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Introduction

This document is written in the Tufte handout IXIEX document style.
It provides examples and definitions from Walter Rudin’s famous
text on Mathematical Analysis which I read in the Fall of 2013 at
Columbia University. What follows are my notes and observations
from this critical mathematical work.






Chapter One: The Real and Complex Number Systems

In order to have a fruitful discussion on the main concepts of analysis
(namely, convergence, continuity, differentiation, and integration) we
must first begin with an accurately-defined NUMBER concept.

We shall assume all of the axioms that govern arithmetic of the
integers and assume familiarity with the rational numbers.

We will demonstrate how the rational number system is inade-
quate for many purposes, both as a FIELD and as an ORDERED SET.
(These terms will be defined shortly). This leads to a natural intro-
duction of the "irrational numbers."

THE PURPOSE OF OUR DISCUSSION OF THE REAL NUMBERS, will be
to show that the rational number system has certain gaps, in spite

of the fact that between any two rationals there is another. The real
number system on the other hand, fills these gaps. This is the princi-
ple reason for the fundamental role it plays in analysis.

1.1 The Axiom of Completeness

1.1.1  Ordered Sets

In order to elucidate the structure of the real numbers as well as that
of the complex numbers, we must start with a brief discussion of the
general concepts of ordered set and field.

Definition 1.1. Let S be a set. An ORDER on S is a relation, denoted
by <, with the following two properties

e Ifx € Sandy € S then one and only one’ of the following
statements is true:

x<y x=y y<x
e Ifx,yzeSand,ifx <yandy <zthenx <z?

The statement "x < y" may be read as "x is less than y" or "x is
smaller than y" or even "x precedes y."

Ifr<sthenr<@<s,

* Trichotomy: Between any two el-
ements in the set, only one of the
relations can hold. There is a unique
relationship between any two elements.

* Transitivity



The notation x < y indicates that x < y or x = y without specify-
ing which of these two is in fact the case. In other words x < y is the
negation of y < x.

Definition 1.2. An ordered set is a set S in which an order is defined.
For example, Q is an ordered set if r < s is defined to mean that s —r
is a positive rational number.

Definition 1.3. Suppose that S is an ordered set and that E C S. If
there exists a B € S such that x < B for every x € E then we say that
E is BOUNDED ABOVE and call that f an UPPER BOUND of E. Lower
bounds are similarly defined.

Definition 1.4. Suppose that S is an ordered set, E C S and E is
bounded above. Suppose that there exists an « € S with the following
properties:

® « is an upper bound of E
¢ If ¥ < « then < is not an upper bound of E

The « is called the LEAST UPPER BOUND 3 or the SUPREMUM OF E
and we write
x =supE

The greatest lower bound of infimum of a set which is bounded
below if defined in a similar manner.

inf A sup A

—

oo

lower Bounds \ ;: / upperBounds

1.2 Examples

Let us now show that /2 is irrational.
Proposition 1.1. There is no such rational p such that p*> = 2.

Proof. If there were such a p, we could write p = m/n where m
and n are both integers that are not both even (alternatively that
gcd(m, n) = 1). Let us assume this is done.

Then we have that m? = 2n2. Hence m is even. . Then m = 2k for
some k and m? = (2k)? = 4k*> = 2n?. Therefore n? is also even and so
therefore is n.

An alternative and often useful def-
inition of supremum is as follows:
Assume a € S and is an upper bound
foraset E C S. Thena = supE iff

V & > 0 there exists an element x € E
such thata — e < x.

3 that there is a most one such « is clear
from the second premise

Figure 1.1: An example of Supremums
and Infimums.

k% iseven <= kisevenforallk € Z



This conclusion is contrary to our choice of m and n. Hence there
exists no such rational p. O

Let’s now examine the situation a little more closely. Let A be the
set of all positive rationals such that p> < 2 and let B consist of all
the positive rationals such that 42 > 2. We can see that A contains no
largest member and B contains no smallest, despite the fact that they
are bounded above and below respectively. Therefore A has no least
upper bound in Q and B has no greatest lower bound in Q.

LET E consist of all numbers 1/n wheren = 1,2,3,.... Then,
supE =1 € E and inf E = 0 which is not in E. This is to demon-
strate that infimum and supremum may or may not be included in
the sets which they bound.

1.3 Least Upper Bound Property

An ordered set S is said to have the LEAST-UPPER-BOUND PROPERTY
is the following is true:
If E C S, E is not empty, and E is bounded above, then sup E exists in S.
Abbott calls this the Axiom of Completeness and purports that
it is the final, most distinctive assumption about the real number
system.
For example, we have already shown by a previous example that
Q does not have the least upper bound property.
We shall now show with a central theorem that there is a close
relation between greatest lower bounds and least upper bounds, and
that every ordered set with the least upper bound property also has

the greatest lower bound property.
Every ordered set with the least upper

Theorem 1.1. Suppose that S is an ordered set with the least-upper bound bound property, also has the greatest
lower bound property.

property, B C S, B is not empty and B is bounded below.
Let L be the set of all lower bounds of B. Then

x =suplL

exists in S and & = inf B.
In particular, inf B exists in S.

Proof. Since B is bounded below, L is not empty. Since L consists of
exactly those y € S which satisfy the inequality y < x for every
x € B, we see that every x € B is an upper bound of L. Thus L is
bounded above. Our hypothesis about S implies therefore that L has
a supremum in S; call it a.

If v < & then v is not an upper bound of L, hence y € B. It follows
that « < x for every x € B. Thus « € L.
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If « < B then B ¢ L, since « is an upper bound of L.

We have shown thata € Lbut § ¢ Lif B > a. In other words,
« is a lower bound of B, but p is not if § > a. This means that o =
inf B. O

1.4 Consequences of Completeness

Complete metric spaces often have certain nice properties as a result
of having least upper bounds. What follows are some of the conse-
quences of the Completeness Axiom.

For simplicity, we often assume that complete metric space we
are working in is the real number line, but be advised that these

properties will hold in any metric space with similar properties.
Nested Interval Property
Theorem 1.2. Foreachn € N assume we are given a closed interval

Iy = [an, bn] = {x € R:a, < x < by}. Assume also that each I, contains
Iy+1. Then, the resulting sequence of nested intervals,

hohoB 2L 2---
has a nonempty intersection; that is, N> ;1,, # @.

Proof. Knowing that we want to use the AoC to produce a single real
value x satisfying x € I, for all N, we should consider a bounded set
such that its supremum might be this x. Let us consider the set

A={a,:neN}

A={a,: neN}

S S pe— S e |

a1 a2 ag v Gn - coo bn oeer by b2 by

of the left-handed endpoints of the intervals.
Figure 1.2: An example of the Nested

Because the intervals are nested, we see that every b, serves as an
Interval Property.

upper bound for A. Thus, we are justified in setting
x = sup A.

Now, consider a particular I, = [ay, b,]. Because x is an upper
bound for A, we have a, < x. The fact that each b, is an upper bound
for A and that x is the least upper bound implies x < b,,.

Altogether then, we have a, < x < by, which means x € I, for
every choice of n € N. Hence, x € N7’ I, and the intersection is not
empty. O

1.5 The Density of Q and C in R

Again here, we are restricting our discussion to the real numbers.
Archimedean Property
Theorem 1.3. (i) Given any number x € R there exists an n € N such

that x < n.



(i) Given any real number y > 0, there exists an n € N such that % <.

Proof. Part (i) of the proposition states that N is not bounded above.
This might seem obvious and not in need of a proof yet it is im-
portant to note that a set might posses the Archimedean property
without being Complete- take Q for example- but a demonstration of
this fact requires an investigation into the axiomatic construction of
the ordered field in question. In the case of R, the AoC furnishes us
with a very short argument.

Assume that N is bounded above. By the Axiom of Completeness,
N should then have a least upper bound property, and we can set
« = sup N. If we were to consider &« — 1, then we no longer have an
upper bound and therefore there exists an n € N such that o — 1 < n.
But this is equivalent to # < n + 1. But because n +1 € N we have a
contradiction to the fact that « is meant to be an upper bound for N.

For part (ii) just let x = 1/y from above. Note that % < y implies
that % < n. Therefore this proposition again states that N is not
bounded above and the proof is exactly as before. O

Theorem 1.4. (i) For every two real number a and b with a < b, there
exists a rational number r satisfying a <r < b

(1) Given any two real numbers a and b with a < b. there exists an irra-
tional number t satisfyinga <t <b

Proof. (i) WLOG assume that 0 < a < b. A rational number is a
quotient, therefore there exists n,m € N such that
m
a< —<b
n

The first step is to choose a denominator large enough so that
consecutive increments of size 1/7 are too close together to "step
over" the interval (a,b).

Using the Archimedean property, we pick n € N so that
1 <b—-a
n

The first inequality gives us na < m < nb. With n already chosen,
we choose m to be the smallest integer great that na. In other
words.

m—1<na<m

which yields a < m/n. The second equality is also equivalent to
a < b—1/n and we can use the third to write,

m<mna-+1

1

11

The contradiction here rests on the
AoC and the fact that N is closed under
addition.

Density of C and Q in R
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=nb

Because m < nb implies that m/n < b, and we have thata <
m/n < b as desired.

(i) We want to prove the existence of an irrational number between
any two real numbers 4 and b. Using the density of Q in R on the
real number a — v/2 and b — v/2 we can find a rational number
such that a — v/2 < r < b — /2. This then implies that a < r +
V2 < b. Since an irrational plus a rational is again an irrational (a
result proved in the exercises) it follows that r 4 1/2 is irrational.

