This is a set of notes on using/manipulating Gaussian basis functions in HORTON.
Most of these notes are based on Helgaker et al., Chapter 9.
https://drive.google.com/file/d/1cwLFkfsBBYi2-0gjmQBY jx6 XY zcrj9vp/view?usp=sharing

with various contributions from other sources plus the crap | came up with myself. Notation is a weird amalgam
of Helgaker and “old HORTON”

https://theochem.qgithub.io/horton/2.0.0/tech_ref gaussian_basis.html#ref-gaussian-basis-standard-sets
and other things. (Alas, in this section, Helgaker’s notation is pretty hideous, probably partly because he seems
to have tossed together contents from lots of previous articles he’d written.) | have tried to double-check all the
formulas by comparing sources (not always deriving them myself). | recommend making sure that I am writing
the formula correctly (and maybe double-checking sources also). Key sources are in the google drive directory
for gbasis

https://drive.google.com/drive/folders/1d1oLKk-7FfxkwpFoUHcr3gY X9zBXnngZc?usp=sharing
and I try to reference them. A good introduction (not code-worthy but OK) is

https://joshuagoings.com/2017/04/28/integrals/
My notation is not harmonized at this stage but I will try to revisit and do that as we go along. I can’t decide on
the best notation, honestly....it seems many people can’t, as a “nice” notation for 2-electron integrals is
overcomplicated for simpler tasks.

You should have permission to edit key files and also to add to the directories.

The Gaussian basis functions in HORTON are either Cartesian Gaussians,

Ncontractions

T (F)=b, (dioa,r =R, ) =(x=X,)" (Y=Y.)" (z-Z,)" D diNXyZ(ai,a)exp(—ai|r—RA|2) (1)

i=1

or spherical Gaussians

Ncontractions

Zma () =Dy, (dya, ,mr—r,)=r's""(6,4) > diN (ai,f)exp(—ai |r—rA|2) 2)
i=1
Here d = [dl, d,,...,dy ] is a vector of contraction coefficients and o = [al,az,...,aN
Gaussian exponents. The real spherical harmonics are used (not the complex spherical harmonics). There is some
ambiguity about how these should be defined, but we can choose:

Re(Y,"(6.4)) m>0
Im(Y,"(6,9)) m<0

] is a vector of

contractions contractions

S/ (0.4)= (3)

Note that often we neglect explicit mention of spherical/Cartesian basis functions and just write ;(a(r) for a
normalized, possibly contracted, basis function.

A shell is defined as a set of basis functions with the same ¢ or the same a,+a, +a,. There are
1(£+1)(£+2) Cartesian Gaussian basis functions in a shell, and 2¢+1 spherical Gaussian basis functions in a
shell. For Cartesian Gaussians, the “shell label” is { =a, +a, +8, . It isimportant to note that a,,a,,a, are always

nonnegative integers.
The normalization constants are

l2a 3 ( 4a)ax+ay+az
nyz(“'a)\/(7j (2a,-1)11(2a, -1)!(2a, -1)! @

N, (e 1) = \/[27“]/ (éj;ﬂ),, ©

In practice, one always includes all basis functions from a given shell, never “partial subshells” of basis functions.

The conversion from Cartesian to Spherical harmonics and back is something that, in “old gbasis” was
handled by Sympy. There is, however, an explicit formula for how to do it (given by Helgaker among others). It
doesn’t matter very much....it is reasonable to store all the “transformation vectors” up to a given order in an .npz
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file and use it (or extend it) as needed, but it is also reasonable to compute this file at the start of a calculation.
One needs to be careful here, as there is no uniform normalization convention for these things, so taking a result
from the literature is nontrivial. | would tend to prefer implementing the explicit formula, as then it is very easy
to go to high order as needed. (The same formula is useful in general, as it is used to convert from Cartesian to
Spherical multipole moments also.) For the formula, see Helgaker, section 6.4.2 and 6.4.4, with Eq. (6.4.47-50)
the key equations.

The basic strategy for Gaussian basis sets is that things are evaluated in Cartesian Gaussians, then
converged to Spherical Gaussians if needed (which is usually the case). It is important to note that Cartesian
Gaussians (uncontracted Cartesian Gaussians) can always be factored into a product of 1-dimensional Gaussians,

by, (L,a,a,r-r,)=by (a3, x=X,)b,(a.a, y-Y,)b,(a,a,2-2,) (6)
with
20 )2 (4a )ax 3 _—a(x-X,)
a,a, X=X, )= — | ———=(X=X,)"e A 7
bld( A) ( T j (Zax—l)“( A) ( )
(and similar for y and z). | will define the unnormalized 1-dimensional primitive Gaussian centered at the origin
0., (X)=x%e" ®)

This is (roughly) the notation in Helgaker. | will also often talk about unnormalized primitive Gaussians, which
I’ll denote typically as

(y=Ya) " (2-2,)" exp(—a|r—RA|2)
YB)by(z—ZB)bZ exp(—,B|r—RB|2)
X=X ) (Y=Y )" (z-2)" exp(—y|r—RC|2)

& (r)=(x=Xo)" (y=Yo)" (2-25)" exp(-5]r =Ry [’}
These just get multiplied by a normalization constant of the form (4) to form an (uncontracted, primitive) Gaussian
basis function.

A word about shells.... In general, you can consider general contractions where a given set of Gaussian
exponent may contribute to several different basis functions. This is typical for ANO basis sets and also for some
Pople basis sets (where s and p-type functions may share exponents). One can exploit this structure in a code,
because some of the intermediates are the same. Technically, every Cartesian basis function with the form of Eq.

(1) that differs only in terms of the contraction coefficients {d, }l 7" and/or the exponents a,,a,,a, (but shares
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the same Gaussian exponents {ai }N:1 ) is in the same shell. Similarly, every Spherical basis function with the

form of Eq. (2) that differs only in terms of the contraction coefficients {d, }l 7" and/or the angular momentum

quantum numbers ¢, m (but shares the same Gaussian exponents {ai}?fl"""““"“) is in the same shell. However, in
this iteration of gbasis, this adds complexity that we prefer not to deal with. Therefore we consider a shell to be
defined as a set of basis functions that share the same contraction coefficients and the same exponents, and differ
onlyin a,,a,,a, (Cartesian) or ¢,m (Spherical).

Given the rarity of using generalized contractions, and the fact we can always support that functionality
with the cgbasis portion of HORTON, I am not sure it is worth the additional complexity to support generalized
contractions. It is certainly not on the immediate agenda.

Evaluating Functions on a Grid.

The first thing we will discuss is evaluating basis functions and related properties (e.g., densities, local
Kinetic energy, etc.) on a grid. A Gaussian basis function can be specified by its center/position, its contraction
coefficients, its angular momentum. That is, the kth basis function has the form
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b, (dy 0.0y 2,.2,,8,,R 1) (10)

In almost all cases, there is a logical way to structure things.
(a) loop over atoms. These are basis functions that share a center.
(b) loop over shells in atoms. These are basis functions that share the same exponent(s) and contraction
coefficient(s).
(c) loop over contractions in each basis function. This is a loop over the primitives that contribute to a
given basis function.
(d) calculate primitives.
The idea is that in the innermost step, (d), we evaluate the Cartesian quantities. By looping over contractions at
the next level, (c), we quickly reduce the size of our data from the number of primitives to the number of
(Cartesian) basis functions. In the next step, (b), we reduce the size of our data further by converting Cartesian
basis-set quantities to spherical basis-set quantities, when that is desired (which is 95% of the time). Finally we
accumulate everything with an outermost loop over atoms (step (a)). Notice that when you are doing integrals
over multiple basis functions, (a) outer loop where you loop over 2 (1-electron integral) or 4 (2-electron integral)
choices of atoms (with replacement), (c) middle loop where you loop over 2 (or 4) shells selected from the atoms,
(d) inner loop where you loop over 2 (or 4) primitive basis functions selected from the shells in (c).
There are (obviously) ways to improve this, but this is usually close to an “optimal” structure.

