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The problem of proof interoperability

Mechanized proofs can be checked automatically, reused in other proofs

Problem Each proof assistant has its own isolated ecosystem

Proofs cannot be reused across different proof assistants

Naive approach Hack the implementation of A to produce proofs in B
But changing codebase of A can break translation

What if proof assistant A’ implements same logic as A? Redo everything...
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Logical Frameworks for sharing proofs & Dedukti

Solution Define logics in a common system — in a logical framework

Proof transformations can be defined inside the system

Transformations do not depend on implementation, but on the logics

Dedukti A logical framework for sharing proofs
Sufficiently expressive to define logics of common proof assistants
Used by Thiré to export Fermat's Little Theorem to Coq, HOL, PVS, Lean, etc

Used by Géran to export part of Euclid's Elements to Matita, HOL, Lean, etc
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(Im)Predicativity

Impredicative logics allow quantification over arbitrary entities

VP.P = P

Challenge Share proofs coming from impredicative proof assistants (Coq, Matita,
HOL, etc) with predicative proof assistants (Agda)

Fact Proofs using impredicativity in an essential way cannot be shared
But do most proofs really use impredicativity?

If not, how to translate them?
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Our contribution

We propose a transformation for sharing proofs with predicative systems

Non essential impredicativity is replaced by universe-polymorphism

Leads us to study unification over universe levels

Transformation implemented in the tool PREDICATIVIZE
Allowed to translate MATITA's arithmetic library to (safe) AGDA

First proofs of Fermat's Little Theorem and Bertrand’s Postulate in AGDA




Outline

An informal look at proof predicativization
A Universe-Polymorphic Predicative System

The translation

Solving constraints on universe levels

Predicativize & translating Matita’s library to Agda
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Dedukti

A M-calculus with dependent types and an extensible equality

Rewrite rules allow to express computation
n+ (succ m) < succ (n+ m) € #
And non-computational equalities can be expressed using rewrite modulo
n+m>~m+neé&

Dedukti Theory A signature ¥, rewrite rules %, equations &

Allows to define an object logic inside Dedukti
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An useful example of Dedukti theory: Pure Type Systems

Universes specified by a set S

Us : Type forseS
El; : Us — Type forse S
and a binary relation A C S§2
us, = U, for (s1,5) € A
Els, us, — Uy, for (s1,5) € A

Dependent functions specified by a trinary relation R C S3
To,s - [1(A: Usy).(Elsy, A— Us,) = U, for (s1,52,53) €ER
Els, (75,5, A B) — MNx : Els; A.El, (B x) for (s1,%,5) € R

We write 75, s, A (AX.B) as 75, 5,x : A.B or A~ ., Bwhen x ¢ B
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The problem of predicativization

Consider the PTSs | (impredicative) and P (predicative) specified by

S = {*a D} Sp=N
A= {(x,0)} Ap={(n,n+1) | ne N}
Ry = {(*,%,%),(d,*,%),(3,0,0)} Rp={(n, mmax{n,m}) | n,m € N}

Predicativization Given a signature A containing declarations ¢ : A and defini-
tions ¢ : A := t well-formed in |, translate it into a signature A’ well-formed in P
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The problem of predicativization: first try

Mapping * to 0 and (J to 1 in U and u, recomputing annotations of E/, w, ~~

thm1 5 EI1 (7'('1,0 P: Uo.P ~20,0 P) = AP Uo)\p 5 E/o Pp OK

But...

thm3 5 EI1 ((7’(‘1,0 P: Uo.P ~20,0 P) 1 7T1,0 P: Uo.P ~20,0 P)
= thm1 (7T1’0 P: l.lo.P ~0,0 P) KO

thm; expects type in Up, but 19 P : up.P ~=gp P lives in U;

Impredicativity as typical ambiguity

10
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For each occurrence of * and [J, compute some adequate predicative universe
thm1 5 El/l (7'('[2,/3 P: U/4.P s, ls P) = A\P: Uh)\p 5 Ells Pp
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The problem of predicativization: second try

For each occurrence of * and [J, compute some adequate predicative universe
thmy : Eb (721 P : ug.P ~>11 P)):== AP : Up.A\p: Eh P.p
thms : Ely ((m10 P : tp.P ~00 P) ~11 M0 P tp.P ~g0 P)
:= thmy (w10 P : up.P ~»p9 P) OK
But...
thmy : Ely (7 P : uy.P ~>y 4 P):= AP : U, Ap: Ely P.p KO
thmy @ Ely (Tpony P Uy P~ hy P) i= thmy (mhg s P Upy-P ~>pg no P) thmy

he

Unsolvable constraints thm; needs to be at two universes at same time

We compensate this by using universe-polymorphism

11
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Universe levels internalized inside the framework

