@ Exercise 8

(1)

Four options are given against each statement. Encircle the
correct option.

Which of the following expressions is often related to
inductive reasoning?

(a) based on repeated exaperiments
(b) if and only if statements

(¢) Statement is proven by a theorem
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(i)

(iii)

(iv)

(v)

(vi)

(d) based on general principles

Which of the following sentences describe deductive

reasoning?
!

(a) general conclusions from a limited number of
observations.

(b) based on repeated experiments

(c) based on units of information that are accurate
(d) draw conclusion from well-known facts
Whi(gh one of the following statements is true?

(a) The set of integers is finite

(b) The sum of the interior angles of any quadrilateral is
always 180° *

. - 22 '
(c) "7—€Q

(d) Allisosceles triangles are equilateral triangles

Which of the following statements is the best to represent
the negation of the statement "The stove is burning"?

(a) the stove is not burning.

(b) thestoveisdim

(c) the'stove is tirned to low heat

(d) it is both burning and not buming.

The conjunétion of fwlo-statéments. p and q is true When:
(a) bothpand g are false. (b) both p and ¢ are true.
(c) only g is true. - (d). only pis true .

A conditional is regarded as false only when:-,
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(a) antecedent is true and consequent is false.

(b)

(c) antecedent is true only.

(d)

consequent is true and antecedent is false.

consequent is false only.

(vit) Contrapositive of g = p is
(@) g—->~p (b) ~g—p
) ~p->~p d)- ~g—>~p
(viii) The statement “Every integer greater than 2 is a sum of
two prime numbers” is:
(a) theorem (b) conjecture
(c) axiom (d). postulates.
(1x)  The statement "A straight line can be drawn between any
two points" is:
(a) theorem (b) conjecture
(c) -axiom — (d)' logic
(x)  The statement "The sum of the interior angle of a triangle
is 180°” is:
(a) converse (b). . theorem
(c) axiom (d) conditional
Answers: | _
(1) a (ii) (iii) | ¢ | (iv) (v) b.
(vi) a |[(vi)| ¢ [(v)| b |(ix)]| ¢ (x) i |
y A Write the converse, inverse and contrapositivé of the

following conditionals:
() ~p—og
(i) ~po>~g

) g->p
V) ~gqo~p
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Solution: Let's go through the logic of the converse, inverse, and
contrapositive for each of the glven condmonals
(i) Conditional: ~p = q
e Original: ~ p - q ("If not p, then q")
e Converse: Swap the hypothesis and conclusion.
q-o~p |
("If g, then not p")
e Inverse: Negate both the hypothesis and conclusion.
. Py
("If p, then not q@")
e Contrapositive: Negate both the hypothesis and
conclusion, and swap them.
| ~q=p
("If not g, then p")
(ii) Conditional: q —» p
e Original: g — p ("If g, then p")
e Converse: Swap the hypothesis and conclusion.
| pP—q
("If p, then q")
o Inverse: Negate both the hypothesis and conclusion.
~q=2~p
("If not g, then not p") .
o Contrapositive: Negate both the hypothesis and
conclusion, and swap them.
~p~q
("If not p, then not q")
(iii) Conditional: ~p -~ ¢q
Original: ~ p =~ q ("If not p, then not q")
e ' Converse: Swap the hypothesis and conclusion.
("If not q, then not p")
e Inverse: Negate both the hypothesis and conclusion.

P—q
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("If p, then g")
e Contrapositive: Negate both the hypothesis and
conclusion, and swap them.

q—-p
("If q, then p")
(iv) Conditional: ~ q >~ p
Original: ~ g -~ p ("If not g, then not p")
Converse: Swap the hypothesis and conclusion.
Mg
("If not p, then not q")
e Inverse: Negate both the hypothesis and conclusion.
q—p
("If q, then p")
e Contrapositive: Negate both the hypothesis and
conclusion, and swap them.
pP—q
("If p, then q")
Summary
For each conditional, the converse, inverse, and contrapositive are
derived by swapping, negating, or both, as shown above.
3. Write the truth table of the following:
@ -~(pvev(~9) (i) “gv-~p)
(i) (pvg)e(pag) |
Let's construct the truth table for each expression. We need the
truth values of p, q, and the expressions for all possible
combinations of p and q (True or False).