O

1.6 Fields

1.6.1 The Real Field

We now state the existence theorem which is the core of this chapter.
Here, we only state the existence of R

Theorem 1.5. There exists an ordered field R which has the least-upper but we do not yet provide a proof of its
bound property. Moreover, R contains Q as a subfield. existence.

We omit the proof since it is a little tedious.

1.7 Exercises

1. If r is nonzero and rational and x is irrational, show that rx and
r + x are also irrational.

Proof. i) Assume that rx is rational for contradiction, where r and x
are rational and irrational respectively. Then assume r = ; for some

a,beZ,b#0
a ¢ be
Xeg=gox=
contradicting our assumption that x is irrational.
ii) Assume for contradiction that r + x is rational. Therefore
x = (r+ x) — r is the difference between two rational numbers
and therefore is rational itself. This contradicts our assumption that x

is irrational. O

4. Let E be a nonempty subset of an ordered set; suppose that «
is a lower bound of E and that 8 is an upper bound of E. Prove that
x < B.

Proof. O

5. Let A be a nonempty set of real numbers which is bounded
below. Let —A be the set of all numbers —x where x is in A. Prove
that inf A = —sup(—A).



Proof. Using the fact that R is an ordered field with the least upper
bound property, we can assume that a nonempty subset A C R that
is bounded below has a greatest lower bound or infimum in R. Call it
.

Taking an arbitrary member of this subset x € A, we know that
—x € —A by definition of membership in —A. Furthermore by the
definition of infimum, we know that « < xforallx € A. Asa
consequence of Proposition 1.18 (a) we can deduce that —a > —x for
all —x € —A.

Using an arbitrary element in — A, we have shown that —a« > —x
for all —x € —A which suggests that —a is an upper bound for —A.

What remains to be shown is that —« is a least upper bound.

Choosing some arbitrary element 8 < —a, using again Proposition
1.18 (a), we can be sure that —f > «. Since &, we already know, is the
greatest lower bound of A, an element greater than « is not a lower
bound but a member of A. By the density of the real numbers, there
must exist some element of x € A such that x < —p. Using yet again
Proposition 1.18 (a), there exists some element —x € —A such that
—x > B. This states strictly then that g cannot be an upper bound of
—A.

Therefore, we have shown that any element LESS than —a cannot
be an upper bound for —A. This together with the proof that —« is
an upper bound for —A shows that —« is the Supremum of —A.

By Proposition 1.14 (d), we can be sure that

—sup(—A) = —(—a) = a =inf(A)

as desired. O

1.8 Cardinality & Countability

Definition 1.5. FuncTtION: Consider two sets A and B and suppose
that with each element x of A there is associated, in some manner,
an element of B, which we denote by f(x). Then f is said to be a
FUNCTION from A to B (or a mapping of A into B). The set A is
called the pomAIN of f (we also say that f is defined on A) and the
elements f(x) are called the values of f. The set of all values of f is
called the RANGE of f.

Definition 1.6. IMAGE: Let A and B be two sets and let f be a map-
ping of A into B. If E C A, f(E) is defined to be the set of all ele-
ments f(x) for x € E. We call f(E) the iMAGE of E under f.

In this notation, f(A) is the range of f. It is clear that f(A) C B.

If f(A) = B, then we say that f maps onto B. That is, the function is
SURJECTIVE.

13
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Definition 1.7. INVERSE ImAGE: If E C B, f~!(E) denotes the set of
all x € A such that f(x) € E. We call f~1(E) the INVERSE IMAGE of E
under f.

Ify € B,f(y) is the set of all x € A such that f(x) = y. If for
each y € B, f~!(y) consists of at most one element of A, then f is said
to be a 1-1 (one-to-one) mapping of A into B.

Definition 1.8. CARDINALITY: If there exists a 1-1 mapping of A
onto B, we say that A and B can be put into 1-1 correspondence, or
that A and B have the same CARDINAL NUMBER, or, briefly that A
and B are equivalent, and we write that A ~ B. This relation is also an
equivalence relation and therefore has the following properties:

e Jtis reflexive: A ~ A
e Itis symmetric: If A ~ Bthen B~ A

e It is transitive: If A~ Band B~ Cthen A~ C

Definition 1.9. COUNTABILITY: For a set A

* A is FINITE if A ~ [n] for some n

® A is INFINITE if A is not finite

e Ais COUNTABLEIf A~ N

* A iS UNCOUNTABLE if A is neither finite nor countable

e A is AT MOST COUNTABLE if A is either finite or countable

Notice that Z is countable. (We demonstrate this by defining the
bijection). Also notice that Q is countable. (We demonstrate this
using the Cantor construction). Likewise, the set of even natural
numbers is countable. We can show this by inventing an appropriate
function.

Also notice, the function f(x) = 5 takes the interval (—1,1)
onto R in a 1-1 fashion. Thus (—1,1) ~ R. In fact, (4,b) ~ R for any
interval (a,b). Therefore, intervals on the real line are uncountable.

A finite set cannot be equivalent to one of its proper subsets. That
is, however possible for infinite sets. In fact we could replace the def-
inition for infinite with this statement: A is infinite if A is equivalent
to one of its proper subsets.

Definition 1.10. SEQUENCE:

Alternatively, the concept of 1-1 can
be expressed as follows: f isa 1-1
mapping of A into B provided that

f(x1) # f(x2) whenever x1 # x3,x1 €
A xp € A

For two finite set A and B, we have
A ~ B iff A and B contain the same
number of elements.

For infinite sets, however this is a
useful definition since the notion of
1-1 correspondence often maintains its
clarity.

Note: the empty set is also considered
finite! A is infinite if A is equivalent
to one of its proper subsets.

An example of a 1-1 function from
N — Z:

[ (n—=1)/2 :n isodd
f(x)i{ —n/2 :n s even

Simply put, a sequence is a function
whose domain is IN



By a sequence, we mean a function f defined on the set of natural
numbers. If f(n) = x, forn € N, itis customary to denote the
sequence f by the symbol {x,}, or sometimes by x1, x, .... The values
of f, that is, the elements of the sequence are called terms. If A is a
setand if x, € A forall n € J, then {x,} is said to be a sequence in
A, or a sequence of elements of A.

Note that the terms of a sequence need not be distinct.

Since every countable set is the range of a bijection defined on
the set of natural numbers, we can regard every countable set as the
range of a sequence of distinct terms. In other words, the elements of
a countable set can be "arranged in a sequence."

Theorem 1.6. If A is countable and E C A then E is at most countable,
that is finite or countable.

Proof. Let E C A.  If E is finite, then we are done.

On the other hand assume that E is infinite. Then let A = {xq, xo, ...

which we can do since A is countable. Then we construct a sequence
{ny} as follows: Let n; be the smallest natural number such that
xy, € E. Having chosen, ny,...,n_1, let ny be the smallest natural
number greater than #;_; such that x,, € E. Then set f(k) = x,,, € E.
This function is a bijection by construction and therefore E is count-
able.

O

This theorem shows that roughly speaking, no uncountable set can
be a subset of a countable set.

Theorem 1.7. The union of countably many countable sets is countable.
Let {E,},n =1,2,3,... be a sequence of countable sets. Then the set S,

s=JE
n=1

is countable.

Proof. Let every set E, be arranged in a sequence {x,, },k =1,2,3,...
and consider the infinite array in which the elements of E, form

the nth row of the array. The array contains all of the elements of S.
As in the Cantor construction, these elements can be arranged in a
sequence (denoted by the arrows) of the form

X11, X21, X12, X31, X22, X13; X41, X32, X23, X14; - - -

If any two sets have an element in common these will appear
twice in the about sequence. Therefore there is a subset of the natural
numbers, call it T, such that S ~ T which shows that S is at most
countable.

15

Alternatively, Every infinite subset of a
countable set is countable

T
al- -

1 3 5 ] ;2 8
1 )8 1 £ i 1
‘T¢, J s g L e P
» A 2 K 2 2 ¥ 2 2z ¥ 2 2
2 £ - 3 415 ) 7 8
o 2k gk st sk s
:: ¥ E 3 [3 i 8
A
' N T s a4 s
1 o 13 3 5 6 b 8
i sk s ENCaN E 431 El E
E & 3 g4 b2 [] i g
: A & 5 & & &
1 < g 4 e 3 T 8
- R T R T A
I‘L_'J g 4 5 [ 28 8
A T T S S
1 2 & 4 3 [] 7 g

Figure 1.3: An example of the Cantor
Construction for countability proofs.
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However, since E; C S and E; is infinite, then S is infinite and thus
countable. O

Corollary 1.8. Suppose A is at most countable and that for every o € A,
there is associated a set B, that is at most countable. Then the set T

T=J Ba

aEA

is at most countable.

Theorem 1.9. A finite product of countable sets is countable. For any n,

Ei1 X Ey x ... X Ey is countable for E; all countable.
Note that the fact that the product is
finite is key.

Take for example,

E={0,1}, EXEXEXE...
sertion holds trivially. Suppose that E; x E; X ... X E;_1 is countable. which is not countable. (Exercise!)

Proof. We complete this proof by induction on n. For n = 1, the as-

To show this for E; X E; X ...E,_1 X E,;, we notice that since E,, is
countable, we can list its elements as a sequence; E;, = y1,y2,.. ..
Then

Ei X Eyx...E, 1 XE;, =
(ElX...XEn_lX{yl})U(E1X...XEn_1X{y2})U...

