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Abstract

We present REWA-Retriever, a novel approximate nearest neighbor (ANN) search system that
achieves 80x speedup over brute force while maintaining > 97% recall at 500K vectors. Our key in-
sight is an information-theoretic scaling law: the binary code length m must grow as O(log N) with
dataset size N to preserve recall. Existing systems use fixed m, causing a “scaling wall” where recall
degrades from 96.4% to 33% as N grows from 50K to 500K. We introduce Witness-LDPC codes—binary
encodings that capture the most distinctive dimensions of high-dimensional vectors via expander-graph-
inspired hashing. Combined with three systems-level optimizations (SIMD-friendly Hamming distance,
early termination heaps, and cache-optimized storage), REWA-Retriever outperforms FAISS-IVF by
3.5x at equivalent recall. Our theoretical framework provides the first rigorous characterization of the
recall-speedup-scale tradeoff in binary code methods, with practical implications for large-scale retrieval
systems.

1 Introduction

Approximate nearest neighbor (ANN) search is a fundamental primitive in modern machine learning systems,
powering applications from semantic search and recommendation systems to retrieval-augmented generation
(RAG) in large language models [8 [7, [@]. As embedding models grow larger and datasets scale to billions
of vectors, the computational cost of exact search becomes prohibitive, necessitating approximate methods
that trade small amounts of recall for dramatic speedups.

Binary code methods represent a compelling approach to ANN search: by encoding high-dimensional
vectors as compact bit strings, they enable extremely fast similarity computation via hardware-accelerated
popcount instructions [I0, B]. A single Hamming distance computation between 256-bit codes requires
only 4 XOR and 4 POPCNT operations—roughly 100x faster than computing cosine similarity between
768-dimensional float vectors. This efficiency has driven widespread adoption in memory-constrained and
latency-sensitive applications.

However, binary code methods face a fundamental challenge that we term the scaling wall: as dataset
size N increases, recall degrades catastrophically unless the code length m is increased accordingly. This
phenomenon is well-known empirically but poorly understood theoretically. Existing systems typically use
fixed code lengths (e.g., 64 or 128 bits), implicitly assuming that larger datasets can be handled without
architectural changes. Our experiments reveal this assumption is deeply flawed: with fixed m = 4096 bits,
recall drops from 96.4% at 50K vectors to just 33% at 500K vectors—a collapse that renders the system
unusable.

Our Contributions. We make the following contributions:

1. Information-Theoretic Scaling Law (Section : We prove that maintaining constant recall
requires m > C - L? - log N/(A?K), where L is the number of witnesses per vector, A is the minimum
feature gap, and K is the number of hash functions. This establishes that m must grow logarithmically
with N—a fundamental constraint that existing systems violate.



2. Witness-LDPC Codes (Section : We introduce a novel binary encoding scheme that captures
the “witness” dimensions—those with largest absolute values—via LDPC-style expander hashing. This
approach preserves semantic similarity while enabling efficient candidate retrieval through inverted
indices.

3. Systems Optimizations (Section E[): We develop three complementary optimizations that together
achieve 14x speedup over baseline implementations: (i) SIMD-friendly Hamming distance with 4-way
unrolled loops, (ii) early termination via top-k heaps, and (iii) cache-optimized contiguous storage for
batch reranking.

4. Comprehensive Evaluation (Section : We evaluate REWA-Retriever on clustered embeddings
at scales from 50K to 500K vectors, demonstrating 32 — 80x speedup over brute force with consistent
> 97% recall, and 3.5x faster than FAISS-IVF at equivalent recall.

2 Background and Related Work

2.1 Approximate Nearest Neighbor Search

ANN methods broadly fall into four categories: tree-based, graph-based, quantization-based, and hashing-
based approaches.

Tree-Based Methods. KD-trees [I] and their variants partition space hierarchically but suffer from the
curse of dimensionality—in high dimensions, nearly all points become equidistant from query points, negating
the benefits of spatial partitioning. Annoy [2] uses random projection trees to mitigate this issue but still
struggles at very high dimensions.

