
Category Theory Study Group

Format

Denis Redozubov asked me to help organize a study group for category theory. As format
for this study group I propose that we read about a particular concept in a category
theory book or on ncatlab.org. In addition, I will post exercises about the topics and
we discuss our solutions in a group session. But ultimately I would like this group to
become self-sustained:

Category theory introduces many abstractions that were derived from properties of
sets and functions. A good way to learn what these abstractions mean is to look at
instances of these abstractions in different settings (i.e. in different categories). An even
better way to learn is to work out these instances yourself in a setting you are familiar
with. I encourage you to pick a category that is of interest to you (e.g. the category of
database tables as objects and foreign keys as arrows) and work out what the structure
of this category is as we go through the book, i.e. what are functors from and into this
category, what are initial and terminal objects, etc. If you come up with good examples,
please share them with the group that everyone can learn from them.

First Session

For the first session, read 1.1 - 1.5 of Category theory by Awodey (2010). In addition
you might want to watch recordings of the category theory lectures of Steve Awodey1

or the lectures of Bartosz Milewski 2.

1. Show that database schemas can be regarded as categories, where objects are
tables and the arrows are foreign keys. What are the identities and composition
operations? Try to find examples of categories in your own research area/work.

2. Arrows in a category are not necessarily functions. Define a category where the
objects are positive numbers and an arrow from n→ m is a m× n matrix. What
is a suitable composition operation?

1https://www.cs.uoregon.edu/research/summerschool/summer12/curriculum.html
2https://youtu.be/I8LbkfSSR58
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3. A diagram commutes if all arrows with the same domain and codomain are equal.
What does it mean that the following diagram commutes? Write down all equalities
between pairs of arrows and their compositions that hold.

A B

C D

f1

f2

f3 f4f5

f6

4. Partial orders are categories where objects are elements and there is at most one
arrow between objects a and b iff a ≤ b. Draw a diagram of the category generated
by the partial order of the power set of {1, 2, 3} and subset inclusion. What are the
identities of this categories and why does there exists a composition? Prove that a
functor between two partial orders regarded as categories is a monotone function.

5. Monoids are sets/types equipped with an distinguished element called unit and an
associative binary operation. Show that lists under the append operation form a
monoid. Show that the Option/Maybe type is a monoid. Show that the natural
numbers under addition are a monoid.

We now consider the category of monoids and their homomorphism. Come up
with a commuting diagram between the three monoids from before. In other
words, find at least three monoid homomorphisms between these types and show
that all arrows with the same domain and codomain are equal.

6. The image of functors can be used to describe a specific diagram in a category.
Define a functor with a suitable domain, whose image is the diagram of the previous
exercise. Define a functor with a suitable domain whose image is this diagram.

A

B C

D E

f3f2

f6

f4

f5

f1

How do the images of other functors with the same domain as the previous functor
look like?

7. Functors transfer commuting diagrams in one category to another category. To
this end, prove if the upper face of the following diagram commutes, so does the
lower face.
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8. An isomorphism between objects indicates, that the objects might have different
structure, however, they behave the same way. From a perspective of a category,
these objects are indistinguishable as there is the same number of arrows pointing
into these objects and the same number pointing away from these objects, as
we shall see later. For category theorists, this is a notion of equivalence of objects
that is fine-grained enough and it is often not worth it to study differences between
isomorphic objects. In this vein, prove that the relation X ∼= Y is an equivalence
relation.

In Set isomorphisms are bijective functions. In Mon isomorphisms are bijective
monoid homomorphisms. However, in other categories, isomorphisms might be
something completely different. What are isomorphisms in the category of matrices
of exercise 2?
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