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In Newton iterations, the top-left block of the system Jacobian is given by

Juu
IJ :=

∫
Ω

ε(φu
I ) : [2ηε(φ

u
J ) + 2E : ε(φu

J )] dΩ, (1)

where ε(·) is the symmetric gradient operator, φu
I is the shape function of velocity, and the fourth-order

tensor E is defined as

E := ε⊗ ∂η

∂ε
. (2)

To inverse the top-left block with the CG solver, we must guarantee the symmetry and positive definiteness
of (1). As suggested by Fraters et al. [2019], we can modify the top-left block by

J̃uu
IJ :=

∫
Ω

ε(φu
I ) : [2ηε(φ

u
J ) + 2αEsym : ε(φu

J )] dΩ, (3)

where

Esym :=
1

2

(
ε⊗ ∂η

∂ε
+
∂η

∂ε
⊗ ε

)
, (4)

and α ∈ (0, 1] is a scaling factor which ensures that the eigenvalues of ηε(φu) + E : ε(φu) are positive.
To determine the value of α, we first define n and n̂ as unit tensors “parallel” to ε and ∂η/∂ε, respectively,

i.e.

n :=
ε

∥ε∥
, n̂ :=

∂η

∂ε

/∥∥∥∥∂η∂ε
∥∥∥∥ . (5)

In general cases, n and n̂ are not identical. Thus, we can decompose n̂ into two vectors n// and n⊥, the
former parallel with n and the latter perpendicular to n. Assume that n : n̂ = cosψ (ψ ∈ [0, π]), then we
have

n⊥ = n̂− (n̂ : n)n = n̂− n cosψ. (6)

The norm of n⊥ can be calculated by

∥n⊥∥ =
√
n⊥ : n⊥ =

√
1− cos2 ψ = sinψ. (7)

Thus, we obtain a unit tensor (n̂ − n cosψ)/ sinψ which is perpendicular to n, and any unit symmetric
tensor can be expressed as

n cos θ +
n̂− n cosψ

sinψ
sin θ, (8)

where θ is an arbitrary angle.
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Following the idea of Fraters et al. [2019], we calculate the Rayleigh quotient of Esym:

R(θ) =

(
n cos θ +

n̂− n cosψ

sinψ
sin θ

)
:
1

2

(
ε⊗ ∂η

∂ε
+
∂η

∂ε
⊗ ε

)
:

(
n cos θ +

n̂− n cosψ

sinψ
sin θ

)
=
1

2
∥ε∥

∥∥∥∥∂η∂ε
∥∥∥∥(n cos θ +

n̂− n cosψ

sinψ
sin θ

)
: (n⊗ n̂+ n̂⊗ n) :

(
n cos θ +

n̂− n cosψ

sinψ
sin θ

)
=
1

2
∥ε∥

∥∥∥∥∂η∂ε
∥∥∥∥ [(n̂+ n cosψ) cos θ + n sinψ sin θ] :

(
n cos θ +

n̂− n cosψ

sinψ
sin θ

)
=∥ε∥

∥∥∥∥∂η∂ε
∥∥∥∥ (cosψ cos2 θ + sinψ cos θ sin θ

)
=∥ε∥

∥∥∥∥∂η∂ε
∥∥∥∥ cos θ cos(θ − ψ)

=
1

2
∥ε∥

∥∥∥∥∂η∂ε
∥∥∥∥ [cos(2θ − ψ) + cosψ] .

(9)

Since θ is arbitrary, the minimum value of (9) is

Rmin =
1

2
∥ε∥

∥∥∥∥∂η∂ε
∥∥∥∥ (−1 + cosψ) , (10)

which is the lower bound of the eigenvalues of Esym. Therefore, the scaling factor can be defined as

α =


1 if ∥ε∥

∥∥∥∥∂η∂ε
∥∥∥∥ (−1 + n : n̂) ≥ −2csafetyη,

csafety
2η

∥ε∥
∥∥∥∥∂η∂ε

∥∥∥∥ (1− n : n̂)

otherwise,
(11)

where csafety is a safety factor determined by the user.
It is worth noting that the expression of α is very similar to that in Fraters et al. [2019] (Eq. [18]). If we

define

a := ε, b =
∂η

∂ε
, (12)

then (11) can be rewritten as

α =


1 if

(
1− a : b

∥a∥∥b∥

)
∥a∥∥b∥ < 2csafetyη,

csafety
2η(

1− a : b

∥a∥∥b∥

)
∥a∥∥b∥

otherwise.
(13)

It can be found that the only difference between Eq. (13) and Eq. [18] in Fraters et al. [2019] is the power

of
(
1− a:b

∥a∥∥b∥

)
.
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