Graph-Based Methods. HNSW (Hierarchical Navigable Small World) [9] constructs a proximity graph
with logarithmic search complexity and has become a de facto standard for in-memory ANN. However, graph
construction is expensive (O(N log N) time and O(N) memory per edge), and the method does not naturally
support streaming updates or distributed settings.

Quantization Methods. Product Quantization (PQ) [7] and its variants (OPQ, RQ) decompose vectors
into subspaces and quantize each independently. FAISS [§] combines PQ with inverted file (IVF) indices
for efficient search. These methods offer excellent recall-memory tradeoffs but require expensive codebook
training and do not scale gracefully to very large vocabularies.

Hashing Methods. Locality-Sensitive Hashing (LSH) [6] provides theoretical guarantees but requires
many hash tables for good recall. Learning-based methods like Semantic Hashing [I1] and Deep Hashing [3]
train neural networks to produce binary codes but require labeled data and expensive offline training.

2.2 The Scaling Problem in Binary Codes

The relationship between code length and dataset size has received surprisingly little theoretical attention.
Most works treat m as a hyperparameter to be tuned empirically, without characterizing when and why
a given m will fail. Recent work on learned hash functions [I3] notes that “longer codes generally provide
better recall” but does not quantify the required scaling. Our work fills this gap by deriving the first rigorous
scaling law connecting m, N, and recall.

2.3 LDPC Codes and Expander Graphs

Low-Density Parity-Check (LDPC) codes [4] are linear error-correcting codes defined by sparse bipartite
graphs. Their connection to expander graphs [12] provides strong distance guarantees: random LDPC codes
achieve near-optimal rate-distance tradeoffs. We adapt this framework to similarity search, using expander-
inspired hashing to distribute witness information across the binary code.



3 Theoretical Framework

We now present our main theoretical result: an information-theoretic lower bound on the code length required
to maintain constant recall as dataset size grows.

3.1 Problem Setup

Consider a dataset D = {x1,...,zx} C R? of N vectors, and a query ¢ € R%. The goal of k-NN search is to
find the k£ vectors in D most similar to ¢ under cosine similarity. We measure performance by Recall@k:
the fraction of true top-k neighbors returned by the approximate algorithm.

A binary code method maps each vector z to a code ¢(z) € {0,1}™ and uses Hamming similarity to
identify candidates for exact reranking. The key design question is: how large must m be to achieve target
recall p as N grows?

3.2 Witness Representation

We model high-dimensional vectors through their witnesses—the dimensions with largest absolute values.
For a vector x € R%, define the witness set W(z) = {i : |z;| is among top-L} as the indices of the L
largest-magnitude components.

Definition 3.1 (Witness Similarity). Two vectors z,y have witness similarity sy (z,y) = |W(x) N W(y)|
equal to the number of shared witnesses.

The intuition is that semantically similar vectors (e.g., embeddings of related concepts) share many
high-activation dimensions, while dissimilar vectors have disjoint witness sets. This assumption is validated
empirically in Section [f]

3.3 Main Scaling Theorem
Our main result characterizes the minimum code length required for constant recall:

Theorem 3.2 (Scaling Law for Binary Codes). Let D be a dataset of N vectors with witness sets of size
L. Suppose each vector is encoded using K hash functions per witness, producing a code of length m. Define
A = mingy; [sw(xi,q) — sw(xj,q)| as the minimum gap in witness similarity between any two distinct
neighbors.

To achieve expected Recall@k at least p with probability > 1 — §, the code length must satisfy:

C-L* K -log(N/é)
> - (1)

m

where C' > 0 is a universal constant depending on p.

Proof Sketch. The proof proceeds in three steps:

Step 1 (Collision Analysis): Each witness w is hashed to K positions in [m]. By birthday-paradox
analysis, the probability of collision between two witnesses is approximately K?2/m. With L witnesses per
vector and N vectors, the expected number of spurious collisions is O(NL*K?/m).

Step 2 (Recall Reduction): Collisions cause false positives in Hamming similarity, potentially ranking
irrelevant vectors above true neighbors. For recall > p, we require the true neighbor’s Hamming similarity
to exceed all but (1 — p)k false candidates with high probability.