Evaluating Derivatives on a Grid:
Note that derivative of a Gaussian is a Hermite polynomial times a Gaussian,

gre X geg DYt (dx/;(X— XA)]k

de\ =d(\/5(X—XA)2)k dx/.\
:(a%)Hk(\/E(x—XA))e(MX o

dx" d(\/;(X—XA)Z)k dx
=(-1) (a% ) H, (\/E(x - XA))e(ﬁ(XX“))Z
- () Hy (Ve (x=x,))e o)

This means that to evaluate the derivative of a Cartesian Gaussian, one uses

Y In an earlier version of my notes | had grouped by shell-types also, but this doesn’t seem relevant to me right now...I think it is extra
complexity without good reason. If it is helpful, it can be dealt with trivially by “group shells of the same type on an atom.
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dk(X_XA)ne—a(x—xA) min(k,n) k dk ]e—aXXA dJ(X X )
dx”! dx’

min(kn) "k k- (atex)f n(x=X, )"
- Z [j(_\@) ka,-(\/a(x—XA))e(ﬂ ) %

_ (Z: ["] Ja) " (=) (Y (x- X))

i J
k k dk j X n _a (x- XA
=Z(J ng : A)
j=0
k k dk i X — X n d jefa(X’XA)z
i (] EJI i A) j
j=max(0,k—n) J X dx
K kK\ni(x—X,)"™" Jz) o
= . ; -\ H »\/; X_X e a(x A)
jmaxz(o:,k_n)(J (n—k+J)! ( ) J( ( A))
~a(xX,)’ k k n! J n—k+j
_ea(xXA) (J— _\/; x— X JH-\/EX—X
j—maxZ(O:,k—n) J (n—k+ J)!( ) ( A) J( ( A))
(12)
The last formula here is the most convenient. Notice that the coefficient can be computed using scipy, e.g.,
[ljj(n+lﬂ)| = (scipy.special.comb(k, j))(scipy.special.perm(n,k - j)) (13)

There is a little logistics to be considered here too. Evaluating the Hermite polynomial is expensive
especially at high order, but there is a recursion. One could code the recursion explicitly, but it is probably better
to use numpy. Note that by using

numpy.polynomial.hermite.hermval
you can compute several derivatives at once, and this is favorable since one gets to “reuse” a lot of work. (You
could also maybe compute several points at once, but since the “coefficients” depend on the points (through

(x— XA)H” ), that doesn’t seem to be supported.)

The “right” way to structure the code here is to:
ke +ky+k,
(@) read in from the user a list of derivatives that are needed, W 2 This can be stored as a matrix or
X X y Z z
a list of lists.
(b) For every point you need a derivative at

a. for every shell of contracted basis function in the shell, b, ,

b. for every Gaussian exponent in the basis function,

c. forevery unique choice of k. =k, kK,

d. compute the Hermite polynomial coefficients in the last line of Eq. (12) for every derivative of
interest (all unique values of k,) and n, =1,2,...¢ and evaluate the Hermite expansion. (The n, =0

and k. =0 cases are trivial.)

2 Note that the k, =k, =k, =0 is a (trivial) special case of this method. The “evaluate each basis function at a

point” case should probably be coded separately because the consistency of results provides a good test.
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Ky +k, +k,

e. use the derivatives from the previous step to construct for each unique Gaussian

oxoy" oz
exponent in the (contracted) basis function
f. Add up the contraction coefficients.
g. Combine Cartesian Gaussians into spherical Gaussians for each shell
(c) This gives all the relevant derivatives of all the basis functions at a point of interest. One is then ready to
use these derivatives to evaluate key quantities.
The low-order derivatives (1% and 2"%) should be coded explicitly, because the general formula has

excessive overhead. The formulas are:
d (x=X,)" g 0

dx“
=(x=X,)" g Xa)’ k=0
_ etoxaf —2a(x—X,) k=Ln=0
n(x-X,)" " —2a(x-X,)" k=1Ln>1
, | —2a(x=X,) k=Ln=0
_e—a(X—XA) L )
(x=X,)" (n—2a(x—XA) ) k=Ln>1
4a®(x-X,) - 2a k=2n=0
= g O 4a® (x=X, ) —6a(x—-X,) k=2;n=1
(x=Xu)" " 4a’(x=X,)" —a(an+2)(x=X,) +n(n-1)|  k=2n=>2

Key properties to evaluate at points:

The input would be the basis set and a set of points. Molecular orbital coefficients, density matrix
coefficients, and (more general) quantities expanded in the basis (e.g., 2-electron density matrix) can also be
considered. | think basically there should be a fundamental level, which evaluates MOs and their derivatives,

ke +ky +k, ) ke +ky +k,
a l//‘u (rp) B Npasis 8 Za (rp)
ke Ky Anks Ca K, A Ky Ao K (14)
ox oy~ oz" a1 ox oy oz

Here 4, (r) is an atomic basis function, y,(r) is a molecular orbital, and {rp}

Npoinls

is a set of 3-dimensional

points at which the derivative of the molecular orbital is expanded. Note that while this is intended as a molecular
orbital evaluation/differentiation, it is applicable to any function expanded in the atomic basis,

otg(ry) tes f _akx+ky+k7a<rp) (15)
oxoy“ar o axMoy“ar
Various derivatives of the 1-electron reduced density matrix,

N basis N basis

]/(I’,I")z Z Z 7abZa(r)Zb(r’) (16)

a=1l b=l

ky+ky +K, Al +, ' Niasis Noasic akx+ky+kz aIX+Iy+IZ
G y(rn} _ M)[ m(m)}[ zb(rp>] )

can be defined as

ox oy oz ox™ oy oz il ox“oy" oz ox“oy" oz"
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I have assumed real basis functions in Egs. (16) and (17). Note (again) that while this is intended as a way to
evaluate arbitrary-order derivatives of the density matrix, in practice it also works for any function expanded in
the form of Eq. (16), in the case where r=r’,

N basis N basis

f(rp’rp): z z¢abla(rp)lb(rp) (18)

a=l b=l
points

~, »onecan evaluate the 1-electron reduced density matrix

. . . . N
Given a set of 6-dimensional points, {rp,r;}p

(or anything with the form of Eq. (16)) for those points,
Nbasis Nbasis

F(rn)=2 2 duza(r,) % (r;) (19)

a=1l b=l

and similarly for the derivatives of that function,

6kx+ky+kza'x+lv+ll f (rp ’ r;) ~ szws Nias‘,j , [6kx+ky+kZ 7. (rp )J[alx+ly+lzlb (r;, )J (20)

oxvoyhereoxayter S S oxsoy“er || axtoy" ez

For the expansions with the form (16)-(20), it may be useful to define one method for the usual symmetric case
(where ¢, =4, ) and another method for the asymmetric case. It would be OK to make the symmetric case the

default, or even to test for this on the fly, as the evaluations are very expensive compared to a symmetry test.
numpy can (I think; if it can’t, then I’m sure scipy can) exploit symmetry and even sparsity. Whether or not we
use symmetry/sparsity here is optional, obviously, and not essential for the first version of gbasis.