And

[e9)

Ey X Ex X ...Ey 1 X Ey = [ J(E1 x ... x Ey_1) x {y;}
i=1

Therefore, E; x E; X ... E,_1 X E, is equivalent to the countable
union of countable sets and, by the theorem above, is also
countable. O

Corollary 1.10. The set of all rational numbers is countable.

By the Theorem above, we take n = 2 noting that every rational
is of the form b/a where a and b are both integers. The set of pairs
(a,b) and therefore the set of fractions b/a is countable.

In fact, even the set of all algebraic numbers is countable.

Corollary 1.11. A complex number is said to be algebraic if there are
integers ay, . .., ay not all zero such that

1

apz" +a1z" 4+ +a,_1z+a, =0.

Prove that the set of algebraic numbers is countable.



Proof. For each fixed integer n > 0, let us call the set P, the set of all
polynomials with integer coefficients and degree of at most n. We can
be sure that such a set is countable since it is equivalent to set of all
n + 1-tuples (ay, ..., a,), where a; € Z which is countable, as stated in
Theorem 2.13.

The set of ALL polynomials of every degree with integer coeffi-
cients can therefore be expressed as

P=J P where n € N.
n=0

By Theorem 2.12, the countable union of countable sets is also
countable and therefore P, the set of all polynomials with integer
coefficients, is countable.

By the Fundamental Theorem of Algebra, each polynomial of
degree n has only finitely many roots (at most 7). Therefore the set
of all possible roots of all polynomials with integer coefficients is a
countable union of finite sets, hence countable. O

But note that not all infinite sets are countable as shown in the
next theorem.

Theorem 1.12. Let A be the set of sequences whose elements are 0o’s and 1’s.
This set A is uncountable.

Proof. Let E be a countable subset of A and let E consists of the se-
quences s1, 5,53, - . .. We construct a sequence s as follows: If the nth
digit in s, is 1, we let the nth digit of s be o, and vice versa. Then the
sequence s differs from every member of E in at least one place and
hence, s ¢ E. Clearly s € A however so that E is a proper subset of A.
We have shown that every countable subset of A is a proper subset
of A. It follow that A is uncountable (otherwise A would be a proper
subset of A which is absurd). O

Proof. We proceed to prove by contradiction. Say A is countable
and we can list its elements in an array: A = {x7,xp,...}. Let
y = (¥1,Y2,V3,...) be the sequence of 0’s and 1’s listed along the
diagonal in the array. Define the sequence z € A as the sequence
that exchanges all of the 1’s in y for 0’s and vice versa. But then we
have that z differs from every x; € A in at least one place and hence z
cannot be in A. Contradiction.

O

Theorem 1.13. The open interval (0,1) C R is uncountable.

Proof. We proceed to prove by contradiction. Assume that there
exists a function f : IN — (0,1) that is bijective. Then for each m € N,

17

Alternative proof presented by Andre

This theorem is equivalent to the

one below and to the theorem which
states that R is uncountable. (o,1) is
uncountable iff [0,1] is uncountable iff R
is uncountable. See why this is true.
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f(m) is a real number between o and 1, and we represent it using
decimal notation

f(m) = .ay10mam30m40y5 . . .

What is meant here is that for each m,n € I, a,,;, is the digit
from the set {0,1,2,...,9} that represents the nth digit in the decimal
expansion of f(m). Therefore we can index the array of f(m)’s by the
digits of their decimal expansion. We assume that every real number
between o and 1 appears somewhere on this list.

Now for the pearl of the argument. Define a real number x € (0,1)
with the decimal expansion x = .b1bpbsby ... using an arbitrary rule
such as

Cpn =2

f(x)z{j 7

Since, by construction, this real number x differs from every other
number listed, x cannot be a member of A as defined. Therefore, we
have a contradiction.

O

Theorem 1.14. The closed interval [0,1] C R is uncountable.

(Hint: express x € [0,1] in binary notation) From this conclusion,
we can determine that R is uncountable.

Theorem 1.15. (i) The set Q is countable
(ii) The set R is uncountable.

Proof. (i) For each n € IN, let A; ne the set given by:
Ay = {jzg :where p,q € N}

Also note that we stipulate that p and q are in the lowest possible
terms with p +¢q = n.

What's crucial to observe is that every A, is finite and every ratio-
nal number appears in exactly one of these sets. Our 1-1 correspon-
dence with the natural numbers is then achieved by listing each of
the elements of Q.

(if) We proceed with a proof by contradiction. Assume that there
exists a bijection f : N — IR. This suggests that is it possible to
enumerate the elements of IR. We can write

R = {xq,x0,x3,%4,...} (1.1)

and be confident that every real number appears somewhere on the
list. We now use something called the Nested Interval Property to

This theorem can also be proved by
the production of a bijection from
R — (0,1). Take for example

flx) = (Zcxilyc/zz))

Since R is uncountable, it must follow
that (0,1) is also uncountable.

Note that this is true iff R is uncount-
able. Also note that this theorem is
equivalent to the one below. From this
we can conclude that R is uncountable.

There are 2 proofs for the countability

of Q.

¢ Function using the Cantor Construc-
tion

* Q= N x N and is a finite product of
countable sets. Therefore countable.

There are 4 proofs for the uncountabil-
ity of R:
* NIP

¢ Using the binary representations of
real numbers and the fact that the

sequences of 0s and 1s is uncount-
able

e There are infinite subsets of R
(namely (0,1) and [1,1] ) that are
uncountable.

* Max Lipyanskiy’s Senior Thesis at
Columbia

Nested Interval Property: For each

n € IN, assume we are given a closed
interval [a,,b,] = {x € R : a, <

x < b, }. Assume also that for each
Iy O Iy41. Then the resulting nested
sequence of closed intervals has a
nonempty intersection.



produce a real number that is not there on our list.

Let I; be a closed interval that does not contain x;. Next, let I, be
a closed interval, contained in I; such that x, ¢ I,. The existence of
I, is easy to verify. Certainly, I; contains two smaller disjoint closed
intervals and x, can only be in one of these. In general, given an

interval I, construct I, + 1 to satisfy
1. In+1C I, and

2. Xpy1 € I

We now consider the intersection

K
n=1

If xy,, is some real number from the list (1), then we have that
Xn, & In, and therefore not in the intersection of the intervals.
Now assuming that (1) contains every real number, this leads to

the conclusion that

NhLh=0
n=1

However, according to the Nested Interval Property this is im-
possible. By NIP there is a least one x in the intersection that con-
sequently cannot be on the list in (1). This contradiction means that

such an enumeration of R is impossible and we can conclude that IR

is uncountable.

1.9 Properties of Norms
Suppose that x,y,z € RF and « is real. Then
o x| >0

o x| =0iffx=0

o fax| = |al|x]

o Ix-y| < x|yl

o |x+yl < [x[+]yl

o |x—z[ < |x—y[+ |y —z

O

The Cauchy-Schwarz Inequality

The Triangle Inequality






Chapter Two: Sequences and Series

2.1 Sequences

Most of the concepts in analysis can be reduced to statements about
the behavior of sequences. Therefore it is important to have a clear
understanding of them before moving forward.

Definition 2.1. SEQUENCES are functions whose domain is N.

The formal definition leads immediately to the familiar depiction
of a sequence as an ordered list of real numbers. Given a function
f : N — R, f(n) is just the nth term on the list. The notations for
sequences reinforce this understanding.

What is crucial to understand is that a sequence is an infinite list of
real numbers. What happens at the beginning is of little importance
since the business of analysis is concerned with the behavior of the
infinite tail of a given sequence.

Definition 2.2. Convergence of a Sequence: A sequence (p,,) con-
verges to a real number p if, for every positive number ¢, there exists It might be well to point out that our

an N € N such that whenever n > N it follows that |p, — p| < ¢. definition of convergent sequence
depends not only on the sequence in

. . . . . question but also on the metric space X.
For Rudin, a sequence {p,} in a metric space X is said to converge

if there is a point p € X with the following property: For every e > 0
there is an integer N such that n > N implies that d(p,, p) < e.

In this case, we also say that {p,} converges to p, or that p is the
limit of {p,} and we write that

lim {pu} =p  (pn) =P

If a sequence does not converge, it is said to diverge. Note: the definition of divergence
depends on the negation of quantifiers.
Definition 2.3. We recall that the set of all points p,(n = 1,2,3,...) is ie. There exists an & > 0 such that there
o L. isno N where n < N implies that
the RANGE of the sequence. The range can be infinite or finite. d(pn, p) < e.

The sequence {p,,} is said to be BOUNDED if its range is bounded.
That is, a sequence is bounded if there exists an M > 0 such that
|x,| < M for all n € N.
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In an effort to decipher this complicated definition, it helps to
consider the phrase "d(p,, p) < €" and think about the points that
satisfy an inequality of this type.

Definition 2.4. e—neighborhoods: Given a point p € X and a positive
number ¢ > 0, the set

Ve(p) = {x € X :d(x,p) < ¢}
is called the e—neighborhood of p.

Notice that V;(p) consists of all those points whose distance from
p is less than e. Recasting the definition of convergence in terms of
e—neighborhoods gives us a more geometric impression of what is
being described.

Definition 2.5. CONVERGENCE OF A SEQUENCE (ToPOLOGICAL
VERSION): a sequence {py} in a metric space X converges to p, if,
given any e—neighborhood V;(p) of p, there exists a point in the
sequence after which all the terms are in V;(p). In other words, every
e—neighborhood centered at p contains all but a finite number of the
terms of {p,}.

Notice that these two definitions of convergence say exactly the
same thing. The natural number N from before, is the point where
the sequence enters V;(p) and never leaves. It should be apparent
that the value of N depends on the choice of e.

