

V = [Q,y]
T

[Q,y] =

[
Iq θ
θT ω

]
(97)

C =

[
Iq θ

0Tq
√
ω − θT θ

]
(98)

which can be confirmed by staring at this equation:[
Iq 0q
θT

√
ω − θT θ

] [
Iq θ

0q
√
ω − θT θ

]
=

[
Iq θ
θT ω

]
(99)

Then minψ∈Rq

√
([Q]ψ − z)

2
=
√
ω − θT θ .

Multiple responses
Suppose we have an m × p matrix Y instead of vector y. Let W be an m × p
matrix of corresponding weights and W:,:,j = diag (W:,j). Okay. The math is
basically the same, but needs to be repeated for each outcome. That means
most tensors increase in rank. Most importantly, Q becomes the m × q × p
tensor Q, with Q:,:,j corresponding to W:,j . For each knot candidate, the total
ζ, which is the sum of the ζ for each outcome, is the quantity to maximize.

Let V be an q × q × p tensor such that

V:,:,k =

 Iq Γ:,k Θ:,k

(Γ:,k)
T

βk αk
(Θ:,k)

T
αk ωk

 (100)

and let

C:,:,k =

 Iq ∆:,k ι:,k
0 εk ζk
0 0 ηk

 (101)

The same identities hold

ι2:,k + ζ2k + η2k = ωk (102)

ζkεk + ∆T
:,kι:,k = αk (103)
Θ:,k = ι:,k (104)
Γ:,k = ∆:,k (105)
βk = Γ2

:,k + ε2k (106)
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with inverses

ηk =
√
ωk − ζ2k − ι2:,k (107)

=
√
ωk − ζ2k −Θ2

:,k (108)

ζk =
αk − ΓT:,kΘ:,k

εk
(109)

εk =
√
βk − Γ2

:,k (110)

The objective is to minimize η2 =
∑p
k=1 η

2
k, which is equivalent to maximizing

ζ2 =
∑p
k=1 ζ

2
k (because ω and Θ do not depend on the knot value).

ζ2 =

p∑
k=1

ζ2k (111)

=

p∑
k=1

αk − ΓT:,kΘ:,k

εk
(112)

=

p∑
k=1

αk
εk
−

p∑
k=1

ΓT:,kΘ:,k

εk
(113)

=

p∑
k=1

αk
βk − Γ2

:,k

−
p∑
k=1

ΓT:,kΘ:,k

βk − Γ2
:,k

(114)
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