N ts -
It is possible to imagine supporting 3d-dimensional input points, {r[(f), rgz),...,rgd)} pl , and then define the
p:

value and derivatives of quantities like:
Nbasis Nbasis Nbasis

()= 20 3 ) b Za (1) 2, (1) (21)

a=l a,=1  ag=1

N (22)
- Z z Z 0 2 Paaaytyby. by Lo, (r;()l))"'lbd (r;(nd)))(bl (r;;(l))"'lbd (r;’)(d))

=1 a,=1 ag=1 b=1 b,=1 by =1

For Eq. (22), both the cases where {r(k) =r(")}i_l (diagonal element) and the off-diagonal case should be

p p

supported, in analogy to Egs. (17)-(18) and Egs. (19)-(20), respectively. Obvious when the ') = rl"), then d has
to be even. If it isn’t easy/possible to support the d-point case, then the 2-point (and analogous 4-point off-
diagonal) case should be supported.

These helper functions provide the essential capacity to analyze density matrices (down the road) and the
electron density, kinetic energy density, and related quantities in the near term. The key helper function is:

d kx,ky,kz,lx,lylzy(rp) _ akx+ky+kza|x+ly+|17(r, rr) } _ Niasjs Niasf . [akx+ky+kz 7 (rp )J[alﬁlynzlb (rp )J (23)

| axayM oz ox oy oz ~ o ox“oy" oz ox“ay" oz"

I think we should support (at least, easy to add to this list) the following. I’'m assuming (pretty much throughout
this whole section) that we are using real orbitals. It costs a factor of ~2 to allow for complex orbitals, but we
should probably do that | guess.

evaluating the density:

p(rp): . 7abza(rp)7(b(rp):doooooo}/(rp) (24)



evaluating the gradient of th_e density:

Nbasis Npasis 8}( r
58y 200
a=l b=l

d 000100]/ ( rp )

) doooom}/(r ) (25)

p

d 000001 ¥ ( rp )

Nbasis Nbasis G‘Z r
Vp(rp):Z ;;yﬁb Za(rp) bagp)

szasis Npasis aZb (rp)

et L 7ab Za(rp) 82

evaluating the Laplacian of t_he density:
Vzp(l’p)z Z(dmmoo}/(l’p)+d200100j/(l’p)+ d010010y(rp)+ dozooooy(rp)_i_ d0010017(rp)+ doozoooy(pr )) (26)

evaluating the second-derivative tensor of the density:
It is helpful to define e, as a vector that is “1” in position i and “0” everywhere else. So

aZlo(r ) e +e; e +ey, |
Tarjpzz(d y+d 7) (6.6 n]=[xy.7] (27)

evaluate arbitrary-order derivatives of the density:

aLX+Ly+LZp( ):Lzzy L [ j [Lj,\fs ’\?57/ aIX+IY+IZZa(rp) aLx+Ly+LZ—IX—Iy—IZZb(rp)

oxoy boz* L,=01,=01,=0\ Ix I, N\, )&= = ® ax'xay'yaz'z 5XLX_IXayLy_IyaZLZ7IZ

b oL L Lyl L=l Ly =y L =1,

231 ) b R e
= X y z

I
M-

y
floor(3L,) L

onf B[]

1,=01,=0

I’'m not 100% sure about the last formula but the idea is that one can use the symmetry to reduce
the cost by a factor of 2.
evaluate the stress tensor (various forms)

_O{azy(r, r') \ %y (r, r')J

ariar; ari'ar,.

qm(mug_%._a_a{?zé;fy+f;gng Li=fxya)
+5ijﬂvzp(r)
N (%()%() azaua}cb(r)J
i ar, or,

1
E__Z?’ab 5
. (Zb arar Za(r)%@&ﬂ}
=12R [( "y (n)=(1-a)d" 0y (r)) | -4 85,V (r)

-5, (r) Li={xy.2)




evaluating the Ehrenfest force (divergence of the stress tensor)
02, (1) Oy, (r) N 07, (1) 0%, (1)
or? or. or, or’

A= rel T L= (0.2

| 02 (1) 0 (1) | 024 (1) O (1) (29)
or, oror,  oror; o

_ —Re|:d 26i+83+j7/(rp)+dei+63+i+e3+j7/(rp )i|
evaluating the Ehrenfest Hessian (symmetrized, if the user prefers that)

oF; (1) _
H. (r)=——="2= : k =
W= 3 Lo () k=xy.e
EREFACEAGRPAGEAGEI
oror, o, o’ oror,
LN &0 (1) | 02 (r) 02, (1)
1 oror,  or’ or.  or’er, _
ij(r):_EZt):7ab z s J ‘ j,kZ{X, y,z} (30)

i=X,y,z +6}(a(r) a}(b(r)+ 6}(a(r) 8)@(!‘)
aoror, oror;  ororor, o,

L 2.(1) 9 (r) | oxa(r) 92 ()
aor,  ororor,  ordr;  oror,

:_Re[dZeﬁekJregq}/(r )+d29i+e3+j+e3+k7/(r )+dei+ek+e3+i+e3+j7/(r )+dei+e]+ek+ea+i]/(l’ )j|
p p p p

This matrix is not symmetric, so it is often convenient to add its transpose and divide by two.
evaluate the positive-definite kinetic energy density

t, (I‘) — [%Vr -Vrrjf(l’, rr)]r:r’:r _ %(dloolooy(rp)_'_ d0100107/(rp)+ doomm}/(rp )) (31)
evaluate general forms of the kinetic energy density
t,(r)=t (r)+avip(r) (32)

Xiao has done work on this and knows key formulas, so I didn’t bother to list everything....

Integrals of Gaussians:

A separate set of notes on overlap integrals for arbitrary numbers of Gaussians (using a different algorithm

to this one) is attached. Farnaz has implemented that.

In all cases, there are ways to screen integrals. There is more on that at the end of the notes, but the general

idea is that one can screen at the atomic loop level (loop (a), above) and also at the shell level (loop c, above).

Overlap and Multipole Moment Integrals:

The fundamental multipole moment integral has the form
(X () (2 e

gl Ejga(r)(x— Xc)e(y—Yc)f (z-2.) & (r)dr :J‘ x(x=X¢ ) y—YC)f (z-2.)" dr

o) (v ) (-2 €|

(
(

(33)



We define the helper function,
55 E.E:O(X—XA)I(X—XB)J (x=Xc) exp(—a(x—XA)z)exp(—ﬂ(x—XB)Z)dx (34)

and so
efg _ g
Sab - sa b Sa b, Sa b, (35)

X yuy

Multiplying the raw integral in Eq. (35) by the normalization coefficients for the primitive Gaussians, contracting
the normalized primitives to form contracted Cartesians, and (optionally) converting the Cartesians to sphericals
gives the key AO integral,

J2 (1) i (N (x=Xc ) (y-Ye)' (2-2c) dr (36)
Notice that the e= f =g =0 case is the normal overlap integral.