The smaller the e—neighborhood, the larger N may have to be.
Example: We claim that

1
Proof. Let e > 0 be an arbitrary positive number. Choose a natural
number N such that

L <e¢ = N> :
VN e

We now verify that this choice of N has the desired property. Let
n > N. Then,

1 .
n > — implies

5 <¢ and hence |a,—0|<e¢
€

4-

2.2 Some Examples:

1. If s, = 1/n then limy o {sx} = 0. The range is infinite and the
sequence is bounded.
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. If s, = n? then the sequence is divergent, unbounded and has
infinite range.

. If sy = 14 [(—1)"/n] then the sequence {s,} converges to 1, is
bounded, and has infinite range.

. If s, = i", then the sequence is divergent, is bounded, and has
finite range.

. If s;, = 1 then the sequence converges to 1, is bounded, and has
finite range.

. Now take the sequence {a,} =1/+/n.

Our intuitive understanding tells us that the sequence converges
to o but let’s first explore the relationship between e and N in the
definition of convergence.

Let’s define a sort of "target zone" and say that we take ¢ = 1/10.
By claiming that the limit of the sequence is o, we are saying that
the terms of the sequence eventually get arbitrarily close to o.

We have set ¢ = 1/10 as our standard of "closeness" which leads
to the neighborhood (-1/10, 1/10) around the limit o. How far out
into the sequence before the terms fall into this interval? The 100th
term s1gp = 1/10 puts us right on the boundary so we can say that,
if n > 100 then s, € (—1/10,1/10). Thus for ¢ = 1/10 we choose
N = 101 (or anything larger) as our response.

But our choice of ¢ was maybe rather whimsical. How can we
assure that for every choice of ¢, we can find an appropriate N.
For this problem, the desired relationship is implicit in the algebra
carried out to compute our previous answer. Whatever ¢ happens
to be, we want

1
— <&
NG

which is equivalent to

n>—
2

Now we are ready to write a formal argument.

We claim that 1

pim {1 =0
Proof. Lete > 0 be an arbitrary positive number. Choose the
natural number N satisfying N > eiZ

We now verify that this choice of N has the desired property. Let

n > N. Then,

1 1
n>-5 — —f <¢&

€2 N
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Then

1
|— —0| <e¢

N

The definition of convergence given earlier is the result of hun-
dreds of years of refining the intuitive notion of a limit into a math-
ematically rigorous statement. The logic of such a statement is inti-
mately tied to the use of the quantifiers "for all" and "there exists."
The ability to write proofs of convergence depends heavily on a firm
understanding of how to manipulate such statements.

TEMPLATE FOR PROOF THAT (x,) — Xp
1. Let € > 0 be arbitrary

2. Demonstrate a choice for N € IN. This usually requires the most
work, which should be done before actually writing the proof (less
messy)

3. Now, show that N actually works

(a) Assumen > N

(b) With N well chosen, it should be possible to derive the inequal-
ity that |x, — x| < e.

hm<n+1)—1
n

Proof. Let ¢ > 0 be an arbitrary positive number. Choose a natural
number N such that N > %

We now verify that this choice of N is appropriate. Let n > N.
Then,

Example: We claim that

1

n

™| =

n+1
n > _— < €
n

implies % < ¢ and hence ‘ - 1’ =

as desired. O

Significant insight into the role of the quantifiers in the definition
of convergence can be gained by studying an example of a sequence
that does not have a limit.

Definition 2.6. Divergence: A sequence that does not converge is said
to diverge.



To prove that a particular number x is not the limit of a sequence
(x4) we must produce a single value of ¢ for whichno N € IN
works.

Exercise 2.2.1. Verify, using the definition of convergence of a se-
quence, that the following sequences converge to the proposed limit.

(@) lim m =0.

. 3n+1
) tim G = 3

(¢) lim ﬁ =0.

Proof. (a) Lete > 0 be arbitrary. We must show that there exists
an N € NN such that n > N implies ’m — 0’ < ¢e. Well,
manipulation of the statement tells us that

1 1

= d therefore that
‘(61124-1)‘ G2 1) and therefore tha

1 e 1-—c¢
GNZF 1) < ¢ which implies that N > e

however, we can choose N based on the similar rule: N > é.

Note that this choice still works since our N here is larger than
what is required and therefore still satisfies our conditions.

It follows that n > N implies that < ¢ as desired.

1
(6n2+1)
(b) Let e > 0. Produce N such that n > N implies

3n+1) 3

’ (2n +5) - 2’
A little algebra shows that n > % satisfies this condition. So
we pick N > 13172108 then for n > N it follows that Mlifm < e.

(c) Lete > 0. We must produce an N so that n > N implies that

| nz+3 — 0] < e. Well,

RS
n+3 Vn+3
Pick N such that N > 4/¢2 — 3. It then follows that when n > N

2

= < ¢ as desired.

we get
O

Exercise 2.2.4. Argue that the sequence
1,0,1,0,0,1,0,0,0,1,0,0,0,0,1, (5 zeros), 1, ...

does not converge to zero. For what values of ¢ > 0 does there exist a
response N. For which values of ¢ > 0 is there no suitable response?

25
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Proof. For any e that is greater than 1, there exists a response N. In
this case, N can be any natural number.

For any ¢ that is less than or equal to 1, there exists no suitable
response. This is because, although the 1s in the sequence occur less
and less frequently as we go out the sequence, there is still no point
in the sequence where the sequence enters the neighborhood (¢, €)
and never leaves.

O

Exercise 2.2.6. Suppose that for a particular e > 0 we have found a
suitable value of N that "works" for a given sequence in the sense of
Definition 2.2.

(@) Then, any larger/smaller (pick one) N will also work for the
same ¢ > 0.

(b) Then, this same N will also work for any larger/smaller value of
€.

Proof. (a) Any larger N will also work for the same ¢ > 0. (b) This
same N will also work for any larger value of e. O

We now summarize some important properties of convergent
sequences in metric spaces.

Theorem 2.1. Let {p, } be a sequence in a metric space X.

* {pn} converges to p iff every neighborhood of p contains all but finitely
many of the terms of {p, }

e Ifpe X,p' € Xand if {pn} converges to p and to p’, then p = p’
* If {pn} converges, then {p, } is bounded.

e IfE C X and if p is limit point of E, then there is a sequence {p, } in E
such that {p, } converges to p.

Proof. (a) Suppose that p, — p and let V be a neighborhood of p.
For some ¢ > 0, the conditions d(p,q) < ¢, g € Ximplyq € V.
Corresponding to this € there exists N such that n > N implies
d(pn,p) < e. Thus n > N implies p, € V.

Conversely, suppose that every neighborhood of p contains all
but finitely many elements of {p, }. Fix e > 0 and let V be the set
allof all g € X such that d(p,q) < e. By assumption, there exists
an N(corresponding to this V) such that p, € Vifn > N. Thus
d(pn,p) < eif n > N; hence p, — p.

(b) Let ¢ > 0 be given. There exists integers N, N’ such that

n>N = d(pn,p)<§
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n>N' = d(pa,p) <§

If we choose n > max (N, N'), we have that

d(p,p') <d(pu,p) +d(pu,p') <e

Since € was an arbitrary choice, we can therefore conclude that
d(p’,p) =0and that p = p'.

(c) Suppose that p,, — p. Then there exists and integer N such that
n > N implies that d(p,, p) < 1. Now suppose that we set r to

r=max{1,d(p1,p),....d(pn,P)}

Then d(p,,p) < rforalln =1,2,3,.... Therefore the sequence is
bounded.

(d) Let p be a limit point of E C X. Then every neighborhood of p Limit point: A point p € X is a limit
point of the set E if every neighborhood

: . Ve(p) contains a point g # p such that
around p, contains other points of E. qgg E

contains points p, € E with p, # p. In other words, every open ball

Let {pn} be a sequence in E. Let’s define the sequence as follows:
for each positive integer 7, let’s define p, as a point € E such that
d(pn,p) <1/n.

Given ¢ > 0, choose N such that N > % (which in this case, is
equivalent to Ne > 1. If n > N, it follows that d(p,, p) < % < % <e.
Hence p, — p. O

2.3 The Algebraic and Order Limit Theorems

The point of having such a logically tight description of convergence
is so that we can confidently state and prove statements about con-
vergent sequences in general. We are ultimately trying to resolve
arguments about what is and is not true regarding the behavior of
limits with respect to the mathematical manipulations we intend to
inflict on them.

Definition 2.7. BOUNDED: A sequence (x,) is bounded if there exists
a number M > 0 such that |x,| < M for all n € IN.

Geometrically this implies that we can find an interval on the real
number line [—M, M| that contains every term of the sequence (xy).

Theorem 2.2. Every convergent sequence is bounded.

Proof. Assume (x,) converges to a limit /. This means that given a
particular value of ¢, we know that there exists an N € IN such that
if n > N, then x, is in the interval (I — ¢, + €). Without knowing
whether or not [ is positive or negative, we can nonetheless be sure

that Note that |x,| = |x, +1—1] <
[xy — 1]+ || <e+ ]l
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|xn| < || +¢

for all m > N.

We still need to worry (just a little) about the terms that come
before the Nth term. Because there are only a finite number of these
terms, we can let

M = max{|x1]|, |x2|,..., |xn_1], |I| + €}
It follows that |x,| < M for all n € IN as desired. O

The following theorem illustrates that sequences behave very
well with respect to each other. This should be easily done using the
convergence definition and the properties of norms from earlier.

