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DIFFERENTIAL KINEMATICS

e relationship between joint velocities and end-effectdoerties

Geometric Jacobian

Analytical Jacobian

Kinematic singularities

Kinematic redundancy

Inverse differential kinematics

Inverse kinematics algorithms

STATICS

e relationship between end-effector forces and joint tosque
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GEOMETRIC JACOBIAN

e Goal
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Derivative of a rotation matrix

e Given S(t)= R(t)R"(t)



INDUSTRIAL ROBOTICS Prof. Bruno SICILIANO

e Example
A
z |z
y/
ZAZ’
yV
o Yy
> >
r A0 Y
r/
63
x
x/
cosae —sina 0
R.(a) = | sina  cosa O
0 0 1
[ —asina —dcosa 0 cosa sina 0
S(t)=| qcosaa —asina 0| | —sina cosa 0
0 0 0 0 0 1
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p’ = o} + Rip'

P = o+ R+ Ry
= o0+ Rip' + S Rp!

- 0 0.1 0 0
:Ol—|—R1p —|_w1 ><’I“1
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Link velocity

e Linear velocity

JOINT 7

1—1
Pi = Pi—1 T Ri—lri_l,i

: : i1 i—1
Pi=pPi-1+Ri17, ;, twi1 X Ri_17;

32

=Pi—1 T Vi1 TWi—1 X Ti_1;
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e Angular velocity

R, =R, 1R/
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Wi = W1 +Wi—1;
Pi =Pi—1 + Vi1 +wi—1 XTi_1,
e Prismatic joint
Wi—1,4 =

Vi—1,i = diZij—1

W; = W;—1
Di = Pi—1 +dizi—1 +wi X 11
e Revolute joint
Wi—1,; = ViZi_1

Vi—1,i = Wi—1,43 X Ti—1,

w; =wi—1 + 921

Pi =DPi—1tw; XTi_1;
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Jacobian computation

JP1
J =
Jo1
e Angular velocity
% Joint: prismatic
¢ijoi =0

* Joints revolute

GiJoi = Vizi—1

JPn
Jon
— Joi =0
— Joi = Zi—1
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e Linear velocity

* Jointz prismatic

Gigpi = diZi—1 — Jpi = Zi—1

* Joint7 revolute

¢iJpi = Wi—1,i X Ti—1n

= 197;27;—1 X (P — Pz‘—1)

Jpi — Zi—1 X (P —Pz'—1)
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e Column of geometric Jacobian

( Zi”] prismaticjoint
[]Pi] L 0

revolutejoint

* p=AYq1)... A" 1 (gn)Do

* Pi1 = AYaq1) ... A3 (qi—1)Do
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e Representation in different frame

pt _'Rt O- p

w'| |0 R'||w
_Rt O-

_0 Rt—

R' O
t
S
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Three—link planar aram
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J(q) = zoX (P—pPo) z1 X (p—p1) 22X (p—p2)
g 20 21 Z9

0 aicy a1C1 + asC12
po= |0 P1 = | a1s51 P2 = | @151 + a2512
0 0 0

ai1c1 + asC12 + a3cC123

P= | ais1 +az812 + a3s123
0
0
20 — X1 — 29 — 0

—
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[ —@1S51 — G2812 — 4358123 —A2512 — A35123 —@35123
a1C1 + a2C12 + a3C123 a2C12 + a3C123 a3C123
7 0 0 0
- 0 0 0
0 0 0
I 1 1 1 _
Jp = —a1S81 — Aa2812 — a35123 —Q2512 — A3S5123 —A35123

ai1C1 + as2C12 + a3C123 a2C12 + a3C123 a3C123
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Anthropomorphic arm




INDUSTRIAL ROBOTICS Prof. Bruno SICILIANO

g_ 20X (P—p0) z1x(P—p1) 2z2x(p—p2)

20 z1 z92
0 a5C1Co
pPo=p1= |0 P2 = | a281C2
0 asS9

c1(agco + azcaz)
p = | s1(azce + ascos)
282 + a3523

o O
N
—
|
'\
\V)
|
|«
o =
—

20 —

—_
-
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" —s1(agca + agces) —ci(azse + assesz) —asciSas]
ci(azce + ascaz)  —si(azs2 +asses) —assisas
J— 0 a2C2 + asca3 a3C23
0 S1 S1
0 —C1 —C1
| 1 0 0 _
—s1(agce + ascas)  —ci(agsy + assaz)  —ascisas
Jp = | ci(aaca +ascaz) —si(azs2 + aszses) —assisas

0 ao2Co + asCas a3C23
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Stanford manipulator
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J — 2o X (p—po) z1xX(p—p1) 22
20 Z1 0

23X (p—p3) 24X (P—pP1) 25X (DP—DPs)