B ~@pvev (-9

Plq9|Pvaq|~(pvg)| ~q| ~(va)v(~-q)
T|T|T F F |F
TIF|T F T IT
FIT|T F r 1IF
F|F|F T T |T
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Pla9)~pl-ql-qv-pl~(~-gy-p)
T|T|F |[F |F T '
T{F|F |T |T F
FIT|T |F [T F
F|F ST F

Gi) (pva) o PAQ)

pla|pva|paq|(@ve) o @ag)

§ o) i B T ;

TIFIT F F -

| o B F. ¥k

F|F|F F >

4. Differentiate between a Mathematical Statement and

Its Proof and provide two examples.

Mathematical Statement vs. Proof

e Mathematical Statement:

o A mathematical statement is a declarative sentence that is
either true or false, but not both. Tt represents a claim or
assertion about a mathematical concept, property, or
relationship.

o Example: "The sum of any two even numbers is even."
o It can be an'axiom, theorem, lemma, corollary, or-
conjecture.
Mathematical Proof:
o A proofis a logical explanation or argument that

demonstrates the truth or falsity of a mathematical -
statement. It uses established rules, axioms, definitions,
and previously proven results to'justify the claim.

0 Proofs ensure the validity of mathematical reasoning and
eliminate doubt about a statement's correctness.
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Examples
EXAMPLE 1:

@

Statement: "The sum of any two even numbers is even."
Proof: | |
Let a and b be two even numbers. By definition, an even
number can be written as a = 2m and b = 2n, where m
and n are integers.
The sum of a and b is:

a+b=2m+2n=2(m+n)
Since m + n is an integer, a + b is divisible by 2 and is
thercfore even.

EXAMPLE 2:

Statement: "The square of any odd number is odd."
Proof:

Let n be an odd number. By definition, an odd number can
be written as n = 2k + 1, where k is an integer.

The square of n is: ‘

n?=0Rk+1)%=4k*+4k+1=22k*+2k)+1

Since 2k? + 2k is an integer, n? is of the form 2m + 1,
which is odd.

Key Difference:

3

A mathematical statement is the claim being analyzed,
while its proof provides the logical steps that confirm or
refute its validity.

What is the difference between an axiom and a
theorem? Give examples of each.

Solution: Difference Between Axiom and Theorem

1.
C

Axiom:

An axiom is a self-evident truth or a fundamental
assumption that is accepted without proof.

Axioms serve as the foundation of a mathematical system

and are universally agreed upon within that system.
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They are used as starting points to derive other results and
prove theorems. |

- Example of an Axiom:

In Euclidean Geometry: "Through any two distinct points,
there exists exactly one straight line." |

" In Algebra: "If a = b and b = c, then a = ¢" (Transitive
property of equality).

Theorem: '

A theorem is a proposition or statement that has been
proven to be true using logical reasoning, based on
axioms, definitions, and previously proven theorems.
Theorems are derived truths in mathematics and require
proof to establish their validity.

Example of a Theorem:

Pythagoras’ Theorem: "In a right triangle, the square of
the hypotenuse is equal to the sum of the squares of the
other two sides." "
o c? = a*+ b?

Fundamental Theorem of 'Arithmetic: "Every integer
greater than 1 is either a prime number or can be uniquely
expressed as a product of prime numbers."

Key Differences
Aspect Axiom Theorem
Nature [ Assumed to be true _Proven to be true with

without proof.

logical reasoning.

Role Forms the foundation of | Derived from axioms and
| a system. other theorems.

Proof Does not require proof. | Requires a formal proof.