We can evaluate s; using a standard recursion due to Obara and Saika,
HS e-1
St = XoaSs + 25 (i + J5 . +es; )

= XS+ (is7,; + I8, +es; ) (37)

| j+1 1]

e+1

= XpoSy + 2 (is7 1 + J55 14 +es; )

The last term in this expression is zero, and the Iast equations in this expression is unnecessary, when one is
dealing with overlaps (not moments).
In Eq. (37), p is the sum of the exponents of the Gaussians,
p=a+p (38)
X, is the weighted average-center of the Gaussians,

X, = _aX,+fXy (39)
p
the (signed) distance to the moment center is:

Xon = Xp =X,
Xeg = Xp — Xg (40)

Xoc = Xp =X

Finally, u is 2 the harmonic mean of the Gaussian exponents,

24

u= (41)

The recursion in Eq. (37) is initialized using the overlap of the s-type Gaussians,

= [Zen(-u00,-x,)). @

and we take the convention that s°, , =s’, =s; } =1, just so you don’t risk an undefined quantity in the recursion.

Now there are many integrals to compute. In general, if the shells of interest have angular momentum
((i) and £(j), one needs to consider 0<i</(i) and 0< j</(j). Letus assume, without loss of generality,

that £(i)<¢(j). (This can always been done since s; =s;.) Then we first do the first recursion
for i=0,1,..0(i)-1
Si0+l,0 =X PASiOO + (%p)(isiofl,o)
Next we do the second recursion; we can do this in a “vectorized” way since we know S5, for 0<i </ (i). So
for j=0,1,..0(j)-1

10 = XpgS + 35 (is0y; + 5714 0<i<((i)



This gives us the overlap integral. Now, finally, we generate the moment with the final recursion, again doing it
in a “vectorized” way. Ordinarily we would want all moments up to some order, and in this way we generate all
moments up to some order automatically,

for d=0,1,..e-1

S5 = XpoS) + 25 (isy ; + s +esf ) 0<i<((i);0<j<t(j) (43)

Once the key quantltles are computed, they are multiplied by contraction coefficients/normalizations and then
transformed to spherical basis functions (if desired).

To convert Cartesian 2%-pole moments (that is, a set of moments with q=e+ f + g, where g = 0 is the
monopole/charge, q = 1 is the dipole, g = 2 is the quadrupole, q = 3 is the octupole, etc.) to Spherical 29-pole

moments one uses exactly the same transformation as the one to convert Cartesian basis functions to spherical
basis functions.

Kinetic Energy and Related Quantities.

Looking at Egs. 9.3.35-9.3.37 and Eqgs. 9.3.30 and 9.3.31 in Helgaker, the momentum, angular momentum,
and kinetic energy can be evaluated directly from the overlap integrals the only requirement is that you evaluate
to 2 higher orders. l.e., you need to evaluate all the way to s . It is handy to use the symmetry here, also.

o(i)+2,0(]
Specifically, for the expectation value of the momentum,
A2, Sap, Sar,
<ﬁ>:I§a(r)—iV§b(r)dr:—i sgxbxd;ybysgzbz (44)
0 0 1

SaxbX Sayby a,b,

for the expectation value of the angular momentum

0 1 1 0 1 1
SaxbX Sayby dazbZ - S’axbx dayby SazbZ
" H H 1 0 1 1 0 1
<L> = jéa (r)(=irxv)& (r)dr =i Oap, Sap, Sas, ~ Sa, Sap, Ja, (45)

1 1 0 1 1 0
Saxbx dayby Sazbz - daxbx Sayby SazbZ

and the kinetic energy (a scalar)

<f>=J‘§a(r)(%lvz)§b(r)dr=%l<d:XbegybyS§sz+Sabd2b 2b +Sab abd:fb) (46)
where
di =2as), ; —is’y |
! o i+1, ] i-1,j - . O (47)
di =4a’s!,; —2a(2i+1)s] +i(i-1)s’,

Expectation Values of Derivatives:
For quantities like
ae+f+g

D = J.Sea (r)|:axeay—fazg:| S (r)dr

[(x =Xa) (y-Ya)" (2-2,)" e-ar—RAZJ o

6e+f+g
ox°oy ' 0z°

o (x=Xo)" (y=Yo) (2-2,) e 7T |

one can use a similar trick to what was done for the moments. One defines We define the helper function,

10



e

di=]" (x=X,) exp(—a(x—XA)z)(;jxe (X=X, )" exp(~B(x-X, ) e (49)

and so
Dif)g = d:XbXdafybydagaz (50)

Multiplying the raw integral in Eq. (35) by the normalization coefficient, contracting the integrals to form
contracted Cartesians, and converting the Cartesians to sphericals gives the key AO integral,

e+f+g
dr 51
Ila ox¢ ay oz g ( ) ( )
Notice that the e= f =g =0 case is the normal overlap integral.
We can evaluate di using a standard recursion due to Obara and Saika,
dey; = Xpads + & (id?, ; + jd, —28e-d )
df o = Xpgds +25(id7, | + jdf,, +2ae-d ) (52)
dij‘Hl 2ad|e+1] Idie—l,j
Here o and g are the Gaussian exponents for the basis functions i and j. The other notation is the same as in

Egs. (38)-(42). The same basic strategy can be used as was used for the overlap, but if one already knows the
overlaps, then one can use just the final relationship in Eq. (52) because di‘]? = sf]’ It is safe to assume that the

overlaps are known, as I can’t imagine a case where you need the derivatives and not the overlaps. So initialize

dfl.=d° =1d? =57, for 0<i<((i);0<j<e()). Now I need to compute
d?+lj’d(0 (i)+2,j? d0|+ej ?Jrl,j’S?(i)JrZ,j""’S?(i)Jre,J USIng d (i)+e+1,j XPAdO +aj ( ()do i)+e lJ Jdo i)+e,j 1) for

all 0< j</( j) and £=0,1,...e—1. Note that this recursion can be done on the whole array of j values at once,

though the ¢ ’s have to be treated sequentially. Finally, | compute the elements | need using the last Eq. (52). l.e.,
for all £=01,...e-1, d;"=2¢d’, ,—id’,;. All j can be treated at the same time, as can all

i=0(i),0(i)+1,....0(I)+e—¢

Interaction with a point charge (electrostatic potential, electron-nuclear attraction, and similar):
Consider a Gaussian integral with the form

9 (aib)=[& (r)& (r)g(Ir—Re[)dr (53)
The most important case is the case where g (|r— Rc|) __ |r Z |
Cc

the electrostatic potential (change Z, —1) and interaction with an external point charge (change Z, —q,).
Recall that the unnormalized Cartesian Gaussian primitive basis functions have the form

£ (1) =(x=X,)" (y=Yo)" (2-Z,)* exp(-a|r-R,[)
& (r)=(x=Xo)" (y=Ys )" (2-25)" exp(~BIr —R,[")

(This notation is basically from Ahlrichs, because | like his notation better than others here.) The integral in Eq.
(53) I write in shorthand,

(electron-nuclear attraction potential, but also

(54)

x Py Pz Mx My Mz

vV (a;b)=v"”(aa,a,bbpb,) (55)

and I will introduce the auxiliary quantities, V" (a;b). Since V" (a;b) =V (b;a), and it turns out to be most

efficient to choose the most contracted function in the first position (basis function a). Second, because
V°(a| b) :V°(b|a) it is favorable to compute the case where ¢, > ¢, . So if the two functions have the same

level of contraction, putting the highest angular momentum in the first position is an advantage.
11




One should first do overlap screening (see below and attached notes).
Even if the shell is predicted to be important, one should still check the overlap integral,