Level : Type

z: Level

Us : Type
Els : Us — Type

us, 1 Us,

s : Level — Level

U : Level — Level — Level (written infix)
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z: Level U : Level — Level — Level (written infix)
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A Universe-Polymorphic Predicative System (UPP)

Universe levels internalized inside the framework

Level : Type s : Level — Level

z: Level U : Level — Level — Level (written infix)

U : Level — Type T I'I(iA i : Level) (A U iA).(EI ia A->U iB) - U (iA (] iB)
El:N(i: Level).U i — Type Eli' (ui)—> Ui

u:N(i: Level).U (s i) El'i" (m ia ig A B) < Nx: El is A.El ig (B x)

Universe-polymorphism as quantification over levels
ALAA U,-.)\a o EI, A.a o n(l o Level).El(s ) (ﬂ'(s i),i A: U,'.A Mg A)

12



Level equality

Levels are not purely syntactic entities! Their equality is defined by:

hU(hUi)~ (hUhk)UIis
Ui ~ipllig

iz~

iUi~i
s(hUh)~siiUs i

iUlsi~si

(Associativity)
(Commutativity)
(Unit)
(Idempotency)
(Distributivity)
(Subsumption)
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Level equality

Levels are not purely syntactic entities! Their equality is defined by:

hU(hUi)~ (hUhk)UIis (Associativity)

i Uiy ~ iy Uiy (Commutativity)
iz~ (Unit)

iUi~i (Idempotency)
s(hUh)~siiUs i (Distributivity)
iUsi~si (Subsumption)

Given a valuation o : Z — N, let [/], be the interpretation of a level / in N

Justifying property / ~ /' iff [I], = [/']» for all &

13
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The translation

Given a signature A in |, we translate each entry by dependency order to UPP

We illustrate the translation with the signature

Ay = thmy : El, (mo. P : ue.P ~>,. P):=AP: U.Ap: El. P.p,
thmy : El, (mox P @ Ue.P ~>y 4 P) := thmy (7o« P : Us.P ~>, . P) thmy

Suppose its first entry has already been translated, giving the signature
A¢pm, = thmy : (i : Level).Els iy (m(s iy,i P : uj.P ~=ii P):= Xi.AP : Up.Ap : El; P.p

Let us translate thm,

14



The translation

First step Insert fresh level metavariables
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INSERTMETAS(El5) = El;

INSERTMETAS(Us) = U;

INSERTMETAS(us) = u;

INSERTMETAS(7s, 5,) = Tij

INSERTMETAS(c) = ¢ f...ix where c expects k level arguments
INSERTMETAS(M) = M if M is a variable, Type or Kind
INSERTMETAS([Mx : A.B) = lNx : INSERTMETAS(A).INSERTMETAS(B)
INSERTMETAS(Ax : A.M) = Ax : INSERTMETAS(A).INSERTMETAS(M)
INSERTMETAS(MN) = INSERTMETAS(M) INSERTMETAS(N)

15
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5, i6

Second step Calculate constraints on levels for definition to be valid in UPP
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Cons VAR
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ieM SOrT
Topm AT Fi= Level 1§ V7 VAR  Tupp, AT F Type = Kind | 0
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The translation

First step Insert fresh level metavariables

thm2 o EI,'1 (7'(','2’,-3 P: U,'4.P 2y P) = thm1 i7 (ﬂ-is,ig P: U,-m.P i1, P) (thm1 i13)

i57i6
Second step Calculate constraints on levels for definition to be valid in UPP

zUpp,Athml; -+ E/,'1 (7'(',-2,,'3 2 U,-4.P s i P) =sort S l, {ig Lliz = i1,S i = i2, }
Y upp, Dthmys — - thmy iz (g i Pt Ujyy. P~y i, P) (thmy iz3)
= EI,'1 (7'(','2’,-3 P: U,'4.P i ie P) J, {Ig Llig = i]_o, S ig = ig, }

Let Cihm, be the resulting constraints
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The translation

Third step Solve the constraints!

But to allow definition to be used at different levels, we need a general symbolic
solution. We thus need level unification, which we will see in the next slide

Solution of Cipm, sends all variables to iy, except i, i, iz, ig, sent to s iy
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The translation

Third step Solve the constraints!