Example | "A point has no "The angles of a triangle

dimension."

add up to 180°."

In summary, axioms ace the building blocks of mathematical
systems, while theorems are the results built on those blocks.
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6. What is the importance of logical reasoning in
| mathematical proofs? Give an example to illustrate
your point.
Importance of Logical Reasoning in Mathcmatlcal Proofs .
Logical reasoning is the foundation of mathematical proofs. It
ensures that mathematical arguments are valid, consistent, and
based on established principles. That’s why logical reasoning is
crucial in proofs:
1. Ensures Validity of Results
Logical reasoning allows mathematicians to establish the truth of
statements systematically. A proof derived from sound reasoning
ensures that the result holds universally under the given
conditions. |
Example: To prove the statement: "The sum of two even
numbers is even."
1. Lettwo even numbers be 2m and 2n, where m and n are
integers.
2. The sumis:
2m +2n = 2(m + n)
Since m + n is an integer, 2(m -+ n) is divisible by 2,
proving the sum is even.

This logical reasoning guarantees the result is valid for any even
numbers.

2. Builds on Established Truths
Loglcal reasoning connects axioms, definitions, and previously
proven theorems to derive new results. This chain of reasoning
ensures that the mathematical structure remains consistent.
Example: Using the Pythagorean Theorem:
o Ifa®+b?=c?anda = 3,b = 4, then ¢ = 5 satisfies the
theorem. Logical reasoning justifies this conclusion by

substituting and verifying the equation:
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3 +4°=5" = 9+16=25. .
3. Detects and Avoids Errors _.
Logical reasoning helps identify gaps or fallacies in arguments,
ensuring that no unverified assumptions are made.
Example: In the famous false proof "1 = 2," the error often lies in
dividing by zero or misapplying algebraic rules. Logical reasoning
detects such mistakes by examining each step for validity.
4. Enables Generalization
Logical proofs often app:y universally, meaning the result holds
for all instances of the problem.
Example: Proof of the formula for the sum of the first n natural
numbers:
n(n+1)
T
This result, proved through logical induction, applies to all
positive integers n.

S=1+243+-+n=

- Supports Communication and Replication
Logical reasoning ensures that proofs are clear, rigorous, and
reproducible by others. It provides a common language for
mathematicians worldwide.
Illustrative Example
Statement: Prove that "The square of any odd number is odd."
Proof:
1. Let an odd number be represented as 2n + 1, where n is
an integer.
2. The square is:
2n+1)2=4n? +4n+1=2(2n° +2n) +1.
3. Since 2n? + 2n is an integer, 2(2n° + 2n) + 1 is of the
form 2k + 1, which is odd.

Logical reasoning confirms the statement holds for all odd
numbers.

&  studyplusplus.com &



(i)

Indicate whether it is an axiom, conjecture, or
theorem, and explain your reasoning. '

(i) "Through any two points, there is exactly one

straight line."
(ii) "Every even number greater than 2 can be
written as the sum of two prime numbers."

\(iii) "The sum of the angles in a trlangle is 180

degrees."
"Through any two points, there is exactly one stralght line."
Type: Axiom -
Reasoning: - _
This statement is universally accepted without proof and
forms the foundation of Euclidean geometry. An axiom is
a self-evident truth that does not require proof, and this
statement satisfies that definition. -
"Every even number greater than 2 can be written as

the sum of two prime numbers."

(iii)

Type: (‘onjecture
Reasoning:
This statement is known as the Goldbach Conj jecture

has been venﬁed for many numbers but has not been

rigorously proven or dlsproven for all cases. A conjectur
" . = / o
is a statement bel:eved to be true based on evidence but

lacks a formal proof.
"The sum of the angles in a triangle is 180 degrees."

Type: Theorem
Reasoning:

"This statement has been mathematlcally proven based on

the axioms of Euclidean geometry. A theoren is a
statement that is logically-deduced and proven using
previously established statements, axioms, and rules of

IOEIC.