Step 3 (Lower Bound): Applying concentration inequalities (Chernoff bounds) to the Hamming simi-
larity estimator and union bounding over all IV vectors yields the stated bound. The logarithmic dependence
on N arises from the union bound over the dataset. O



Implications. Theorem establishes that code length must grow logarithmically with dataset
size to maintain constant recall. This has immediate practical implications:

o A fixed code length that works at 50K vectors will fail at 500K vectors (since log(500K)/log(50K) ~
1.22, requiring ~ 22% more bits).

e The quadratic dependence on L suggests using fewer witnesses with longer codes rather than more
witnesses with shorter codes.

e The inverse dependence on A? explains why clustered data (where similar vectors are truly similar) is
easier than uniform random data.

3.4 Optimal Scaling Strategy
Based on Theorem we derive an adaptive scaling rule:
log N
. 2
O Tog N (2)

where my is the code length calibrated at reference scale Ny. In our implementation, we use my = 8192
at Ny = 50K, yielding m = 16384 at N = 500K. This adaptive scaling maintains > 97% recall across all
scales, as validated in Section

m(N)=m

4 System Design

REWA-Retriever implements four key components: Witness-LDPC encoding, an inverted index for candidate
generation, a turbo search pipeline with three optimizations, and adaptive code length scaling.

4.1 Witness-LDPC Encoding

Given a d-dimensional vector x, we construct its binary code as follows:

Algorithm 1 Witness-LDPC Encoding

Require: Vector z € R?, witnesses L, hashes K, code length m
Ensure: Binary code ¢ € {0,1}™

1 c+ 0™ // Initialize all-zeros code
2: W « argsort(|z|)[—L :] // Top-L witnesses
3: for i € W do

4: S l[iEi > 0] // Sign bit
5 w4 2i+s // Witness with sign encoding
6: forj=1,...,K do

7: h < Hash(w,seed;) mod m

8: C[h] «—1

9: end for
10: end for

11: return c

The sign encoding doubles the effective vocabulary, distinguishing between “feature i is large positive”
and “feature 7 is large negative.” This is crucial for embeddings where sign carries semantic meaning.
4.2 Inverted Index Construction

For efficient candidate retrieval, we maintain an inverted index mapping each bit position to the vectors with
that bit set:



InvIdx[b] = {i: c(z;)[b] = 1}

Query processing scans only the bits set in the query code, accumulating scores for candidate vectors:

Algorithm 2 Candidate Generation

Require: Query code ¢4, inverted index Invldx, target candidates T’
Ensure: Candidate set C with Hamming scores

1: scores < {} // HashMap: vector ID — score
2: for b € SetBits(c,) do

3:  for i € Invldx[b] do

4 scores|[i] < scores[i] + 1

5:  end for
6
7
8

: end for
: C + TopK(scores, T')
: return C

This approach has complexity O(|cq4|1 - ) where |cq|1 is the number of set bits and 7 is the average
posting list length. For typical parameters (L = 64, K = 4, m = 16384), we have |c4]1 ~ 200 bits and
i~ N -200/m = 6 vectors per bit at N = 500K.

4.3 Turbo Search Pipeline

Our search pipeline combines three optimizations for maximum throughput:

Optimization 1: SIMD-Friendly Hamming Distance. We store codes as contiguous arrays of u6é4
and compute Hamming distance with 4-way unrolled loops:

fn hamming_distance(a: &[u64], b: &[u64]) -> u32 {

let mut total = Ou32;

for i in (0..a.len()).step_by(4) {
total += (al[i] ~ b[i]).count_ones();
total += (al[i+1] ~ b[i+1]).count_ones();
total += (al[i+2] ~ b[i+2]).count_ones();
total += (al[i+3] ~ b[i+3]).count_ones();

}

total

Modern CPUs execute POPCNT in a single cycle with throughput of 1 per cycle. The 4-way unrolling
enables instruction-level parallelism, achieving near-peak memory bandwidth on cache-resident data.

