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SIMPLE HM{MPNIC MOTION

ﬁ—

Art-1. simple Harmonic Motion

(Pbi, LI, 2008, 2011}

A particle 15 said to execute Simple Harmome Motion if it moves m a straight hine

cuch that 1ts acceleration 15 always directed towards a fixed point in the hine and 15
prﬂrﬂf“f'“"l to the distance of the particle from the fixed point.

yote : Sumple Harmone Motion s briefly written as S.H.M.

Arf-2. A particle moves in a straight line such that its acceleration is always diected
towards a fixed pomt in the line and 1s proportional to the displacement of the parucle

from the fixed point. Find the expressions for the velocity and position of the particle at
(Pbi. U. 2008, 2011; [1.P.U. 20]0)

any tme-

Proof, Let O be the fixed pomnt in the line

A0A and let P denote the particle after T

time ¢ from O moving with a velocity ' im A a_ x _,';'. A

the positive direction from O to A Let
OF = x, then the acceleration 1s g x, where 4 15 constant.

Since the acceleration s i the direction opposite to that in which v mcreases, the
equation of motion of the particle 1s
e
— ==X Al
ilx
Separatng the variables, 1 dt = - pi 3 alx
1 3
(e X"
Integrating, = ' + ¢ wk2)

2

Pl

where ¢ 1s constant of integration.

in the direction OA and as the acceleration is given

As P is supposed 1o be moving
rest at some poit

1] : : .
in Ef taking place in the oppositz direction. the particle P must come to
A.say at A such that OA = a.

=0whenx=a

wl

"Ibmtz}.u=-~_]l—un"‘+c1 > qEgHa

~—
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ﬂ
Putting ¢, =—-; pat m (2), we get,

n? ‘l': | 2 B “[”! TJI

S Pl - = = -

e 1

2 3
= p:-i-ﬁ in* —x

~{}
This equation gives the vq
moving in the positive direction

lue of the velocity v for any displacemen; Since

Py

v= -JII.-'JH: -.1:?'

dx [T 3
b - — ¢*

dr .f,_,-
Separating the variables, we get,

]

Fee——r = ‘_m ilt

-Jﬂ'" = .'L'z
Integrating, gin 1 X _ ‘l';:. t+c, Ad)

il

Where ¢, i constant of integraton,

) I the ume ¢ 15 Measured from (e nstant when p s 4 Oie ify =
then from (4),

Uwhenr=y
EiH_I U= 0+ Cs

= €3=0 a5 sm'lﬂ—-u
I'ulling €y ={ In(4), we gel,
DX r
ST == = —=in
= i
i o g
=

XY= a5 1'1;_1';
(1) IF the time ¢ §

13
15 measyreq from 1 insig
0l when the Anlicle 45 < ify=a
whl:nr='ﬂ,then smd]:u,h Patticle is ar A 1. il
T
= 2% assipt) o
2 3
L by ot
Putung <1 T3 M) we ey
= X
o

Equation (3

RTT]
POSItioN uf the particle at any g,
Note 1. The fixed Pomt O Calleg 1j,e centre of attraction of oxellig, -
Pn‘itin." r rh'.'.' I]l]\“.luﬂ “r ':'[Iu“,“]'rlum. I” ﬂ“! anu.'tl'l- the l-lﬁ:ul..'lflqr"'l” ix ?'.1:' "Ii."“n
the force acting on the Particle i Zepg, LT 50

A
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e 2 We have /= = 4 x. Sa it ig ¢ : . =
:ve when x is negative, Thus, Balve when v is nasitive .
sinve ™ the body back ¢ h. n h‘:’!!il lﬁhc Lases, the aeceleration Frm oy
ies 10 bring 0 the equilibriym Rositio onand henee e foree

n. Such a force is ¢qlle
oo ¢ s calle restoring .~

sofe 3 When the particle is on the lef hapg side of O, |
] L

f he equation of man;

' ion 1 ' i n P
.=nccr:ll:mlmn in the direction of A\l = 1t Qp Hon 1s

tl —

e
=p(-x)=-pnux.
Hence the same equation that holds on
left nand side.

~ote 4. The points A and Ay, where the veloc
or positions of rest. For these positions, x =

e right a hand side of O. holds also on (e

1y s zero, are called the extreme positions
Tl | 8

yote 5. Amplitude The distance OA = QA = 4 is called the amplitude of S.11.M.

_ f2_ 3 ‘ _
Note 6. = ith a” —x= shows that the particle has equal and opposite velocnies ai
point according as it 1s moving in the direction O (o A or in the direction A 1 O.
Cor 1. Maximum and Minimum Velocities
1_ S
Wehavev™ = p(a” = x7)

v is maximum when x is least i.¢. v=0,

* ¥ .
S max. velocity = AJ|._1 yu© -0= -j; a . which occurs at the mean position

Again v is minimum when x is greatest in magnitude i e. x = 4, —

. ' 2 2 . "
< minimum velocity = fur x Ju' —a*® =0, which occurs at the extreme position.

<+ particle has maximum velocity J[._L a at O and minimum velociny zero ar A or .