Theorem 2.3 ( Algebraic Limit Theorem). Suppose that {s,} and {t,}
are complex sequences, and that they converge to s and t respectively:

o {sy+ty} —s+t

* sy} ={csn} = csand {c+s,} — c+s; for any number c

. {Sntn} = st
. ﬁ — L provided that s, # 0 and s # 0

Proof. (a) Given € > 0, there exist integers Ny, N, such that

n>Ny = |sp—s| <

N[ ™

n>N; = |tn—t|<§
If N = max(Nj, Np) then n > N implies
|(sn+tn) = (s+1)| < sp—s|+|th —t <e

proving that {s, +t,} — s+t
(b) Given € > 0, there exists Nsuch thatn > N = |[s, —s| <
¢/|c|. That is, whenever n > N

lcsy —cs| = |c||sn —s| < &

proving that {cs,} — cs.
|(c+sn) — (c+5s)| =|sn—s| <e
(c) Given € > 0, there exist integers N1, N, such that
n>Ny = |sp—s| <+ e

n>Ny, = |ty —t| < e



If we take N = max(Nj, Np),n > N implies that
[(sn —8)(tn — )| < |su —sl|tn —t] <e

Which is to say that the sequence {{s, — s}{t, — t}} converges to

To show that {s,t,} — st we must show that
Isntn —st| = |(sn—35)(tn —1t) +5(ty —t) + t(sn — 5)|
< (sn—s)(tn — )+ s]|(tn — )] + [t]| (50 — 5)|
Therefore for n > N as before, we have that

(50 =) (tn = )] + Is[|(ta — )| + [t|[(sn —5)| <e+sve+tVe

Alternative Proof: Begin by observing that
|sutn — sty + sty — st
|Sutn — stu| + |sty — st|
= [tallsn —s|+ |s||tn — ¢
Letting ¢ be arbitrary, we proceed with the strategy of making
each piece less than £/2. Using the fact that convergent sequences
are bounded (proved previously) we know that there exists a bound
M > 0 such that |t,| < M for all n € IN. Therefore for any ¢ > 0 there
exists N1, N, such that

[sntn — st

IN

1e¢
> _ — =
I’Z_N1:>|Sn S|<M2
1 e
nZN2:>‘tn7t‘<m§

Pick N = max(Ny, N;) and the calculation shows that
< tullsn —s| + [s]|tn — ]

< M]sy —s|+ |s||tn — t|

< Mg+ bl

[sntn — st

S

= ¢
d) To show that {5%} — % we first observe that
11 _[b-b
by, b|  blby|

Since {b,} — b we can make the preceding numerate as small
as we like by choosing n large. The problem comes in that we need
an estimate on the size of ﬁ. The trick is look far enough out into
sequence {b, } so that the terms are closer to b than they are to o.

Consider the particular value gy = |2ﬂ. Because {b,} — b, there
exists Nj such that
14

29
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Next, we choose N, such that

bZ
n>N, = |bn—b|<%

Let N = max{Nj, N}, then n > N implies that

1 1 1 elb> 1
~ —Zl=b-b < =
SRRl R

Theorem 2.4. Extending our previous results to sequences in R¥
(a) Suppose x,, € R (n =1,2,3,...) and

Xn = (A1, Q)
Then {xy} converges to x = (aq,...ax) iff

’111_13’01006]'/”:&]' (1§]§k)
(b) Suppose {x,}, {yn} are sequences in R¥, {B,,} is a sequence of real
numbers, and x, — X, Yyn — Y, Bn — B. Then

lim (x, +yn) =x+y,  lIm (0 -yp) =x-y,  lim Bux, = px
Proof. O

The above theorem verifies that the relationship between algebraic
combinations of sequences and the limiting process is as trouble-free
as we could hope for. Limits can be computed from the individual
component sequences provided that each component limit exists.
The limiting process is also well-behaved with respect to the order
operation.

Theorem 2.5 (Order Limit Theorem). Assume (a,) — a and (b,) — b
(i) Ifay, > 0foralln € N, thena > 0.
(ii) If ay < by foralln € IN, then a < b.

(iii) If there exists ¢ € R for which ¢ < by, foralln € IN, thenc < b.
Similarly, if a, < c foralln € N, thena < c.

Proof. (i) We will begin this proof by contradiction; that is, assume
that 2 < 0. The idea is to produce a term in the sequence (a,)
that is also less than zero. To do this, we consider a particular
value ¢y = |a|. This definition of convergence guarantees that
we can find an N such that |a, —a| < |a] foralln < N.In
particular this would mean that |ay — a| < |a| which implies
that ay < 0. This contradicts our hypothesis that ay > 0. We ( uf; s

therefore conclude that a > 0. e o frateo
Figure 2.4: If a, > 0 for all n € IN, then

a>0.



(ii) The Algebraic Limit Theorem ensures that the sequence (b, —
a,) converges to b — a. Because b, — a, > 0, we can apply the
results from part (i) to get that b —a < 0.

(iif) Take a;, = ¢ (or by, = c) for all n € IN and apply our results from
part (ii).
O

Loosely speaking, limits and their properties do not depend at all
on what happens at the beginning of the sequence but are strictly
determined by what happens as n gets larger. Changing the values of
the first ten (or ten thousand) terms of the sequence has no effect on
its eventual limit.

2.3.1 Exercises

Exercise 2.3.1. Show that the constant sequence (a,a,a,a,..) converges
toa.

Proof. Since the sequences is constantly a, we know that for all n:
lap —a| =|la—a|=0<c¢

Therefore we can choose N completely arbitrarily since any choice
will ensure that |a, —a| =0< ¢ O

Exercise 2.3.2. Let x,, > 0 for all n € N.
(@) If (x,) — 0, show that (\/x,) — 0.
(b) If (x4) — x, show that (\/x,) = /x.

Proof. (a) Lete > 0. (We want to show that |x,| < e implies that
[\/Xn| < €).

Because (x;) — 0, we have that there exists N such that |x,| =
xy < €2 Then we have that for the same N, |\/x,,| = /X, <

Ve =e.
As a result, for all € > 0, there exists N such that n > N implies

that |\/x, — 0| < e and (\/x;) — 0.

(b) If (x4) — x, show that (\/x,) — /x.
Let ¢ > 0. We wish to prove that 3N such that n > N implies that

|V — V3| <
VE = VEl = |VE— VE R

|xn+X‘

NEPERY:

[x+x|

Jx

IA

31
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Because (x,) — x and x > 0, we can choose N such that |x, —
x| < ey/x whenever n > N. This implies that Vn > N,

] eV
|\/E_\/§|§T<W—E

O

Exercise 2.3.3. (Squeeze Theorem). Show that if x, < y, < z, for all

ne

Proof. Since (x,) — 1

N, and if lim x, = limz, = [, then limy, = [ as well.

Since (z;) =1 3INpsuchthatn > N, = z, € (I —¢1+e¢).
Since x, < y, < zy foralln € N, for N = max{Nj, N} then it
follows that y, € (I —¢,1+¢) forall n € N.

O

Exercise 2.3.4. Show that limits, if they exist, must be unique. In other

words, assume lima, = I and lima, = I, and prove that [; = I.

Proof. (i) Using the definition of convergence

(i)

Lemma 2.6. Two numbers Iy = I are equal iff |l; — Ip| < € for all
e>0.

Let ¢ > 0. Since (a,) — I} and the (a,) — I, there exists N1, N,
such that n > Nj and n > N, implies that |a, — I;| < ¢/2 and
|a, — Ia| < €/2 respectively.

Therefore choosing N = max{N;, N}, n > N implies:

|y — o \lh+a, —a, — 1o

< ‘ll —an| + |an _ZZ|
= ‘lln —ll| + |an _Zz|
< 5+35

= &

therefore, I; = I5.

By the Algebraic Limit Theorem
lim(a, —a,) = lim(a,)—lim(a,) = L -0
= 1limO0 = 0

Therefore I; — I = 0 implying that I} = I,.

Exercise 2.3.6.

(a)

Show that if (b,) — b, then the sequence of absolute values
|bn|converges to |b|.

INj such thatn > Ny = x, € (I —¢,1+¢).

Proof. = trivial.

< Assume lj # I, then |l — | = ¢
for some g9 > 0. However, choosing
€ < g9, we no longer have Veg > ¢ > 0
that |Il; — Io| < e since ¢ < |l; — Io| = €.
Contradiction. O
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(b) Is the converse of part (a) true? If we know that |b,| — |b], can
we deduce that (b,) — b?

Proof. (a) We wish to show that Ve > 0 |b, —b] < e = ||by| —
|b]| < e.
|bn|

|by —b+b] < |by—0b|+|b]
[bul = [b] < |bn—D]

[[ba] — 6] < |lba—=bl| = |bn—0D]
Since (b,) b INst.n<N=|b,—b| <e.
Therefore, for the same N, n < N,

[[ba] — [b]] < |bn —b] <
and |by|converges to |b|.

(b) No, the converse is not true.

Exercise 2.3.7.

(a) Let (a,) be a bounded (not necessarily convergent) sequence, and
assume limb, = 0. Show that lim(a,b,) = 0. Why are we not
allowed to use the Algebraic Limit Theorem to prove this?

(b) Can we conclude anything about the convergence of (a,b,) if we
assume that (b, ) converges to some nonzero limit b?

Proof. (a) Because (ay) is bounded, there exists M > 0 such that
lan] <M Vn € N.
Furthermore since (b,) — 0, there exists N such thatn > N
implies that [b,| < 7.
Then the sequence (a,b,) is such that for n > N

s

and a,b, — 0

We cannot use the Algebraic Limit Theorem to prove this since
not both sequences are convergent.

(b) No we cannot conclude anything about the sequence.