'[;(a dr and only perform the following rather tedious procedure if that integral is larger than some
threshold. Usmg the notation,
p=a+p
R - aR, + R,
P
p
a,
u=
P
Roy =R, —R, (56)
Res =R —Rg
Rie=R,—Rg
Rec =Rp —R¢
the recursion starts with:
V™ (0;,0) = exp(~[R, ~Rq[")Gy ( p. PIR, ~R[*) (57)

The evaluation of the Boys function will be considered later, but for the Coulomb case one is using Eq. (39) in
Ahlrich’s paper, which can be rewritten as a confluent hypergeometric function (cf. eq. 9.8.39 of Helgaker) or as
an incomplete gamma function (eq. 9.8.20 of Helgaker). There are now two recursions we need. We basically
have

V(™ (a,+1a,,3,;0)=(X, - X, V" (a,a,a,;0)-(X, - X, V" (a,a,a,;0)

1 Hy ) Mz X1 Py iz X1 Py iz

+§x (V" (a,-1a,.2,:0)-V"(a,-1a,,a,0)]

P
58
=XV (a,,2,,8,;0)- X,v" (a,,3,,a,;0) 59

a, [y, (m) . (m+1) )
+2p[v (a,-1a,,a,;0)-V (ax—l,ay,az,o)}
and then we transfer angular momentum to the other function using

V™ (ab, +1b,,b,) =V ™ (a, +1a,,a,:b,,b,.b, )+ X,V (a,.a,,a,:b,.b,.b,) (59)

721 M x 1 My 1Mz

Obviously there are similar relations for y and z.

Here is a possible implementation. | assume that the angular momentum of orbital a is ¢, and for orbital
b is ¢,. As mentioned, it is most efficient to choose ¢, > ¢, . The idea is to perform a vertical recursion, then
contract, then perform a horizontal recursion.

Vertical Recursion
1. Initialize V™ (O 0,0;0,0, 0) for m=¢,-10,+12,...0,+(, using Eq. (57). This can be done using a

recursion relation (sequentially) or explicitly in a vectorized fashion (computing all terms at the same
time). The vectorized implementation is easier to code, and may not be much less efficient, and the

recursion relation is only known for certain special choices of g(|r—r’|) anyway. All other values of

V(™ (a,,a,,a,;0)=0 can be initialized to zero.

2. The basic strategy we use is to first form all relevant choices for one nonzero index, then all relevant
choices for two nonzero indices, then all relevant choices for three nonzero indices.

12



3. For one nonzero index, we need all values of the form v (a0,0,0) where ¢, <a</(,+(, and
0<m+ac</(,+/(, (plus permutations of x,y,z).

13



for a=1...0,+/(,
for all m=0,1....,(,+(,—a

INote that all m can be treated at once (vectorized) and that the next three lines can be treated
simultaneously/vectorized also.

V(™ (a,0,0;0)= X,V'™(a-1,0,0;0)- X,V ™ (a-1,0,0;0)+ a2 pl[v(m)(a—z,o,o;o)—vm*l)(a—z,o,o;o
V™ (0,a,0;0)=Y,,V™(0,a-1,0;0)- Y,V " (0,a~1,0;0)+ a2 pl[v““)(o,a—z,o;o) V™ (0,a-2,0;0)]
V(™ (0,0,8;0)=Z,.V'™(0,0,a~10)-Z,V " (0,0,a~10)+ azpl[ ™(0,0,a-2;0)-Vv ™" (0,0,a-2;0)

4. Two nonzero indices. We make the recursions as short as we can. The key is that we need all possible
choices of indices where ¢, <a +a, < (, +(,, and we choose a, > a, for efficiency (to shorten the length

of the recursions). The outermost loops (and all highlighted loops, in general) can be vectorized because
what happens inside it is independent of the other loops. The goal is to make all values of

V™ (a,a,<a,0) for which ¢, <a +a,<(,+(, and 0<m+a, +a,<(,+(, (plus permutations of

X,Y,2).
for q=/0,,0,+1....(,+(,

for a, =[floor(4q)+mod(q,2)],...,q-1
for a,=1...,q-a
for all m=0,1...(,+(,—a —a, (this loop can be vectorized)

V™ (a,,8,0,0)= X,V ™ (a,-12,0;0)— XpV ™ (a, -1,a,,0;0)+ [v -2,3,0,0)-V " (a,-2,3,0,0)]
V(™ (a,,0,a,;0)= X,V ™ (a,-1,0,a,;0) - XpV ™ (a, -1,0,a,;;0)+ azzpl[v —2,o,a1;o)—v<m+1>(a2—2,0,a1;0)]
V™ (a,8,,0,0) =Y,V ™ (a,a,-10;0)- Y,V " (a,a,-10,0)+ 1[v ~2,0,0)-V™ (a,a,-2,0,0)
V(™ (0,a,,8,;0) =Y,V ™ (0,a, 1 a,;0)~ YooV " (0,3, 1,8,;0)+ Z [V (0,a, - 2,8,;,0)~V ™ (0 8,-2,8,,0)]
V(™ (a,0,8,;0)=Z,,V ™ (a,,0,a, —1;0) - ZpV ™ (a,,0,a, -1,0) + 1[v (2,,0,3,-2,0)-V ™ (a,,0,2,-2,0)

V™ (0,a,,8,;0)=Z,,V ™ (0,a,,a,-1,0)~ Z,.V ™ (0,a,,8, ~1,0) + 22 1[v (0.2,,8,~2,0)-V"(0,3,,2,-20)]

5. Three nonzero indices. The “for” loops can be vectorized and are just an explicit way to generate all
integers for which ¢, <a, +a, +a, <, +(, . Atthis stage we need to generate all integrals V™ (a,,a,,a,)

with , <a +a,+a,<(,+(, and 0<m+a +a,+a, <, +(,
for q=/(,,0,+1....0,+(,

£ q . 1if mod(q,3) =0 )
r oor|( % o B
o AT (30)+ 0 if mod(q,3)=0 |
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for a,=1...,0-a-1

for a,=1...,0-a—a,
for all m=0,1...(,+(,—a —a,—a, (this loop can be vectorized)

V™ (a,a,8,;0) = X,V ™ (a,-18,8,;0)~ X,V ™ (a,~1,a,8,;0)+ [ (a,-2,a,a,;0)-V " (a,-2,a,a,

m (m+1) 1 (m+
V" (ay,8,,8;0) = Xp,V ™ (8, -1,8,,3,;0)— XV ™ (3, -1.8,,8,;0) + > V™ (a,-2,3,,8;0)-V ™ (a,-2,3,,3
V™ (a,8,,8,;0) =Y,V ™ (a,8, -1 a,;0) - YoV " (3,8, -1 8,;0) + [V 8,8, -2,a,;0)-V ™ (a,a,-2,a,;
(m) . (m+1) -1 . (m+1) ,
v (az’as’avo) YPAV ( a,a,-la; 0) YpcV (azfa -la; 0 [V 3—2,a1,0)—V (aZ'as_Ziap(

1[V (a,8,,8,-2;0)-V"(a,a,,a, - 2;

V" (a,a,,a;0)=Z,V" (a,8,8,-10)-Z,V" (a8, a,-10)+

V™ (a,,a,8,;0)=2,V" (a, 8,8 -10)-Z,V " (a,,a,8-10)+ : 1[v a,a,-2,0)-V"™ (a,,a,a,-2;

Contract. l.e., now one moves to contracted basis functions. So in our notation, &,,& — x,, 1, -

Horizontal Recursion:
One has all integrals of the form V©(a ,a,,a,;0) with ¢, <a +a +a,<( +{, at this stage. We finally

generate our integrals using the horizontal recursion specifically,
VO (ab, +1b,,b, )=V (a,+1a,,a,b,b,b,)+ X,V (ab,,b,b,) (60)
The first step is to generate all sets of (ax,ay,az) with a, +a,+a, =(,. This can be done explicitly as
follows, and this entire loop (highlighted text) can be vectorized, because “order doesn’t matter” for this loop.
for a,=01...,(,
for a, =01...,/,-a
a,=(,-a,—a,
In obvious notation I specify the result from the first loop as a = (a a,, az)
The second step is to generate all sets of b, +b, +b, =, . It turns out to be a very similar trick to the

vertical recursion.
1. initialize V¥ (a;b,,b, b, ) =0 when any of {bx,by,b }——1 for all a.