&  studyplusplus.com &



8. Formulate Simple Deductive Proofs for each of the
following algebraic expressions, prove that the LHS is equal to
the RHS:
(i) Provethat(x—4)2+9=x2—8x+25
(ii) Prove that (x +1)? —(x—1)>=4x
(iii) Prove that (x + 5)2— (x — 5)2 = 20x
(i) Provethat(x —4)2+9=x%-8x+25"
Proof:
1. Start with the left-hand side (LHS):
(x—4)?2%+9
2. Expand the squared term (x — 4)2:
(x—4)2=x*—8x+ 16
3. Substitute this into the expression:
x> —8x+16+9
4. Simplify the constant terms:
x*—8x+25 i
5. Now the expression is x% — 8x + 25, which is the same as
the right-hand side (RHS).
Thus, we have shown that: :
(x—4)24+9=x%—-8x+25
Q.E.D. :

(ii) Provethat (x+ 1)2— (x — 1)? = 4x
Proof: |
1. Start with the left-hand side (LHS):
(x+1)%—(x—1)?
2. "Expand both squared terms:
(x+1)2%2—-(x—1)*=4x
Q.E.D.

@iii) Prove that (x + 5)* — (x — 5)* = 20x
Proof: '
1. Start with the left-hand side (LHS):

(x+5)?%—(x— 5_)z
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2. Expand both Squared terms:
(x +5)2 = x2 + 10x + 25
(x—5)%2 =x%*—-10x + 25
3. Substitute these expanded forms into.the expression:
(x% + 10x + 25) — (%% — 10x + 25)
4. Dlstrlbute the subtraction:
 x2410x + 25— x2 + 10x — 25
5. Simplify the terms: ‘
x? — x? +10x + 10x + 25 — 25
20x
6. The expression simplifies to 20x, which is the right-hand
side (RHS).
Thus, we have shown that:
(x+5)%—(x—5)*=20x

Q.E.D.
9 Prove the following by justifying each step:
| .. 4+16x e 6% ¥18x - 2x
1) - =l+4x 11 — =
W | ' o 3x* =27 x-3
Lo X +Tx+10 x+5
(111) =

P =3x8 " x5
Prove the following step-by- step with justifications:

i -1 44x

Steps:

1. Distribute the denominator 4:

4+16x 4 16x

4 37 g
2. Simplify each term:

4_' 16x A
7 S
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3. Combine the results:

Fa

4 + 16x

i 1+4x. .
Justification: This follows the property of fractions: E—Z-P- =l% + -3-.
6x*+18x _ 2x
(i) G T
3xX%+-9 x—3
Steps:

1. Factorize the numerator 6x° + 18-x:
6x* + 18x = 6x(x + 3).
2. Factorize the denominator 3x2 — 27:
3x2 —27=3(x%-=9) =3(x—3)(x + 3).
3. Write the fraction with factored forms:

6x*+18x  6x(x +3)
3x2 =27 3(x—-3)(x+3)

4. Cancel common factors (x + 3):

6X(x+3) - 6X%

3(x—3)(x+3) 3(;ve:-—3)'= g

4. Simplify the coefficients:
6. - 2x
3x—3) x-3

Justification: This uses factorization and the property of fractions
where common factors in the numerator and denominator cancel

out, provided they are not zero.
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X2 4+7x+10 __ x+5
x%2-3x-9  x-5 .

(iii)
Steps:
1. Factorize the numerator x2 + 7x + 10:
X2+ 7x 10 = (x + 5)(x + 2).

2. Factorize the denominator x> — 3x — 9: x> — 3x —
does not directly factorize over integers. For 51mp11ﬁcat10n
the statement might contain an assumption or error in the
denominator.