Exercise 2.3.10. If (a,) — 0 and |b, — b| < a, then (b,) — b

Proof. We must have a, positive since there always exists a positive
value less than a,,. Therefore |a,| = ay,.

If (ay) — 0then Ve >0 3N such that|a,| =a, <e.

Then the the above inequality |b, —b| < a, < e whenn > N.
Therefore (b,) — b. O
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Exercise 14.

If {s,} is a complex sequence, define its arithmetic means o, by
_Spt+s1+ - +5n
B n+1

(a) Iflims, =s, prove that limo;, =s.

(n=0,1,2,...)

n

Proof. Lete > 0.

If lim s, = s then the sequence is bounded, that is, there exists an
M > 0 such that
|sn —s| <M

Furthermore, there exists an N; € IN such that n > Nj implies
that

I3
|sn—s\<§
Therefore for n > N; we have that
So+sy +s2+---+sp
low—s| = | nt1 — |
B |so—|—51+52+---+sn—(n+l)s’
N n+1
_ |(50—5)+(51—S)+(52—S)+"'+(Sn—5)’
n+1
|(SO*S)‘F(S]*S)+"'+(SN1_]*S)|+|(SN1—S)+"'+(Sn_5)|
- n+1 n+1
< (Ny —1)(M) | e(n—Ny)
n+1 2 n+1
(Ni —1)(M) | ¢
< n+1 Jr2
Note that in the last line we used the fact that forn > Nj,
(n—Nq)
n+1 <L

But N; and M are fixed meaning they are simply constants. Since

the sequence {17} — 0 we can fix the quantity W to be

arbitrarily small.
Choose N, such that n > N, implies that

(N —1)(M) ¢
1n—i—l <§

Finally, let N = max{Nj, N> }. Then n > N implies that

M -DM) | ¢

n+1 2
e ¢
2 2
€

low —s| <



as desired. O

(b) Construct a sequence {s,} which does not converge although
limo, = 0.

Solution: The sequence {s,} = (a,—a,a,—a,a,—a,a,—a,a,...)
does not converge but the sequence {cy, } converges to 0.

2.4 The Monotone Convergence Theorem

We showed previously that convergent sequences are bounded.
While the converse is not necessarily true, if a sequence is bounded
as well as monotonic, then it converges.

Definition 2.8. Increasing sequence: A sequence {a,} is increasing if
ay < ayyq for all n € IN and decreasing if a, > a,11 foralln € N. A
sequence is monofone if it is either increasing or decreasing.

Theorem 2.7 (The Monotone Convergence Theorem). If a sequence is
monotone and bounded, then it converges.

Proof. Let (a,) be monotone and bounded. WLOG assume (a,) is
increasing and consider the set of points {a, : n € N}.

By assumption, the set is bounded. By the axiom of completeness,
the set has a supremum. Let s = sup{a, : n € N}.

We claim that lim(a,) = s.

Let e > 0. Because s is the least upper bound of {a, : n € N}, s —¢
is not an upper bound, so there exists a point in the sequence call it
ay such that s — e < ay.

Now the fact that (a,) is increasing implies that if n > N then

ay < ay.
Hence,
s—e<any<a,<s<s—+¢
which implies that |a, —s| < e for all n € N. 0O

Note that the Monotone Convergence Theorem is extremely use-
ful since it asserts the convergence of a sequence without explicit
mention of the actual limit.

Also note that the Monotone Convergence Theorem follows from
the Axiom of Completeness.

2.4.1 Exercises

Exercise 2.4.2.

35



36

(a) Prove that the sequence defined by x; = 3 and

1
4 — x,

Xn41 =

converges.

(b) Now
exist

(c) Take
this e

Proof. (a)

(b) Since

that we know lim x,, exists, explain why lim x,,1; must also
and equal the same value.

the limit of each side of the recursive equation in part (a) of
xercise to explicitly compute lim x;,.

1 3

(i) The first few terms of the sequence are x, = 3,1, 3,77, - -

Then we can guess that the sequence is decreasing (x,1 <
X, Vn)and we can prove it by induction.

Forn =1, x; < x1 since 1 < 3.
For n = k, assume that x; 1 < xg.

Then when n = k + 1, we want to be able to show that
Xjpp = ﬁ < Xpp1 = ka. Using the inductive hypothe-
sis, we have that

Y1 < Xg
—Xk+1 > Xk
4—x1 > 4—x
1 1
4— X e Xk

Y2 < Xg41

as desired.

We can see that (x,) is bounded above by 3 but we would
like to prove that it is bounded below by 0. Again we can
prove this by induction, showing that x, >0 Vn.

Clearly for n = 1, x; = 3 > 0. Then assume for n = k, that
x> 0.

To show this for n = k + 1, note that we have that 3 >

xx > 0. This implies that x;, = 4%9% is positive. Therefore
Xxy1 > 0 as desired.

Since (x,) is decreasing and bounded below by 0, we have
by the MTC that the sequence is convergent.

(x,) is bounded and decreasing, (x,1) must also be

bounded and decreasing, then by the MTC it must also be con-

vergent.



Furthermore since (x,) — L, it must be that Ve > 0 3n €

N st n > N implies that |x, — L| < e. However, notice that
for (x,41) this same N works since n +1 > n > N and therefore
|¥y1+1 — L| < € and both sequences converge to the same limit.

(c) By part (b), we have that lim x, = lim x,,;1 = L. Furthermore, by
the Algebraic Limit Theorem we can deduce that L = limx,,;1 =
lim ﬁ = ﬁ and we have that L satisfies the equation L2 —

4L +1 = 0. Solving for L we have that L = 2+ /3, however
since 3 is an upper bound for the sequence, we must have that

L=2-—+/3.

Exercise 2.4.3.Using the same methods prove that the following se-
quence is convergent and find its limit.

1
Ynp1=4— — =1
Yn
Proof. (i) Monotone. Looking at the first few terms of the sequence

again, we can see that it is increasing that y, < y,41 Vn. To
prove this we use induction.
Forn=1,1y1 <ypsincel < 3.
Assume that for n = k, it is true that x; < xp 1.

Then forn =k +1,

X < X
—Xp 2 Xkl
1 1
— <
— Xk —Xk+1
1 1
4—— < 4-
— Xk —Xk+1
Xer1 S Xgyo

as desired.

(if) Bounded. It is clear that the sequence is bounded below by 1
however, now we wish to prove that it is bounded above by 4.
For n = 1 this is trivial. Assume then that 1 < x; < 4. Then
Xpr1 < 4 as well, since we can see that 0 > xik <1

(iii) Limit. Note that limy, = limy,41 = y. Theny = limy, 1 =

lim(4 — ]/Ln) =4- % By this relation we have that y> — 4y +

1 = 0 with roots y = 2 & /3. However, since the sequence is
bounded below by 1, we have that y = 2 + /3.
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Exercise 2.4.4. Prove that the sequence x, = v/2, v/2v/2,1/2v/2V2, ...

converges and find the limit.

Proof. First, define the sequence recursively:
Xp+1 = V2xp Xy = V2

(i) Monotone Increasing (x, < x,41 Vn). Forn =1, V2 <
V/2v/2. Then assume that for n =k, x; < Xjt1-

Using the Inductive hypothesis

Xk+1

V 2Xjt1

<
2x < 2Xpy1
<
< X2
as desired.

(i) Bounded. We wish to prove that the sequence is bounded above
by 2. For x; this is trivial. Assume that x; < 2. Then

Xk

ﬁ

=

=

AN AN AN NN
=

as desired.

(iii) Limit. Note that x = lim x,, = lim x,, 1. Therefore we have that
x = limx,,; = v2x and we have that x> — 2x = 0. Therefore
x=2

Exercise 2.4.6. Let (a,) be a bounded sequence.

(i) We define the sequence y, = sup{ay : k > n}. Prove that limy,
exists

(ii) Define the sequence z, = inf{a; : k > n} and prove that it
converges

(iii) Show that limsupa, = liminfa, iff lima, exists and that all
sequences converge to the same limit.

Notice that here we take the limit under
a square root which is not covered

in the Algebraic Limit Theorem. We
therefore use Exercise 2.3.2 to support
our argument.



2.5 Subsequences and Bolzano-Weierstrass Theorem

Definition 2.9. Subsequences: Given a sequence {p, } consider a
sequence {1} of positive integers such that n; < n, < nz < ---.
Then the sequence {py, } is called a subsequence of {p,}. If {px,}
converges, its limit is called a subsequential limit of {py}.

Note: It is clear that {p, } converges to p if and only if every subse-
quence of {p,} converges to p.

Notice also that the order of the terms in the subsequence is the
same as in the original sequence and that repetitions are not allowed.

Theorem 2.8. Subsequences of a convergent sequence converge to the same
limit as the original sequence.

Proof. Assume the sequence (x,) — L and let (xy;) be a subsequence
of this sequence. Let ¢ > 0. Then there exists an N such thatn > N
implies that [x, — L| < e. But since n; > j this same N works for the
subsequence as well. To be more precise, j > N implies that n; > N
and that [x,, — L| < ¢ as desired.

O

This theorem can sometimes provide a very useful proof for diver-
gence of a sequence. If we can find two subsequences that converge
to two different limits, then we can rigorously conclude that the origi-
nal sequence diverges.

Furthermore, this theorem can be applied to infinite series to show
that infinite sums are associative which we will see later.