2. The basic strategy we use is to first form all possible choices for one nonzero index, then all possible
choices for two nonzero indices, then all possible choices for three nonzero indices.
3. One nonzero index:
mmax = Eb
b=-1
while m_, >1
Mea = Mipay -1

b=b+1
for all m=0,1,...m
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I'Note that all m can be treated at once (vectorized) and that the next three lines can be treated
simultaneously/vectorized also.

v (a,+m,a,a,;b+10,0)=V"(a,+m+La,a,;b,0,0)+ X,V (a,+ma,a,;b,0,0)

y1 %z

v©(a,a,+ma,;0b+1,0)=V?(a,a,+m+1a,;0,b,0)+Y,V(a,a, +m,a,;0b,0)
v©(a,a,a,+m0,0,b+1)=V?(a,a,a+m+100b)+Z,V"(a,a,a,+m00b)

4. Two nonzero indices. We make the recursions as short as we can. We use the integer division, floor[4 ¢, ]

to determine how to do this. We first generate pairs of integers with i > j. Then we evaluate the integrals
we need... The outermost for loop can be vectorized. This is just an explicit way to generate all integers
for which m_, <i and m_,, +i=2¢,.

for i = floor[1¢,]+1,2,..0,-1
Mo =Ly —1
while m_, >1
M. =M., —1

max
b=20
for all m=0,12,....m_,
INote that all m can be treated at once (vectorized) and that the next six lines can be treated
simultaneously/vectorized also.

V(O)(a +m,a,,a,;b+1i,0 a,+m+1a,,a,;b,i,0)+ X ,,v¥ (a,+m,a,,a,;b,i,0)

X

a,+m+1a,,a,;b,0,i)+ X ,,v'” (a,+m,a,,a,;b,0,i)

a,+m,a,a,;b+10,i .
)
)

X

70 1o

,a,+m,a,;0,b,i

a,,a,+m+1a,;0,b,i 018y

y X1y

a,,a,,a,+m;i,0,b+1 a,,a,,8,+m+1i0b)+Z, V a,,a,,a, +m;i,0,b

X X

X

( )

( )
©(a,,a,+m+1a,;i,b,0)+Y,V" (a,,a +m,a,;ib,0
O )+Y,ev (a

( )

i )

' )
a,.a,,a,+m+10,i,b)+Z,.v (a,a,a,+m;0,ib)

)=V

)=V
a,,a,+m,a,;i,b+1,0)=
)=

)=
.a,,a,+m;0,i,b+1)=V!

v
ve(
V©(a,,a +ma,;0,b+1i
ve(
i

b b + 1

There is a second case if ¢, is even, that is if mod((,,2)=0. In that case we can have i=m,_,

We need to do the following:
if mod((,,2)=0

Il
N[

)
o

=34y
mmax =Kb
while m_, >1
M = Mipax -1
b=20

for all m=0,12,....m_,

INote that all m can be treated at once (vectorized) and that the next three lines can be treated
simultaneously/vectorized also. Which of the three equations above should be used depends on what
the “optimal loop order” is in Python, i.e., if the last indices loop faster or the first indices loop faster.
I assumed that the “innermost loops™ are fastest. Note that this is rather important, as it can be a factor
of 100 faster if the loops are ordered correctly.
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V©(a,a +m,a,;ib+10)=V®(a,a +m+la,;ib,0)+Y,V" (a,a +ma,ib,0)

V©(a,a,a,+mi0b+1)=V®(a,a,a,+m+Li,0,b)+Z,V " (a,a,a+miO0b)
V©(a,a,a,+m0,ib+1)=V®(a,a,a,+m+150,i,b)+ 2,V (a,a,a,+m0,i,b)
b=b+1

5. Three nonzero indices. The “for” loops can be vectorized and are just an explicit way to generate all
nonzero integers for which m_, < j<iand m__ + j+i=1¢,.

for i =1,2,(,-2
_ _{%(ﬁb—i) mod (¢, —i,2)=0

| ceiling[ £(¢, )] otherwise

max —

for j = Jons dwin 10, —1-1

mmax = fb —i- J

while m_, >1
Mok = Miax -1
b=20
for all m=0,12,...,m_,
I'Note that all m can be treated at once (vectorized) and that the next six lines can be treated
simultaneously/vectorized also.

V(o)(a +m,a,,a,;b+1, j a +m+lag,a;bi, j)+ X,V (a,+ma,a,;b,i, j)

X

a +m+la,a,;b, j, + X,V (ax+m,ay,az;b,j,i)

X

a,+m,a,a,;b+1 ji

X

)=V
v )=V )
VO (a,a +ma,;ib+1 j)=V(a,a,+m+La,;ib, j)+Y,V'"(a,a, +ma,;ib,j)
VO (a,a +ma,; jb+1i)=vV¥(a,a,+m+La,;jbi)+Y,V'""(a,a,+ma,;jbi)
V©(a,.a,a,+mi, j,b+1)=V(a,a,a,+m+Li, j,b)+Z,V"" (a,.a,a,+mi,jb)
V©(a,a,a,+m; jib+1)=vV?(a,a,a,+m+1Ljib)+Z,.V"(a,a,a,+m;jib)

b = b+1

2-electron integrals:

The two-electrons are similar. [HONGWiNGIIOESIEEANOIBENEUSCONIBSINIIAAYSOIOWNNEVISEd

e "(able,d) =[5 (r)& (n)g(n -rl)é (r,)& (r,) drdr, (61)
fa(f)E(X—XA)a*(y—YA)aV(Z 2,)" exp(-alr-R,[)
& (1) =(x=Xa)" (y=Ya)" (2-22)" exp(-AIr —R.[) )
& (r)=(x=Xc )" (y=Ye)" (2-2c)* exp( I =Rc[ )
& (1) =(x=Xo)" (y=Yo)" (2-Z5)" exp(-8]r-Ro )

and notation
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n=y+ad
o= cn
g+

R, - aR, + fR,
¢

RQ=M (63)
n

T =p|R, —Ry|

One defines

%
1™ (00]00) = (;Z ) $.,5.46n (0.T) (64)
7

%
Notice that if [ ) S5, < €, the integral can be safely neglected.

g+n

Most of the recursions are almost exactly the same as before. It is favorable to choose
(2050, 2050, >0,

One starts with the vertical recursion, which is the same as listed before, with slightly different
initialization, and the fact that the upper limit of ¢, + ¢, is replaced by an upper limit of ¢, +(, +( +(,. The

new initialization is:

Vertical Recursion
1. Initialize 1™ (0,0,0;0,0,010,0,0;0,0,0) for m=0,12,...{, +(, +( +¢, using Eq. (64). This can be

done using a recursion relation (sequentially) or explicitly in a vectorized fashion (computing all terms at
the same time). The vectorized implementation is easier to code, and may not be much less efficient, and

the recursion relation is only known for certain special choices of g(|rl—r2|). Also initialize
1" (a,,a,,a,;0/0;0)=0 when any of {a,,a,,a,j=-1for m=01,2,...,0,+ 0, +{ +(,.