Z3 Z4 Z5
0 c182ds — s1do
po=p1= |0 P3 = P4 = Ps = | S152d3 + c1d2
0 Czdg

c152d3 — s1dg + dg(c1cacass + C1C552 — 515455)
D = | 5152d3 + c1da + dg(c15455 + cacaS155 + C55152)
cods + d6(6265 — 648285)

0 —S1 €159
zo= |0 z1=| 29 =23 = | 8189
1 0 C2
—C1C2854 — S1C4 C1C2C4S85 — 515455 + C152Cs
Z4 = | —81C284 + C1C4 Z5 = | 8§1C2C485 + C18485 + $152C5

S954 —89C4S85 + CaCs
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KINEMATIC SINGULARITIES

v=J(q)q

e if J isrank-deficient — kinematic singularities
(a) reduced mobility
(b) infinite solutions to inverse kinematics problem
(c) large joint velocities (in the neighbourhood of singubgrit

e Classification
* Boundarysingularities

* Internal singularities
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e Two-link planar arm

—Q1S81 — A2812 —A2512
a1C1 + asC12 a2C12

J =

det(J) = ajass

* [ —(a1 + CLQ)Sl (a1 + CLQ)Cl ]T parallel tO[ —a9S1 aoCq ]T
(components of end-effector velocity non independent)
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Singularity decoupling

e computation ofarm singularities

e computation ofwrist singularities
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Ji1 Ji2
J =
[le J22]

Jio=|z3x(p—p3) zax(P—ps) 25 % (p—ps)]

Joo =23 24 2z5]

e p=pw — pw — p;paralleltoz;,?=3,4,5

J2=[0 0 O]
det(J) = det(Jy;)det(Ja)

det(Jn) =0 det(.]zg) =0
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Wrist singularities

e z3 parallel toz;

* rotations of equal magnitude about opposite directions on
¥4 anddg do not produce any rotation at the end-effector
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Arm singularities

e Anthropomorphic arm

det(Jp) = —asasss(azca + ascas)

s3 =20 asCs + azcoz = 0

* Elbowsingularity
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* Shouldersingularity

px:pyzo
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ANALYSIS OF REDUNDANCY

e Differential kinematics

v=J(q)q

*x if o(J)=r

dim(R(J)) =7 dim(N(J)) =n—r

* in general

dim(R(J)) + dim(N(J)) =n



INDUSTRIAL ROBOTICS Prof. Bruno SICILIANO

o If N(J)#
q=q + Pq,
where
R(P)=N(J)
* check:

Jg=Jqg " +JPq,=Jqg" =v

e g, generatemternal motionf the structure
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INVERSE DIFFERENTIAL KINEMATICS

e Nonlinear kinematics equation
e Differential kinematics equation linear in the velocities

e Givenw(t) + initial conditions = (q(t), g(t))
* fn=r
qg=J "(qv
alt) = [ a0 +a(0)

* (Euler) numerical integration

q(trv1) = q(tr) + q(tr) At
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Redundant manipulators
e For a given configuratiog, find the solutiong that satisfy
v=Jq

and minimize |

9(@) — ifITWf]

* method of Lagrange multipliers

. 1. . .
g(@,A) = §qTWq + A (v —Jq)

T T
993" _o %) o
0q oA\
* optimal solution

g=wW gt aw-1JghH) 1y

*x fW =1
g=Jlw

where
JT = g7 (JJ7)1

is theright pseudo-inversef J



INDUSTRIAL ROBOTICS Prof. Bruno SICILIANO

e Use of redundancy
9'(q) =
= like above. . .
9@ N = 5@ — ) —an) + AT - I
* optimal solution

g=J+(I-J"0)q,
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e Characterization of internal motions

o (5)

* manipulability measure

w(g) = \/det(J(a)J7())

* distance from mechanical joint limits

1 n i — q 2
wia) = 2n i1 (%;M - Qim)

* distance from an obstacle

w(q) = rg,i(‘gl |p(g) — o
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Kinematic singularities

e The previous solutions hold only whehis full-rank

e If J isnotfull-rank (singularity)

*~ if v € R(J) == solutionq extracting all linearly
independent equations (“physically” executable path)

*~if v ¢ R(J) = the system of equations has no
solution (path cannot be executed)

e Inversion in the neighbourhood of singularities

x det(J)small = g large
* damped least-squares inverse
J=JNJIT" + kD)
whereg minimizes

g"(q) = v - Ja|* + £*|l4]*
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ANALYTICAL JACOBIAN

p = p(q)

» = d(q
p= g—zq = Jp(q)q
¢ = g—zq = J»(q)q
o] _[Jr(a)
a Lb] a [J¢(q)] 1

= Ja(q)q
Jalq) = okla)
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e Angular velocity of Euler angles ZYZ about axes of reference
frame

« asaresultop: [w, w, w.]' =¢[0 0 1]
x asaresultof: [w, w, w.] =9[-s, c, 0]