» Rewrite:
x2—-3x—-10= (x—5)(x + 2).
3. Write the fraction with factored forms:

x4+ 7x+ 10 JAx + 5)(x + 2)
x2=3x-10 ‘@~5)(x+2)

4. Cancel common factors (x + 2):

(x+5)(x+2) x+5
(x=5)(x+2) x-5

~ Justification: This uses factorization and the cancellation o'f
“common terms. Note that x # —2 and x'# 5, as I.hese-\_zvould
make the denominator zero.

10.  Suppose x is an integer. If x is odd, then 9x + 4 is odd.
To prove the statement "Suppose x is an integer. Then x is odd if

and only if 9x + 4 is odd," we will prove both directions of the
statement:

(1) Ifxisodd, then 9x + 4 is odd.
Let x be an odd integer. By definition, an odd integer can be

written as:
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x = 2k + 1  for some integer k. -

Now, substitute x = 2k + 1 into the expression 9x + 4:

Ox+4=92k+1)+ 4

Ox +4 =18k +9+ 4
9x + 4 = 18k + 13.
Since 18k is divisible by 2, 18k is even. Therefore, 18k + 13 is
the sum of an even number and an odd number, which is always
odd. _ |
Thus, if x 1s odd, then 9x + 4 is odd.
(2)  If9x + 4 is odd, then x is odd.
Let 9x + 4 =2m + 1 for am being any integer
Then9x + 4 =2m + 1
9x+4—-4=2m+1-4

OX=2m -3
2m=3
X=
9

Notice, that for x to be an integer, the numerator 2m — 3 must be
divisible by 9. This can only happen when x is odd. '
Thus, if 9x + 4 is odd, then x is odd.
_ Conclusion:
We have proved both directions:

e Ifxisodd, then 9x + 4 1s odd.

e I[f9x + 4 isodd, then x is odd.
Therefore, the statement is true: x is odd if and only if 9x + 4 is odd.
Q.E.D.
11.  Supposc x is an integer. If x is odd then 7x + 5 is even.
To prove the statement "If x is odd, then 7x + 5 is even," let's
proceed step by step.
Step 1: Assume x is odd.
By the definition of odd numbers, if x is odd, then it can be
written in the form:
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x = 2k +1 for some integer k.
Step 2: Substitute x = 2k + 1 into 7x + 5.
We now substitute the pxpréssion for x into 7x + 5:
7x+5=7R2k+1)+5
7x+5=14k+7+5
_ 7x + 5 = 14k + 12.
Step 3: Factor and conclude the result.
We can factor out a 2 from the expression:
7x +5 = 2(7k + 6).
Since 7k + 6 is an integer (because k is an integer). the whole
expression is divisible by 2. Therefore, 7x + 5 is an even number.

Conclusion:
" We have shown that if x is odd, then 7x + 5 is even.

Q.E.D.
12. Prove the following statements
(a) Ifxis an odd integer then show that x? is odd.
(b)  If xis an even integer then show that x>+ 2x + 4 is even.
Solution: Let's prove each statement step by step.
(a). If x is an odd integer, then show that x? is odd.
Proof: i |
1. Assume x is odd.
"By the definition of odd integers, if x is odd, then:
x =2k +1 forsome integer-k.
2. Substitute x = 2k + 1 into x2.
~ We now calculate x?:
x%=(2k+1)2..
- 3. Expand the expression for Xy
| x? =2k +1)(2k +1) = 4k* + 4k + 1.
4. Factor the exprcssion'
x? =2(2k? + 2k) + 1.
Thxs shows (hat x* is of the form 2m + 1, where
= 2k? + 2k is an integer.
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5. Conclusion: Since x2 = 2m'+ 1, we see that x2 is odd
because it is of the form 2m + 1, which is the definition of an
odd integer. . ‘
Thus, if x is odd, then x?2 is also odd.
Q.E.D. |
(b) If x is an even integer, then show that x? + 2x + 4 is even.
Proof: '
1. Assume x is even.
By the definition of even integers, if x is even, then:
x = 2k for some integer k.
2. Substitute x = 2k into x? + 2x + 4:
x?4+2x+4= (2k)2+2(2k)+4
3. Simplify the expression: :
x2+2x+4=4k>+4k + 4.
We can factor out a 4 from the entire expre’ssibnf
‘ x2+2x+4=4k?+k + 1).
4. Conclusion: Since x? + 2x + 4 = 4(k? + k + 1), the
-.expression is clearly divisible by 4, meaning that it is even.
Tlug, if x is even, then_x2 + 2x + 4 is even. '
"Q.E.D.
13.  Prove that for any two non-empty set 4 and B,
(AN B)' =A'UB'.
To prove the given set identity:
(ANB) =A'UB'
whcre A’ and B' represent the complements of the sets A and B
respectively. \
Definitions: '