Cor. 2. Maximum and Minimum Accelerations
We hﬂ\'l: f ==-ux

- acceleration (in magnitude) 18 maximum when x = o or <o and o

iceleration =u «a and acceleration is minmnum when x s mnumunn eeox o Bl nu
icceleration = 0,

nin purticle has max. acceleration g a at the extreme position A or A and s
Ny . i
Mimum acceleration zero at the mean position O.

Ara N :
"-3. Nature of the Simple Harmonic Motion
(L, 2011

rll’ﬂ O be the fixed point in the line A;OA and let I denote the particle after 2 from O
:|m|:; With a velocity v in the position - =
I'Ifrnr‘I'IU o ,ﬁ,._ ]_,c‘[ U]-' =1, Dﬁ:” 1 D . e

rr- - ﬂ.
I 1,];_1 }”1 - xd
|
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gpECTRUM DYRA Nes —-.;'.E_I;‘l‘i
stance from 0. Initally when a = =

= f s di
gives the velocity of P in terms O

_ ual 10 yH
- maximum and ¢q decreasing as X wncre

poet) B vtlﬂflt?: ' tmlmds O, the velocity i:tfu:;nL at rest. Then m-.-th:. A

ing ' for *

A. then accelerauon 15,

1 [} - ¥ . t
i ishes and the melE e direction with a velocuy
ok s ﬁrd:a([]mth:p:r:iicr: moves in the negalive o b
acceleration (OWa 8

ide of O, the vely,
o lh.: n:gﬂli‘-’f a5 it
: - oceeds further : - article COMEs 1o e
this_velocity, e Pal;l?jifcrz;scs gradunlly in mngmtud: ull .-:]:Eu[lja: S .;::I
remaining neganve E’Ll?h acceleration bemg rowards O. lht'”P. 1 44 b s nmximur.:h
A S g 'IT\-': velocity which increases gradually ticle goes on oseilly i
forvirdk O.Wilh P 205 is repeated again and again and the par t Iy
me maotion " nlary rest.
E:‘.dﬂl:ili:-? between A and Ay, the two positians of momeniar)

Art-4, Periodic Mation

: ; such 2 manney k-
e €qi : iodi tion when it moves 11 3 s
cle is said 10 have a periodic mo s in thekd
afier ::F::E:n fixed interval of time, It DCCUPIES the same position and me >
direction with the same velocity.

The fixed minimal interval of time for such a motion IS called the period of th
maotion.

a.AS the p.'.lmCIL' Proceeds 0wy,

i
Art-5. Prove that Simple Harmonic Motion 15 periodic with period 'ﬁ .

(Pbi. U, 2010, 2011; P.U. 2007, 201 1. HLP.L7 201

Proof. Let x be the displacement of the particle and v its velocity at any time £, mueasure)
from the centre of oscillation.

we heve

T=asinpf . ¢ - |
, L On difforentiahy, v .
and v= ::-J;Tcus‘ﬁ:r ekl
) it |
B = —

. _ it
We know that sin & and cos # are periodic functions 3

being 27. That is to say, the value of sin # and cos

ol #, the penod in cach cas
2x. Therefore the values of x and v

(s repeated when 1) 15 increased by
are r .

: epeated when -.jr}Tr 15 mereased by 2 1 or when
Is increased by e

A

Thus, after every interval of = we have 1]
X f 12 5

_ It Ame position and same velocity !
the same direction,

Th o
erefore the motion js periodic, the period being ix

. M
Note 1. Since periodic time = 2%

i
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tine

mutft'- )
P ”e Frequency is the number of {P.UL 2007y

compl ——
::-. he frequency and T the periodic tim:_jp #te oscillations n one second, sq that ot sy
Jre1 orn=to S
T z n :{“lﬁtd . ‘Y\*Lh

‘.u{t na‘.‘\ .
ji should be noted that frequency is reciprocal
6 mportant Results of S.H.M,
A

Acceleration ==t x

of the periodic .tinn;

I
L. ACCE]ﬂmu?n = man:mum.(m magnitude) at extreme positions i.e. when x =
a and maximum acceleration = y q (in magnitude) .. X=aq.

3. Velocity v is given by v = (a? - 2

Velocity 15 maximum at the mean position and
magnitude) = -J;_l a

maximum velocity (in

4, x=asin4/p 1 whenis measured from the mean position,

5, x=acos4H r whenris measured from the extreme position.