*asaresultoiv}: (wg Wy wz]T:¢[c¢sq9 Sp,S9  Cy
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e Composition of elementary angular velocities
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e Physical meaning ab

w=[r/2 0 0]7 0<t<1
w=[0 7w/2 0]F 1<t<2

A

Z
Y t=0
)

,A;

A

zZ
Y t=1
)

s

A

Z
y t =2
>

w=[m/2 0 0]F

A

— Yy

>
A

Yy

— >
A

v

>

/2wdt: (w/2 7/2 0]
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Relationship between analytical Jacobian and
geometric Jacobian

I O |. :
’v:[O T<¢)]w:TA(¢)w
J=Ts(¢p)Ja

e Geometric Jacobhian

* quantities of clear physical meaning

e Analytical Jacobian

* differential quantities in the operational space
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INVERSE KINEMATICS ALGORITHMS

e Kinematic inversion

q(trs1) = q(tr) + I~ (q(te))v(tr) At

x drift of solution

e Closed-Loop Inverse Kinematics (CLIK) algorithm

* operational space error

e=xy— T
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Jacobian (pseudo-)inverse

e Linearization of error dynamics

qg=J;"(q)(¢q+ Ke)

+ ¢ ) — § .
»@ > ) - f
X

) |

* For aredundant manipulator

q= le(id + KG) + (I - J;RJA)(‘ICL
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Jacobian transpose

e g = g(e) without linearizing error dynamics

e Lyapunov method

Vie) = §eTKe
where
Vie)>0 Ve#0 V(0)=0
Vie)=eTKiy— e’ Ki
—el'Ki,—e'KJa(q)q
* the choice
q=J,(q)Ke
leads to

Vie)=elKiy— e KJs(q)J.(q)Ke

xif €g = 0 = V < 0with V > 0 (asymptotic
stability)

* ENIND 40 = V=0if KeeN(J%)
g = 0 with e # 0 (stuck?)



INDUSTRIAL ROBOTICS Prof. Bruno SICILIANO

Xy i_@ € > Y JAT(Q) L’ f :
() |
o Ifxy;#0

* e(t) bounded (worth increasing norm &f)

* e(co) — 0
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e Example

0 0 0
T
Jp = | —C1 (CLQSQ -+ a3823) —Sl(CLQSQ + CL3823) 0
—azC1523 —a3z3s1523 a3C23
x null of J%
Y 1
- v, =0
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Orientation error

e Position error
ep =pq —p(q)

ép=P4g—P
e Euler angles
eo = ¢qg — P(q)
eo = pa — ¢

R pa+ Kpep

* handy to assign the time histoay; (t)

* anyhow requires computation® = [n s a]

e Manipulator with spherical wrist
x computegp — Ry

x computeR:, R; = qo (Euler angles ZYZ)
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e Angle and axis
R(Y,r) = R4R*

* orientation error
eop = rsinv

1
:§(n><nd—|—s><sd—|—a><ad)

éo = LTw,; — Lw

where
L= (S(ni)S(n) + S(s)S(s) + S(a)S(a)
e=lon) = e T
-1 =16 7]
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e Unit quaternion
AQ=Qu% Q!

* orientation error

eo = Ae =1(q)eq — nae(q) — S(eq)e(q)
| pa+ Kpep
q=4J (Q) [wd—i—KOeO]
wyg—w+ Kopep =0

* guaternion propagation

ﬁ:—%eTw
1
€=l —S(e)w

* study of stability

V= (na—n)"+(€a—€) (ea — €)

V = —egKOeO



INDUSTRIAL ROBOTICS Prof. Bruno SICILIANO

e Second-order algorithms

* time differentiation of differential kinematics

ie=Jal@)q+Jalg,d)q
* joint accelerations solution
q=J5"(a) (& — Jala,2)d)

4

e+ Kpe+ Kpe=20
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i) e S I
v J(q,q) le— 1
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Comparison among inverse kinematics algorithms

e Three—link planar arm

x = k(q)
Dx aici + az2C12 + ascCi23
Dy | = | Q181 + 2812 + a35123
¢ 191 + 192 + 193

* a1 = ag = a3z = 0.5m

—@1S81 — a2812 — A3S5123 —@2S12 — A35123 —@A3S5123
Ja = aic1 + asCia + a3C123 a2C12 + a3C123 a3C123
1 1 1
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x qi=[m —-m/2 —m/2]T rad

U
*x pg; = [0 0.5]T'm ¢ = Orad

* desired trajectory

0.25(1 — cos 7t)

— <t <
pa(t) [0.25(2 + Sinﬂ't)] O<t<d
da(t) =sin—t 0<t<d4

= sin —

e MATLAB simulation with Euler numerical integration

q(te+1) = q(te) + q(ty) At

andAt = 1ms
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X 10‘3 pos error norm X 10‘5 orien error