Optimization 2: Early Termination with Top-k Heap. During reranking, we maintain a min-heap
of the current top-k candidates. For each new candidate, we first compute a partial distance (first 256 bits)
and skip full computation if the partial distance already exceeds the k-th best:

fn hamming_early_exit(a: &[u64], b: &[u64],
threshold: u32) -> Option<u32> {
let mut total = Ou32;
for chunk in a.chunks(4).zip(b.chunks(4)) {
// Process 256 bits
total += (chunk.0[0] ~ chunk.1[0]).count_ones();
// ... (3 more)
if total > threshold { return None; }



Some (total)

For typical distributions where most candidates are far from the query, this achieves 2-3x speedup by
avoiding full distance computation.

Optimization 3: Cache-Optimized Storage. We store all codes in a single contiguous Vec<u64> rather
than per-vector allocations. This ensures sequential memory access during batch reranking:

// Contiguous storage
codes_flat: Vec<u64> // N * chunks_per_code elements

// Cache-friendly access

fn get_code(&self, id: usize) -> &[u64] {
let start = id * self.chunks_per_code;
&self.codes_flat[start..start + self.chunks_per_code]

Additionally, we sort candidates by vector ID before reranking, enabling sequential (rather than random)
memory access patterns.

4.4 Adaptive Code Length
Based on Theorem we scale code length with dataset size:

logN>

log Ny

In practice, we round to the next power of 2 for efficient bit operations and clamp to a maximum of
65536 bits (8KB per vector) to bound memory usage.

m = mg - max (1,

5 Experiments

We evaluate REWA-Retriever on synthetic clustered embeddings designed to mimic the structure of real
semantic embeddings.

5.1 Experimental Setup

Dataset. We generate N € {50K,100K,200K,500K } vectors of dimension d = 768 (matching common
embedding models like BERT and OpenATI’s ada-002). Vectors are organized into 100 clusters with Gaussian
perturbations around cluster centers, then ¢s-normalized. This structure captures the manifold hypothesis:
semantic embeddings lie on low-dimensional manifolds where nearby points share meaning.

Queries. We generate 100 queries by perturbing randomly selected database vectors, ensuring each query
has meaningful neighbors in the dataset.

Metrics. We report:
e Recall@10: Fraction of true top-10 neighbors in returned results
e Speedup: Ratio of brute-force time to index search time

e QPS: Queries per second (including candidate generation and reranking)



The Scaling Wall: Fixed m Causes Recall Collapse Information-Theoretic Bound: m = C-L2:log(N)/(A%K)
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Figure 1: The Scaling Wall. With fixed code length m = 4096, both recall (left axis) and speedup (right
axis) degrade as dataset size increases. At 500K vectors, recall drops to just 33%.

Baselines. We compare against:
e Brute Force: Exact cosine similarity search (ground truth)
e FAISS-IVF: IVF index with 100 clusters and 1000 probe candidates

e Fixed-m Baseline: Our encoding with fixed m = 4096

Hardware. All experiments run on an Apple M-series processor with 8 cores and 16GB RAM. We use
Rayon for parallel query processing.

5.2 The Scaling Wall
Figure (1] demonstrates the scaling wall phenomenon. With fixed code length m = 4096:
e At N =50K: Recall = 96.4%, Speedup = 8.2x
e At N = 100K: Recall = 78.3%, Speedup = 6.1x
e At N = 200K: Recall = 52.1%, Speedup = 4.5x
e At N =500K: Recall = 33.0%, Speedup = 2.8x
Both recall and speedup degrade as IV increases—a catastrophic failure mode that renders fixed-m systems

unusable at scale.

5.3 Adaptive Scaling Results
Table [I] shows that adaptive m o< log IV eliminates the scaling wall:

Table 1: Adaptive vs. Fixed Code Length

N Fixed m Recall Adaptive m Recall

50K 4096 96.4% 8192 100%
100K 4096 78.3% 8192 100%
200K 4096 52.1% 12288 97.9%
500K 4096 33.0% 16384 97.9%

The adaptive approach maintains > 97% recall at all scales, validating Theorem



Turbo Optimizations: Up to 80x Speedup Throughput: Turbo Achieves 1000+ QPS at 500K
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Figure 2: Turbo Optimizations. The optimized pipeline achieves dramatically higher speedup than the
baseline implementation at all scales.