But to allow definition to be used at different levels, we need a general symbolic
solution. We thus need level unification, which we will see in the next slide

Solution of Cipm, sends all variables to iy, except i, i, iz, ig, sent to s iy

Fourth step Apply substitution and generalize over free level variables
thm2 . n(l4 . Level).EI(s i) (7T(s ia),ia P: U,'4.P '\"'),'4,,'4 P) =
)\i4.thm1 (S I4) (7'('(s ia),ia [P U,'4.P M iaia P) (thm1 I4)

Theorem If all steps succeed, the obtained signature is well-formed in UPP
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Solving constraints on universe levels

Level unification Given set of constraints C, find substitution 6 that solves them
Theorem Not all level unification problems have most general unifiers

We propose an incomplete unification algorithm, sufficiently powerful for our needs

17



The unification algorithm

(Trivial) {I=1}uC 6~ C;0

(Orient) {I=IYuCo~{I'=1}UC;6 if '=zorzlUi

(Eliminate 1) {zUi=1}UC;0~ C{I/i};001/},i— | if i ¢ |

(Eliminate 2) {zUi=1}UC;0~ if s i€ lwithm=0
let /' =I{i"/i} in @} OW}, il for some fresh i’

(Decompose) {z=zU (Uiey N}UC;0~ {zUi=2z}ieyUC;0

(Clash) {z=1tUGCo~ L ifsel

Three outcomes We get an mgu, there is not solution, or we're stuck

18
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The unification algorithm
Let C={i1Us (S iQUS i1):i2us (S il), i1Ui2Ui3:S I]_}

zUh Ui =2zU1i = iy >z Ui Ui for ij fresh

Z|_|i2|_|i3=SZ|_|Si1

zUik=szlUsiiUs i = h—>szUsijUsh

Most general unifier 6 = i, — zUijUhb, i3—szlUsilsi

18
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Three outcomes We get an mgu, there is not solution, or we're stuck
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The unification algorithm

(Trivial) {(I=1}UC;0~ C;0

(Orient) {I=rYuCGo~{I'=1}UC;0 if '=zorzUi

(Eliminate 1) {zUi=1}UC;0~ C{IJi};0{I/i},im | if i ¢ I
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(Decompose) {z=zU (Uicy )}UC;0~ {zUi=2z}ievUC;0

(Clash) {z=1}UGC o~ L ifsel

Three outcomes We get an mgu, there is not solution, or we're stuck

Theorem If C; — ~~* ();0, then 0 is a m.g.u.
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The unification algorithm

(Trivial) {(I=1}UC;0~ C;0

(Orient) {I=rYuCGo~{I'=1}UC;0 if '=zorzUi
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let /' = I{i’/i} in C{/I’/\l}, Gﬁ’/\i}, il for some fresh i’

(Decompose) {z=zU (Uicy )}UC;0~ {zUi=2z}ievUC;0

(Clash) {z=1}UGC o~ L ifsel

Three outcomes We get an mgu, there is not solution, or we're stuck
Theorem If C; — ~* (; 0, then 6 is a m.g.u. (but the converse does not hold)

If algorithm gets stuck, heuristics try to find some unifier
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Predicativize & translating
Matita’s library to Agda



Predicativize

Translation implemented on the tool Predicativize, built over DkCheck

System-independent Does not depend on codebase of any other proof assistant
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Predicativize

Translation implemented on the tool Predicativize, built over DkCheck

System-independent Does not depend on codebase of any other proof assistant

= Used added constraints
= Translation of rewrite rules

= Agda output
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Translating Matita’s arithmetic library in Agda

1 matita U Agda

DK[Agdsl

Implements inductive types
and recursive functions

Adds extra constraints i

Human intervention

PREDICATIVIZE
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Translating Matita’s arithmetic library in Agda

1 matita U Agda

DK[Agdsl

Proofs of Fermat's Little Theorem, Bertrand's Postulate, Pigeonhole Principle,

Implements inductive types
and recursive functions

Adds extra constraints i

Human intervention

PREDICATIVIZE

Binomial Law, the Chinese Remainder Theorem, etc in (safe) Agda

Available at https://github. com/thiagofelicissimo/matita_lib_in_agda

20


https://github.com/thiagofelicissimo/matita_lib_in_agda

Translating Matita’s arithmetic library in Agda

1 matita U Agda

DK[Agdsl

Implements inductive types
and recursive functions

Adds extra constraints i

Human intervention

PREDICATIVIZE

Proofs of Fermat's Little Theorem, Bertrand's Postulate, Pigeonhole Principle,

Binomial Law, the Chinese Remainder Theorem, etc in (safe) Agda

Available at https://github. com/thiagofelicissimo/matita_lib_in_agda

Thank you!
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