Example. Let0 < b < 1. Because b > b> > b> > b* > ... > 0
the sequence is decreasing and bounded below. By the MTC the se-
quence converges to some limit [ satisfying b > [ > 0. Notice however
that (b*") is a subsequence, so by the above theorem (b*") — [. But
(b?) = (b")(b") so by the Algebraic limit theorem, (b?*) — -1 = [2.
Because limits are unique /> =  and therefore [ = 0.

Example. Consider the sequence

1

(11_51 !

LN
7 5151 51

7

7

)

We can show that the sequence is divergent since we can provide

7

W=
N
a1l —
Uil =
a1l —

two subsequences, namely:

(=

that converges to two different limits.

1 1 1 1
,) and (—g,_g,_g,—g,...)

I

Q1| —
Qi —
Q| —
Qi =
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Theorem 2.9. BoLZANO-WEIERSTRASS THEOREM: Every bounded
sequernce contains a convergent subsequence.

Proof. Let (a,) be a bounded sequence such that |a,| < M for all n. If
we were to bisect the closed interval [—M, M| into [—M, 0] and [0, M]
where the midpoint will be in both intervals. Now it must be that
at least one of these closed intervals contains infinitely many terms
of the sequence (a,,). Select the half for which this is the case and
labeling it I. Then let a,;, be some point in the sequence satisfying
an, € L.
Now bisect [; and again select the half with infinitely many (a,)
and call it I;. Then again select a point a,, € I; such that ny > n;.
Continuing in this way by constructing Iy by halving I;_; and
choosing the half with infinitely many terms of the sequence (a,) and
then selecting a,, € I such that

N > Nj_1 > Nj_p > -+ >Ny > M

We want to show that (anj) converges but we first need to find a
candidate for the limit.
Note that
LOoOL2O2B 2oL 2---

and that each I; is closed.

By the NIP, 3x € R such that x € I;Vk and therefore that x € NI;.

Let ¢ > 0. By construction, the length of I = M(3)¥~! which — 0
as k — oo.

Therefore N s.t. k > N = |L| = M(3)F! < e. However
x € Iy and a,, € I which is becoming arbitrarily small. As a result,
|x —ap, | <e.

O

2.6 The Cauchy Criterion

CAUCHY SEQUENCE: A sequence (ay,) is called a Cauchy sequence if,
for every & > 0 there exists an N € IN such that whenever m,n > N it
follows that |a, — a,| < ¢

That is, a sequence is Cauchy if, for every ¢, there is a point in the
sequence after which all the terms are closer to each other than the
given e. To spoil the surprise, we will argue that Cauchy sequences
are convergent and that convergent sequences are Cauchy. This,
like the Monotone Convergence Theorem, allows us to prove that a
sequence converges without having explicit knowledge of what the
limit might be.

Lemma 2.10. Cauchy Sequences are bounded.



Proof. Given ¢ = 1, there exists an N such that |x,, — x,| < 1 for all
m,n > N. As aresult |x,| < |xy|+1forall n > N. Note that there
were finitely many terms before x in the sequence. Therefore let

M = max{|x1|, |xa, |x3], [xa], -, |xn] + 1}

And this value is a bound for the sequence. O

Theorem 2.11. CAucHY CRITERION: A sequence converges iff it is a
Cauchy sequence.

Proof. =. This we can prove by applying the triangle inequality.
Assume that a sequence (x,) converges to a limit x. Then Ve > 0,
there exists an N such that n,m > N implies that

|x, — x| <e/2 |xm — x| <e/2
Applying the triangle inequality, we can state that

|%p — xm| = |xn—x4+x— x4,
< —x[ + [x = X,
< €

as desired.

<=. So the other direction is a lot harder to prove and we have to
invoke Bolzano-Weierstrass to get our result.

Assume we have a Cauchy sequence (x,). By the lemma above
we know that is it bounded and so by BW we know that it contains a
convergent subsequence. Let us call this subsequence x;, and call its
limit x.

The idea here is that because the sequence is Cauchy, we know
that elements in the "tail" end of the sequence are getting closer to-
gether. But because the terms in the subsequence are getting closer to
the limit x, we can force each value to be less that €/2 and apply the
triangle inequality.

So let e > 0.

Because (x;) is Cauchy there is an N such that m,n > N implies
that

|y — x| < e/2

. We also have that the subsequence converges so we can choose an
index, let say ng, such that ng > N implies that

|Xn — x| <e/2

We also have to be sure that the index n we choose is greater than
ng so that

Note that |x,| = [x, +xn — xn]| <
|xﬂfo‘+‘xN‘ <E+|XN‘

41
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|xn — Xng + Xng — x|r
|xn - x”K| + |xn1< - xm'/
&

|y — x|

ANVAN

O

One important thing to note is that many of our significant results
up to this point rely heavily on the Axiom of Completeness.

The AoC was what allowed us to prove the NIP which allowed us
to prove Bolzano-Weierstrass which allowed us to prove the Cauchy
Criterion. Furthermore the AoC also gave us the Monotone Conver-
gence Theorem.

AoC == NIP = BW = CC,
= MCT,

Also note that we could have begun this chain with ANY of these
axioms and arrived at the others as a result. This is pretty remark-
able. In other words all of these statements are equivalent and that
assuming any one of them to be true, means that we can derive the
others. This is because all of these statements essentially say the same
thing : that the field of real numbers is complete. Remember how we
could not show the AoC in the field of rational numbers. This is be-
cause the rationals did not contain a certain property, independent
of the field and order axioms, that forced this result to be true. In the
next section we try to define more explicitly what this "completeness"
property is and how it relates to the topology of the field in question.

2.7 Infinite Series

INFINITE SERIES: Let (by,) be a sequence. An infinite series is an
expression of the form

Y by =Dby+by+by+ -
n=1

The sequence of Partial sums of the series (s;,) is defined as
Sm=Dby+by+bs+ - +by

We say that the series ), ; b, CONVERGES if its sequence of
partial sums converges to some limit B and we denote this limit as
>_1 by = B. Specifically,
n1 by = B. Specifically,

[e9)

Z b, =B means that lims, = B

n=1



@Caution. It is important to keep a distinction between
e The sequence of terms: (b, by, b3, ...) and
* The sequence of partial sums: (s1,52,53,...) where s, = by +---+ by

Nonetheless it is this close relationship between series and se-
quences that allows us to apply much of our previous knowledge to
them.

Theorem 2.12. THEOREM: ALGEBRAIC LIMIT THEOREM FOR SERIES
Ify > 1an=Aand Y’ | b, = B then,

(1) Yoicay =cA
(2) Yo ian+by=A+B
Proof. O

Theorem 2.13. CAUuCHY CRITERION FOR SERIES The series ) . 1 ay
converges

iff
Ve > 0 there exists an N € IN such that n > m > N implies that
‘am+1+ﬂm+2+"'+ﬂn| <E€

Proof. O
This can help us prove some basic facts about series.

Theorem 2.14. If the series } ;" a, converges then (ay) — 0.

Proof. O

Theorem 2.15. THE COMPARISON TEST Assume that (a,) and (by,) are
sequences where 0 < a, < by, for all N

1. If Y57 4 by converges, then Y ;" | a, converges.
2. If Yy, ay, diverges, then Y ;> | by, diverges.
Proof. O

Remember also that statements about the convergence of a se-
quence (or series) only care about the tail ends of the sequence. In
other words, we can change around a few things about some finite
number of initial terms without affecting the infinite behavior of the
sequence (or series).

Because the Comparison Test is about deducing the behavior of a
series in comparison to another, it might be a good idea to have an
arsenal of basic series to which we can compare another.

43

The converse statement is NOT true!!
Take for example the harmonic series.
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ABsoLUTE CONVERGENCE: If } 77 ; |a,| converges then we say that
Y1 a converges absolutely. On the other hand if } ;° ; a4, converges
and Y_)° ; |a,| diverges we say that the series converges conditionally.

Theorem 2.16. ABSOLUTE CONVERGENCE TEST If the series Y ;" 1 |an|
converges, then Y ", a, converges as well.

Proof. O
Theorem 2.17. ALTERNATING SERIES TEST Let (ay,) be a sequence
satisfying,

1. The sequence is monotone decreasing: ay > ap > az > -+ -ay > Ay >
- and

2. (ay) =0

Then the alternating series Yo (—1)"+1a, converges.
Proof. O
Theorem 2.18. Rat10o TEST Given a series Y . 1 |an|, with a, # 0, the
ratio test states that if (a,) satisfies

”Lﬂ
an

lim | =r<l1

then the series converges absolutely (and therefore converges).

Proof. O

2.7.1  Rearrangements

Imagine that we were to permute the terms in a sum into some other
order such that all of the original terms eventually appeared in the
new order and such that no terms were repeated. Clearly there are an
infinite number of possible rearrangements of a series.

More formally,

REARRANGEMENT Let } 77 | 4, be a series. Another series Y ; by is
called a rearrangement of ), ; a, if there exists a bijection from the
indices of the series such that by = a for all k.

It should be noted however, that rearrangements of series DO
NOT always converge to the same limit as the original series. This is
only true for absolutely convergent series as we will now prove.

Theorem 2.19. If Y ; a, converges absolutely, then any rearrangement of
the series converges to the same limit.

The converse of this theorem is also
false!
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Proof. O

This theorem should make clear that absolute convergence is an
extremely desirable property when manipulating series. However it
should be noted that conditional convergence has this amazing and
not at all obvious property which we attribute to Riemann.