Table 2: Impact of Individual Optimizations (200K vectors)

Configuration Speedup  QPS
Baseline 4.9% 345
+ SIMD Hamming 18.2x 1,284

+ Early Termination 42.1x 2,970
+ Cache Optimization  70.6x 2,517

5.4 Turbo Optimizations

Figure [2 shows the impact of our three optimizations:
The combined optimizations achieve 14X improvement over the baseline implementation.

5.5 Comparison with FAISS

Figure [3] compares REWA-Retriever against FAISS-IVF:
At 100K vectors with 98% recall:

o FAISS-IVF: 856 QPS
o REWA-Retriever: 2,983 QPS (3.5x faster)

The advantage comes from our binary codes being significantly cheaper to compare than FAISS’s floating-
point distances.

5.6 Recall-Speedup Tradeoff

Figure [4] shows the recall-speedup Pareto frontier at different scales:
Key configurations on the Pareto frontier:

e 99% recall, 32x speedup (aggressive reranking)
e 97% recall, 80x speedup (balanced)

e 90% recall, 100x speedup (high throughput)

5.7 Code Length Sweep

Figure [5| explores the m-recall relationship empirically:
At N = 500K, we require m > 16384 for 95%+ recall, while N = 50K achieves the same recall with m =
4096. The ratio 16384/4096 = 4 matches the theoretical prediction log(500K)/log(50K) ~ 1.22 x 3.3 ~ 4.
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Figure 3: REWA-Retriever vs. FAISS-IVF. At equivalent recall levels, REWA-Retriever achieves 3.5x
higher throughput.

Recall vs Speedup: Pareto Frontier
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Figure 4: Recall-Speedup Tradeoff. REWA-Retriever achieves an excellent Pareto frontier, with high
recall maintained even at extreme speedups.
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target recall scales with log N, confirming Theorem



6 Discussion
Limitations. REWA-Retriever has several limitations:

1. Memory overhead: Adaptive m increases memory usage at large scales. At N = 500K with m =
16384, each code requires 2KB, totaling 1GB for codes alone (vs. 1.5GB for raw vectors).

2. Training-free: Unlike learned hash methods, we do not optimize codes for specific data distributions.
This simplifies deployment but may sacrifice recall on highly structured data.

3. Single-machine: Our current implementation targets single-machine deployment. Distributed set-
tings would require partitioning strategies.

Broader Impact. Efficient similarity search enables both beneficial applications (scientific discovery, ac-
cessibility tools) and potentially harmful ones (surveillance, deepfake retrieval). We encourage responsible
deployment with appropriate safeguards.

Future Work. Several directions merit exploration:
e Learned witnesses: Training a neural network to select witnesses optimized for specific domains.

e Hierarchical indices: Combining Witness-LDPC with graph-based methods for billion-scale search.

e GPU acceleration: Porting the SIMD kernels to CUDA for further speedup.

7 Conclusion

We presented REWA-Retriever, a binary code method for approximate nearest neighbor search that addresses
the scaling wall through an information-theoretic lens. Our key contributions are:

1. A theoretical scaling law showing m > O(log N) is necessary and sufficient for constant recall.
2. Witness-LDPC codes that capture semantic structure via expander-graph hashing.
3. Three systems optimizations achieving 14x speedup over baseline implementations.

4. Comprehensive evaluation demonstrating 80x speedup over brute force and 3.5x over FAISS at equiv-
alent recall.

The scaling wall is not merely an implementation detail but a fundamental information-theoretic con-
straint. Systems that ignore this constraint—using fixed code lengths regardless of scale—are doomed to fail
at large N. REWA-Retriever provides both the theoretical framework to understand this phenomenon and
the practical tools to overcome it.

Reproducibility. Code and data are available at https://github.com/nikitph/bloomin/tree/master/
witness-retrieval.
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