2. The basic strategy we use is to first form all possible choices for one nonzero index, then all possible
choices for two nonzero indices, then all possible choices for three nonzero indices. The recursion is

|<m)(ax+1,ay,az;0|o;o)=(xp—xA)|<m)(ax,ay,az;0|o;o)+§(xp—xQ)|<m+1>(ax,ay,az;0|o;o)
(65)

a m /0 m+1
+-= 1™ (a, -1a,a,;0|0;0)-=1™(a, -1,a,,a,;0|0;0
2 (1, -18,2:010:0)- 219 (3, -a,.,0100)
Notice that this is very similar in form to Eq. (58) so clearly the same routines can be used in both cases.

Electron-Transfer Recursion
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The “new” recursion is the electron-transfer recursion. It is used to switch £ +(, elements of angular momentum

from a to c. The algorithm is (again) essentially the same as the vertical recursion, so I will just list the key idea, namely
that one uses relations like

1 (a,,a,,,;0]¢, +1c,,c, O):{( Q—XC)+£(XP—XA)}I(O)(aX,ay,aZ;Olc c,.c,:0)
n

1Yy yr vz

8 1(0) : . C (0 :
+zl (ax—l,ay,az,0|cx,cy,cz,0)+zI (a,.a,,a,;0]c, -1c,,c,;0) (66)

_£|(0)(ax+1,ay,az;0|cx,cy,cz;0)
n

Contract. I.e., now one moves to contracted basis functions. So in our notation, &,,&,,&., & — X\ Xos Yo X4

Horizontal Recursion
This is exactly the same as for the 1-electron integrals. One uses relations like:

1°(a,,a,,a,;b, +1b,,b, |cd)= I(O)(ax+1,ay,az;bx,b b, Jed)+ X,V (a,.a,.a,b,.by,b,|cd) o
<°>(ab||c ¢,.c;d, +Ld,d,)=1"(ab|c, +Lc,,c,;d,,d,d, )+ X1V (ablc,.c,.c,5d,.d,d, ) &7

AR &

Screening:

There are two main types of screening, overlap screening and Coulomb screening. There is no broad
consensus for either, so one simply does something that makes sense, and then uses user-defined threshholds to
be sure nothing too bad happens.

In overlap screening, screening occurs at the atom level and the shell level. See the set of notes on this.
This means that when one is looping over atoms (loop a) and shells (loop c) one may end up setting an integral
to zero.

In the innermost loop (over primitives) one performs one last screening: set the integral to zero in the

innermost loop if sy, <e&. (If that is true, then one can safely neglect the overlap/moment/Kinetic-

energy/derivatives integral.) Note that the “right” value for & may be quite small, especially for moments. In
general one can use a little bit coarser threshold for overlaps, and one needs potentially tighter threshholds for
moments/derivatives (especially high-order moments/derivatives).

My notes on overlap screening are in the same directory as this document.

https://drive.google.com/file/d/1HXor65UzGlcgAwTa0C_h-CTelSSuJNL9/view?usp=sharing

Note that the basic strategy is that one first identifies a distance threshold beyond which atomic overlaps are
negligible or shell-overlaps are negligible. After storing these thresholds, one can avoid computing certain
integrals, which are set to zero. There are many ways to implement it, but one way would be to initialize the
matrix of integrals one wishes to evaluate to “empty” or some placeholder, then fill zero’s where one does not
need to compute the integrals, and (finally) compute only integrals that had not (already) been assigned to zero.

In Coulomb screening for the 2-electron integrals, we’ll use the scheme proposed by Ochsenfeld, which
seems a reasonable compromise between cost and ease-of-programming.

https://drive.google.com/file/d/1u7eObmZpeDu38-gSeDeU0In3Im6_962U/view?usp=sharing

The basic idea is that one forms an estimate for I(°)(a;b|c;d) (the 2-electron integral) and then one

neglects computing integrals where this estimate is sufficiently low. To do this, one first forms all the integrals
where only two shells enter, namely,

Q=4 !%(a;b|a;b) (68)
and
M, =41 (2] c;c) (69)
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https://drive.google.com/file/d/1HXor65UzGlcqAwTa0C_h-CTeISSuJNL9/view?usp=sharing
https://drive.google.com/file/d/1u7eObmZpeDu38-qSeDeU0In3Im6_962U/view?usp=sharing

Then the magnitude of the 2-electron integral can be estimated as (cf. Egs. 11-13 in Ochsenfeld’s paper)

10 (ablcd) ~ LﬁbQ“ max (M .My, M oM, ) (70)
QaabeQcchd
If the predicted magnitude is small enough, then one can neglect the integral. Typically one choose a threshold of

about 10™° (which is typically good enough for microHartree accuracy) but sometimes smaller (or larger)
thresholds are used.

Boys functions:
We should implement the Boys functions in Ahlrich’s paper. This is especially important for the error

function (Eg. (52)) and the |r,—r,|” interactions (Eqg. 49)), but we can implement all of his forms, and also a

helper function for the “general” form in Eqs. (46)-(48), perhaps by (explicitly) supporting any interaction that is
a polynomial (using Eqg. (48)) and implicitly supporting any function using numerical integration (using Eq. (46)).

There is a bit of work to figure out for those general cases, however.
https://drive.google.com/file/d/19fQvkuVGA5PVOfbZ3AhwmRFW34gnQ5Fw/view?usp=sharing

We should consider using mpmath here, so that the Boys function is computed to very high accuracy. For
the 2-electron integrals there can be numerically ill-conditioning in the recursion, though the recursion is usually
stable except for very high angular momentum on sharp (nondiffuse) basis functions. Being able to compute to
high precision is worth it, then, but we should not compromise a lot of performance to do it (maybe have it as an
option, though I’m not sure how that would work). That is, ideally one could use scipy.special or mpmath,
with a user switch to mpmath. I’m not sure what the performance hit is, though....but that isn’t a *huge* deal
here.

For the Coulomb case one uses Eq. (39) in Ahlrich’s paper, which can be rewritten as a confluent
hypergeometric function (cf. eg. 9.8.39 of Helgaker) or as an incomplete gamma function (eq. 9.8.20 of Helgaker).
It is best, however, to use the recursion (unless there is a very efficient implementation), i.e.,

2n+1)F (x)—exp(—x
Fa ()= B (0 —eR () (71)
as one always needs all Boys functions up to a set order. Cf. Eq. 9.8.13 in Helgaker. Ideally one could derive
recursions for the other Boys functions too, though in some cases the Boys function is easy to evaluate directly,
and “performance” is scarcely the issue here. Note that the conversion between the Boys function considered by
Ahlrichs and this Boys function is simply

Gu(p.T) =y (T) (72

ZORA.