Theorem 2.20. RIEMANN If Y ; a, converges conditionally, then we
can always find a rearrangement of the series that converges to ANY real

number.
Not required to know the proof of this

statement although it follows from 3.54
of Rudin






Chapter Three: Basic Topology

3.1 Metric Spaces

METRIC SPACES A set X whose elements, we shall call points, is
said to be a metric space if with any two points p and q of X there is
associated a real number called the distance from p to q such that:

e d(p,q) >0if p #q;d(p,p) =0
e d(p,q) =d(q,p)

e d(p,q) <d(p,r)+d(r,q) for any r € X (Triangle Inequality)

EXAMPLES OF METRIC SPACES:
1. Let X be any set and define
0 :i
d(p,q) = AR
1 :ifp=q
2. Qor Ewithd(p,q) = |p — q| is a metric space

3. R2 = {X]Xz S ]R} with

d(%,) = 15— 71l = \/ (x1 = 31)? + (12— 2)?
is a metric space.

4. The most important examples of metric spaces from out stand-
point are the euclidean spaces R* with the distance function de-
fined as above. The rules of operations on norms in R¥(reviewed
below) show that the conditions of a metric space are satisfied.

Also note that every subset of a metric space, is itself a metric
space under that same distance function. Thus every subset of eu-
clidean space is a metric space.

DEFINITIONS:
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* A SEGMENT (A,B) is the set of real numbers x such thata < x < b

e An INTERVAL [A,B] is the set of real numbers x such thata < x <

b

* A K-CELL is the set of points in R* such that a; < x < b; for
1 <i <k, giventhata; < b; forevery 1 <i <k.

¢ An OreN (OoR CLOSED) BaLL with a center at x and a radius r is
the set of all points y such that [x —y| <r

e AsetEis coNvExif Ay+A(1—z) € Egiveny,z€ Eand 0 < A <
1.

* A NEIGHBORHOOD a point p with radius r is the set of all points q
such that d(p,q) <r

e A LiMit PoINT OF E is a point p such that every neighborhood of
p contains a point q, g # p such thatg € E

® An IsOLATED POINT is a point p € E such that p is not a limit
point of E (that is, there is a neighborhood of p that contains no
other points of E)

* A set E is CLOSED if it contains all of its limit points.

* An INTERIOR POINT is a point p € E such that there exists a
neighborhood (N) at p where N C E

e A set E is OPEN if all of its points are interior points.

* The CoMPLEMENT of a set E is the set of all points p € X such
thatp ¢ E

* A set E is BOUNDED if there exists a real number M and a point
p € X such thatd(p,q) < Mforallg € E

¢ Aset Eis DENsE in X if for all p € X, p is either a limit point of E
orpeE
EvERY NEIGHBORHOOD IS AN OPEN SET. THAT IS, OPEN BALLS ARE

OPEN.

Proof. Consider a neighborhood E = N,(p) and let q be any point of
E. Then there is a positive real number h such that

d(p.g) =r—h
For all points s such that d(gq,s) < h, we have then that
d(p,s) <d(p,q)+d(p,s) <r—h+h=r

so that s € E. Thus g is an interior point of E and therefore E is

open. O

The notion of being "open" is relative
to the metric space that contains the
subset.



THEOREM: If p is a limit point of a set E, then every neighborhood of
p contains infinitely many points of E.

Proof. We proceed with a proof by contradiction. Suppose that there
is a neighborhood N of p which contains only a finite number of
points of E. Let 41, 42,. .., 9, be those points of N N E, which are
distinct from p, and put

r= min d(p,qm)
The minimum of a finite set of positive numbers is clearly positive so
that r>o.
The neighborhood N, (p) contains no point g of E such that g # p
so that p is not a limit point of E. This contradiction established the
theorem. O

CoROLLARY: A finite point set has no limit points.

THEOREM: A set E is open <= its complement is closed.

Proof. («<) Assume that E€ is closed and say that p € E. Then p ¢ E,
so p cannot be a limit point of E°. Hence, there exists an ¥ > 0 such
that B, (p) does not contain any points of E°. Then B,(p) C E, p is an
interior point of E and E is open.

(=) Assume that E is open. Let p be a limit point of E. Since p is
a limit point of E€ then every neighborhood of p contains a point of
E€ other than p. But then for every neighborhood of p, B.(p) ¢ E.
Therefore p is not an interior point of E, and since E is open, this
implies that p € E°. O

3.2 Compactness

Some heuristic remarks are helpful only to a subset of readers.
(Maybe that’s true of all heuristics, as a meta-heuristic - if everyone
accepts a rough explanation, it’s something rather more than that.)

Non-compactness is about being able to "move off to infinity" in
some way in a space. On the real line you can do that to the left,
or right: but bend the line round to fill all but one point on a circle
(which is compact) and you see the difference having the "other
point" near which you end up. This example of real line versus circle
is too simple, really. Another way you can "go off to infinity" in a
space is by having paths branching out infinitely.

Compactness is a major topological concept because the various
ways you might try to "trap" movement within a space to prevent
"escape" to infinity can be summed up in a single idea (for metric

49
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spaces, let’s say). The definition by open sets is cleaner, but the defi-
nition by sequences having to accumulate on themselves (not neces-
sarily to converge, but to have at least one convergent subsequence)
is somewhat quicker to say. If you restrict attention to spaces that are
manifolds, you can think of continuous paths and whether they have
to wind back close to themselves or not.

I swear the concept of compactness was invented to remedy the
shortcomings of closedness. Compact sets are closed (in Hausdorff
spaces and therefore metric spaces), so compactness is stricter than
closedness. It evidently patches some feebleness in the definition of
closedness to make it more useful.

Closedness of a set in a metric space (includes all limit points),
by the sound of it, really wants to be something akin to has solid
boundaries. But it isnt. The problem is that the existence of limit
points depends on the embedding space. If the embedding space
lacks those limit points, then a set in it can be technically closed even
though it isnt really like other closed sets. For example, the set in
space is closed, because the space has no point called .

THE BIGGEST THING ABOUT COMPACTNESS that I have come across
is that for a compact set, results that hold locally also hold globally.
For example, local boundedness on a compact set implies global
boundedness for the whole set. Other properties follow the same
idea.

3.2.1  Completeness Revisited:

The principles of the Axiom of Completeness, Nested Interval Prop-
erty, Monotone Convergence, Bolzano-Weierstrass and Cauchy Crite-
rion are inextricably linked.

3.3 Topology of R and Metric Spaces

3.3.1  Open and Closed Sets

OPEN: A set is open O if every point in O is an interior point.

ExAMPLES
® The real numbers are open
* (c,d) is open

e The union of open intervals is open
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CrosED A set E is CLOSED if it contains all of its limit points. An INTERIOR POINT is a point p € E
such that there exists a neighborhood

. . .. . . (N) at p where N C E
THEOREM A point x is a limit point of A iff x=

3.3.2 Closure

3.3.3 Complements

3.3.4 Compact Sets

The three definitions of compactness: 1) every sequence has a con-
vergent subsequence with its limit in the compact set 2) Closed and
Bounded 3) Every open cover has a finite sub cover

3.3.5 Connected Sets

3.4 Functional Limits and Continuity

3.4.1 Functional Limits

Structure of the definition follows the "challenge-response" approach
we saw in limits of sequences. Formal definition and Topological
Version Sequential Criterion for Functional Limits

3.4.2  Combinations of Continuous Functions

3.4.3 Continuous Functions on Compact Sets

Uniform Continuity

3.4.4 IVT

3.4.5 Discontinuity






Chapter Four: Continuity

We now have a mathematically unambiguous definition of what it
means for a sequence or series to converge. Now we move toward a
rigorous understanding of functional limits and continuity.

Loosely, if given a function f with domain D C R, we want to
define continuity at a point ¢ € D to mean that if we choose x € D
close to ¢, then f(x) is close to f(c).

At present however, we do not yet have a clear notion of what is
meant by lim,_,. f(x). Unlike with sequences, we want the value of
lim, ¢ f(x) to be independent of how we approach c. In fact, ¢ need
not even be in the domain of f.

4.1 Functional Limits

Consider a function f : A — R.
Recall the topological definitions of a limit point.

LimMiT POINT: A point x is called a limit point (sometimes called a
"cluster point" or "accumulation point") of a set A then TFAE

1. Every e—neighborhood V(x) of x intersects the set A in some
point other than x

2. The point x = lima, for some sequence (a,) contained in A
satisfying a, # x for alln € N. In other words, x is the limit of
some sequence contained entirely in A but such that no term of
the sequence equals x.

It is important to remember that limit points of A do not necessar-
ily belong to the set A unless A is closed.
If we were to say that ¢ is a limit point of the domain of f, then
intuitively, the statement
lim f(x) = L
conveys that the values of f(x) get close to L as x gets close to x. The
issue of what happens when x = c is irrelevant from the point of
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view of functional limits. In fact, like with the limit points of sets, we
do not even require that ¢ be in the domain of f.

Definition 4.1. Let f : A — R and let c be a limit point of the domain
A. We say that lim,_,. f(x) = L provided that for all ¢ > 0, there
exists a § > 0 such that whenever 0 < |x —¢| < é (and x € A) it
follows that |f(x) — L| < e.

Like with sequential limits we can cast this definition with a more
topological intuition.

Definition 4.2 (Topological Version). Let c be a limit point of the
domain of f : A — R. We say that lim,_,. f(x) = L provided that
for every e—neighborhood V;(L)of L, there exists a é —neighborhood
Vs(c) around ¢ with the property that for all x € Vj(c) different from
c it follows that f(x) € V(L)

Note that the appearance of f(x) carries with it the implicit as-
sumption that x is in the domain of f. On a similar note, there is no
reason to discuss functional limits at isolated points in the domain.
Thus, functional limits will only be discussed as x tends toward a
limit point of the function’s domain.