& Timeperiod T= 25

i
A

1. Frequencyn= —=
9 y T 2n

8. Amplitude = ¢
9. Time from centre to the end point = Time from end point to the centre.

ILLUSTRATIVE EXAMPLESI

E s o (b
F:mple l. A particle moving with S.H.M. of period 30 seconds travels 15 em from
50N of rest in 5 seconds. Find amplitude, maximum velocity and velocity at the end

3 Sttonds,

(P.U. 2009 ; G.N.D.L. 2012, 20151

Ly
mT"‘msumnds = ETE =30 = ,Ju ='1£5
7,
tabe 1y amplitude. |

'=5,x=(a-15)cm

- r )
I"”Eﬂs\ﬁr = u_ls-—anms(ﬁﬂf
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Art-7. Motion of a Particle Attached to An Elastic String
A string which stretches under the influence of a foree is called ap elasyj,

\

If an clastic smng is fixed at one point and pulled within limits oy r”l‘
found to ncrease in length, This extension in the stng s propormona| u-,[,_.l_” 'lt
product of the tension and the natural length of the string and inversely the arg, m“k
cross-section of the string. Ifx, & T, A denote extension, natural lengh, tension g4 T
of cross-section, then iy

T! Ax

_7 B S
X o or T ;

where A (called the modiius of elusticiry) s a constant depending on the

ny
the string, ey

If the unit of area of cross-saction is 50 chosen that A = | unit areq, they T =3 1
T

This is Hooke's Law, It sigies that temion of an efasric sring
exiensian of the string bevend its namral fen et

Note. If 115 the natura length and /' the exte

15 prapartional 1 o,

nded length of the string. theny =

T -l. -I“r'—llI An‘-

Art-8. Morizontal Elastje String
& i
(P.L. 20006, N0k
& smooth horizontal table Proof

vertic:
_+D > A. ~ ol the

P B "

Let one end of an elastic sinn

2 be fixed i
and let OA = [ be s natural length. A0 potut @ or

Il a parucle of mass m s attached to th ENETLs
¢ other eny .

along the 0 and f the partcle ¢ dicnle .

g lme OA,  distance AB = 4 and P be the pogrian af ﬂ:tflll:;;::!;“;]:ﬂ‘j:::f .

subsequent ime so that AP = 4, then, by Hooke's law, the fension in the i 5 : L
. t ¥ " £ s T ;
which acts in the direction PA and 15 dirccted towards 4 g s 4 » Whe
The rension of the string bemg the only i .' - b

cquanun of motion 15 Y ioree which rends o move the parcle, 115
. :
. or mi—__":-=_ll'., iy 3
it et f - :;f-“_-:_f_; 1
which shows that the motion abou A js simple harmon,e. Wi
“x S dy Th
—5=-s—x with —-=_ '
(Comparing Y T e X, we pey,
/
i = ..L . Therefore time period = 2 n E;T
{ o '
[ Taj

A &
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The equation of molion can also be writer o 18
I ‘_h: T 1"
o I'm Yoo uviy=- _T;'-__J ”
2 m ‘
N
lﬂmnm"ng' 9 m-?- c
i
4B, x=bandv=0, 0=__A b° )
I'm 2
i ib?
o 21 m
z r
1:'- j. 5 j- bh JL
— - i + 3 - 2 .
2 20 m 2im . fmth -x)
» ”-: - JL bz _'a-‘l-:! L] .
m

the sign 15 taken negative as the particle is moving towards O.

+r1-9. Motion of a Particle Attached to a Vertical Elastic String

Prove that the motion of a particle of mass m attached to a horizontal elastic string
_ o L ; mi
it simple harmonic with time period 2.1 _[—.
)

Proof. Let a particle of mass m be attached to the lower end of o
vetical light elastic string OA of natural length /. The upper end O T
of the string 15 kept fixed.

Then the weight m g of the particle acting downwards causes
evtension in string and hence tension in the string mn upward
direcuion. )

Let the equilibrium in stretched length be ataned at position
B.where AB =/, .

By Hooke's law, tension T in the string is given by i

ro[OB=0A)_ [1+h-T)_, 0 e
OA ! / F:L

“here 4 is the modulus of elasticity of the string v

The condition of equilibrium at B is
T=mg _

Al th

-_J'_I_ =mg.

T q TP | 0 " y-axis.
ike B g4 origin and the downward direction as positive direction vl
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Let P be the position of the particle at any fime ¢ such that BP = ¢ -
1
UP'UI\- |'-."!!+.1"'lt =) fl-_lr
- tensioh T' =4 {—-—6;'—' =4 / |
which acts 1n upward direction.
resultant force in
downward direction=m g—T'
| +x
=mg- 4 J—-!
I x
- _i J_ =
mg ] + l
=mg— ﬂ_ Ax
g I |
=mg=mg- ﬂ )
f [~ of(l)
AX
T.
equation of motion of the particle is
__dx
mf ;

- — i 1 1
or f= (EJ X, Which is of the formf= - Mx

motion of th ! L '
€ paticle 1s simple harmonic withg = 2%
il

ime period of complete oscillation = 27

ILLUSTRATIVE EXAMPI RS

Example 1. One end of an elastic siring wh
natural length as 1, 15 ied 1o a f; o€ Mo
' ixed pomnr ap g Uhug
smic i
il B lying on the taple e pnn::;h Imnzunmi lable 4 ,'-\ A and whose
1
cxicnsion of the smng becomes o and then |ey © 5 pulley ctan, e e

, o o
and show that BO L deseribe the ¢ Hstane wWhere 1he
‘"uL'Il-]

of l.‘f..!\tm-"}

BEthe imonon

—

A

- ﬂ__[
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(i)  the stnng becomes slack after a perjogd of ! " \/fﬁ
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