We can include relativistic effects, at the scalar relativistic level, using the zeroth order regular
approximation. This involves a numerical integration, in a similar way to the exchange-correlation integral. The
key ZORA integral is:

= r)- r))- \7(r) r
to =] (V2 () V(1) 4(137.035999139)° — 2V (r)OI 79

(cf. Eq. (14) in the following reference)
https://drive.google.com/open?id=1EbNFPI7rO-nEOgmavP-ah_etmLIAv2ez
It is probably most sensible to pass V , (r)-V, (r) as a function to the grid module for this evaluation,
which has to be done numerically, but which can often be pruned based on the location/width of the Gaussians
under consideration. It is helpful to precompute V (r) on the entire grid, so this is a case where dot-multi in grid

is useful. This is automatic if one does a Harris-function guess, wherein one
1. Forms the promolecular density.
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2. Evaluates the Kohn-Sham potential for that density. \V/ (r) is the Kohn-Sham potential of the promolecular

density.
However, that breaks modularity in a fairly bad way. It’s more sensible to add to the database of atomic densities
(splines) a database of atomic electrostatic potentials (also splines). Finally, we assume that the local density
approximation is good enough, and use the fact that the most important values in Eq. (73) occur close to the
nuclei, so it is important to choose a correlation functional that is accurate near the high-density limit. This means
that we choose:

£o [ ( j [ P(r
o3 o]

E-™ [ p]= jp(l’ (aln(1+(%”)}/3 bp% +(4T”)% bp%)j

a=-2(In2-1) b = 20.4562557 (74)
§(4) b (?)%bp%}
Chachiyo 4r }/ }/ Ar A |:
v [ 5] = aln(1+(3) bps +(42)% b’ ) L5 b (5 o

1(4rn % % 2(4x % %

_ BB ganp %4) | 3(5) b +5(%) o
=a|lIn{1+(%)°Db Z)3b —
(+( P ) {1+(“é’)%bp%+(“3”)4bpé

Approximating the density in these density functionals with the promolecular density, we then have:

~ Natorns Z . . Natoms
Vi (r) _ z T N, (|r R |)+V)|(Dc|rac-0hach|yo |: Z pz (||’ — RA|)} (75)
AL |r RA| —_— Al

fit to electrostatic
potential of A's
pro-atomic density

The Chaychiyo functional is J. Chem. Phys. 145, 021101 (2016).

It is helpful to use a relativisitic atomic density and electrostatic potential here. It might be good to read
in a density from a ZORA calculation from ADF or Gaussian to form the reference densities/electrostatic
potentials here.

Nuclear Gradients:
When evaluating the gradient with respect to the atomic nucleus, one needs to evaluate the derivative of
molecular integrals. This is relatively simple: using Egs. (11) and (12),

R K [dx/E(X—XA)jk

B dx,

dX, d(\/g(x—XA)z)k
_ (a% ) H, (Ver (x- XA))e(ﬁ(XXA))Z

This means that to evaluate the derivative of a Cartesian Gaussian, one uses

(76)
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j=max(0,k—n) J (n - k + J)I
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(77)
This is just another Gaussian basis function, and one can expand out the Hermite series into powers of (x— XA)
explicitly using

numpy.polynomial.hermite.herm2poly

With this understanding, one can evaluate the derivatives of Gaussian integrals to arbitrary order. (It gets a bit
tedious, though, which is why it seems people who do this sort of thing always use Hermite basis functions as
intermediate quantities.) It would be a unique feature, so if we can do it easily, it might be worth doing, but it is
rather complicated because the product rule for higher derivatives leads to a proliferation of terms. For first
derivatives (the most important case, by far),

d(x-X,)'e b,
dx,
d(x—X,)"e (X’
dx

In general, then, we can evaluate first derivatives of overlap integrals (and also kinetic energy integrals, electron-
nuclear repulsion integrals, and electron-electron repulsion integrals) by just evaluating them for one-higher-
angular momentum, then using Eq. (78) to distribute the terms.

For the electron nuclear repulsion term however, there is an extra term:

_d(x=X,)"e b,
dx

= —n(x=X, )" e T g (x— X, )" e ) =
(78)

=5, ( n(x=X,)" et _og (x=X,)"e -a<”>)

0 & (r) 0&,(r) &(r) o 1
dr+ dr+ cf ———dr
Eacaalr v RS R 0O -
(r) afb( ) &.(r) Seo (X=X¢)
j |r R |dr+I T-R, r+j§ )—|r_RCIS dr

The first two terms are easy to deal Wlth through Eq. (78), but the last term requires special treatment. The key is
to note that the one-electron integrals depend on the nuclear center, R, only through the Boys function, which

enters into the expressions linearly. Cf. Eq. (53). One then evaluates

aGN(p|RP _Rc|2)

0 N) /A 2
— 0;0)=exp(-u|R,-R 80
o V" (00)=exp(-ulR, R[] (80)
but (see, for example Ahlrichs Eq. 12),
0
Gua(PT) =G (PT)
oGy (P.T) _ Gy (P.T) T _ (.7) op|R, —R.[" -
AR, aT  OR. NEA T AR,

= p(Xp _XC)GN+1(p!T)
Here | have used T = p|RP - RC|2. Using Eq. (81), it’s clear that we can initialize the 1-electron integrals with
V' (0;0) = exp( 2[R, ~Rs[ ) Gy.u PR, ~ 1) (82)
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and move down the recursion in the same way, but now N =1 is the physical integral,

2.0 (02 g gy, x v it

R (83)
=(a+B)(X, - X V¥ (aa,a,:bbb,)
The gradient of the nuclear-nuclear repulsion energy is
0 Z,Zg ZB(XB_XA)
=7,y ———* 84
ox. Z R, -R.] Z R,-R.[ (84)

There is an easy way to check Eq. (83): use a very steep Gaussian (which approximates a Gaussian) located at
r =r' in the two-electron integral and differentiate that expression with respect to x’. Note that the whole set of
gradient integrals can be generated simultaneously using Eg. (82). The nuclear gradients can be calculated

simultaneously with the original 1-electron integrals if one initializes V" (0 0,0;0,0,0) for one extra order,

m=0,12,...,(,+(, +1. This is not surprising since the “extra order” is exactly the same as what one needs when
evaluating the overlap, kinetic-energy, and 2-electron integrals because of the “degree-raising” feature of Eq. (78)

Some notes for the future:
It would be good to look at periodic boundary conditions
https://drive.google.com/drive/folders/1gX7ayEWnMaWZV54p5Exs_SmfhhACUIEy?usp=sharing
and, more urgently and importantly, density-fitting
https://drive.google.com/file/d/1KDk2B29kmR5FzZHGkgnGDUL Q4xHKPIpul/view?usp=sharing
https://drive.google.com/open?id=1MPcWeA6fTrLRWb7aD0c4-X CkAtCwWWQst
We will not bother to preserve the Cholesky part of the code, because density-fitting is, | think, a better option.
We still will need to figure out how to use density-fitting, effectively, in a seniority-zero theory. (So there is a
“science objective” here t00.)
The periodic boundary conditions integrals seem tricky, though with a pseudopotential (yet another piece
of implementation...) they should be doable. For now I would like to see if there is some nice trick to avoid them.
For density-fitting, it will help significantly for small systems, but screening is more important for larger
systems. That is, density-fitting helps even for small systems (it is best for products of basis functions that are
close together) and screening is best for large systems (it is best for products of basis functions that are far apart).

Paul W. Ayers
March 4-13, 2019
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