1.5}

0.5¢
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e ¢=J q)(x4+ Ke) K = diag{500, 500, 100}
joint pos joint vel
5 - - - 10 : -
M
= w
g 0 3 g
2
-5 ' -10 - ' - .
0 1 2 3 4 5 0 1 2 3 4 5
[s] [s]
X 10‘5 pos error norm X 10‘8 orien error
1 - - - - 0 -
_1.
——2[
©
s
L
_4.
-5

[s]
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o freegp (r =2,n =3)

e §=Jh(pa+ Kpep)

—6

Kp = diag{500, 500}

X 10 pos error norm orien
5 : : 0.5 - :
4 L
3 0
E 8
ol =,
-0.5
1 L
0 : -1 :
0 1 2 3 4 5 0 1 2 3 4 5
[s] [s]

e = J;(Q)KPGP

pos error norm
0.01 ; -

Kp = diag{500, 500}

orien
0.5 - :

[rad]
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o g=Jb(pa+ Kpep)+ (I — JbIp)de
Kp = diag{500, 500}

* manipulability measure

1
w(V2,V3) = 5(83 + 53)

ow(q
* o = ka (9) ko, = 50
dq
joint pos joint pos
5 - - 5 - -
1 1
= 3
c O 3 g 0
W - W
2 3
-5 ' -5
0 1 2 3 4 5 0
[s]
% 10° pos error norm
5 - - - 1
4}
0.95 |
.—.3- o) \
E 8 \
27 - |
0.9' \
Vo
1 v
\J
0 0.85



INDUSTRIAL ROBOTICS Prof. Bruno SICILIANO

* distance from mechanical joint limits

-4t -4
-6 - - -6
0 1 2 3 4 5 0 1 2 3 4 5
[s] [s]
joint 3 pos x 10 pos error norm
5 - - - 2 - - -
1.5}
g of £ 1
0.5
P AN N Ay
0 1 2 3 4 5 0 1 2 3 4 5



INDUSTRIAL ROBOTICS Prof. Bruno SICILIANO

STATICS

e Relationship between end-effector forces and moméorisH9
~ and joint forces and/or torque®(queg T with manipulator
at equilibrium configuration

* elementary work associated with torques

dW, = 71dq

* elementary work associated with forces

dW,, = fldp + p’ wdt
= f"Jp(q)dg + p" Jo(q)dq
=~"J(q)dg

* elementary displacemergsvirtual displacements

oW, =116q
W, =~"J(q)dq
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e Principle of virtual work

* the manipulator is attatic equilibriumif and only if
oW, = oW, Véq

4

T=J"(q)y
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Kineto-statics duality

N(J)=RJIT) R(J) =N+

o forcesy € M (JT) not requiring any balancing torques
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e Physical interpretation of Jacobian transpose CLIK atbari
* ideal dynamics = ¢q

* elastic forceK e pulling end-effector towards desired pose
in operational space

x effective only if Ke ¢ N (J71)
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Velocity and force transformation

1
T120 = R1T12

p1 = Ript P2 = Ryp? = R\ RLp>

W, = le% Wy = ngg = RlRéwS
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[p] _ [R% —R%S(r%g] [p%]

w3 0, R? wi
v% = va%

* by virtue of kineto-statics duality

o = I

A= lsonm mlla
pil  |S(ri)RY RL| [ p3
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MANIPULABILITY ELLIPSOIDS

e Velocity manipulability ellipsoid

* set of joint velocities of constant (unit) norm

qg'g=1

* redundant manipulator
g=J(q
Y
T (J(9)IT(q)) v =1
o AXes

x eigenvectors; of JJT = directions

= singular values; = \/\;(JJT) = dimensions

e \olume

* proportional to

w(g) = \/det(J(@)J7(q)
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Two—link planar arm
e Manipulability measure

w = |det(J)| = ayaz|s2]

* max atdy = £7/2

* max ata; = ao (for given reachu; + a»)
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e Velocity manipulability ellipses

e Singular values

0 0.5 1 1.5 2
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e Force manipulability ellipsoid

* set of joint torques of constant (unit) norm

T Tr=1

e Kineto-statics duality

* a direction along which good velocity manipulability
IS obtained is a direction along which poor force
manipulability is obtained, and vice versa
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Two—link planar arm

e \elocity manipulability ellipses
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e Manipulator= mechanical transformeof velocities and forces
from joint space to operational space

* transformation ratio along a direction for force ellipsoid

o) = (uTJ<q>JT<q>u)_1/2

* transformation ratio along a direction for velocity ellqd

B(q) = (uT(J(Q)JT(Q))_lu)_1/2

* use of redundant degrees of freedom
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e Task compatibility of structure along a given direction

* Writing

velocity

* throwing in bowling game

force

velocity

throwing direction