[. Complement of a set A, denoted by A’:*The complement
of set A contains all the elements not in A.

A" = {x:x & A}.
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2. Intersection of two sets A N B: The intersection of sets A

" and B contains all elements that are in both A and B.

ANB ={x:x€ Aand x € B}.

‘3. Complement of the intersection (A N B)': The
complement of the intersection of A and B contains all the
elements that are not in both A and B. |
4. Union of sets A’ U B': The union of the complements A’
and B’ contains all elements that are either not in A or not in B.

A'UB'={x:x & Aorx & B}.
Proof:
We want to show that:
(AnB) =A"UB'
STEP 1: DEFINE x € (AnB)'
Let x € (A N B)": By the defi nition of the complemcnt this
means that:

x & ANnB.
This means that x is not in thé intersection of A and B, i.e., x is
not an element of both A and B simultaneously. Therefore, at least
one of the following must be true:
e xgA,or ie, xed'
e X&B. xeB
Hence, we conclude: :
x€ A VUB'.
So, every element x in (AN B)' isalsoin A’ U B’.
 STEP 2: DEFINE x € A’ U B’
Now, let x € A’ U B’. This means that x is either in A’ or in B".
By the definitions of A’ and B’:
o. Ifxe€ A thenx & A, or
o Ifx€B thenx¢B.
In either case, x is not in both 4 and B simultaneously, meaning:

x & AnB.
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Thus, x € (A N B)’, because it is not an element of the
intersection A N B. S
CONCLUSION:
.Since we have shown both directions:

e x€E(ANB) =>xe€ A UB’,

e XEA'UB' =>x€(ANB),
we conclude that: . :

(AnB) =A'"UB.
Thus, the proof is complete.
.Q.E.D.

14. If x and y are positive real numbers and x° < y’ then
e ' '
Solution: We are tasked with proving that if x and y are positive
real numbers and x2 < yZ, then x < y
Given: '
‘e xand y are positive real numbers.
oyt gyl
To Prove:
e x<y.
Proof:
Since x and y are positive real numpers, we can.take the square
root of both sides of the inequality x2 < y?. Here's how:
e From the assumption, we know that x? < y?.
e Since x and y are positive, we can take the square root of
both sides without changing the direction of the inequality:
7 <7
e The square root of x2 is x (because X is positive), and the
square root of y? is y (because y'is also positive):
: X <y. |
Thus, if x* < y?, then x < y for positive real numbers x and y.
Q.E.D.
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15. The sum of the interior angle of a triangle is 180°

Ans. It is a theorem and has been Mathematically proved based on
the axiom of Euclideam geometry and is prev:ously logically deduced
and proven using established statement, axioms and rules of logic.

16. If a, b and ¢ are non-zero real numbers, prove that:
) Z=Lcad=be 1)
b4 b'd bd
a_ ¢ a=+c
iii —+—= ,
) b b b
Let's prove each of the statements:
. a c
i —=—<>ad =be
_( ) b d
Proof:
e gt e
iven - = -, we can write:

a-d=b-c (cross-multiplication).

Thus, £=£:>ad=bc.
b d

Conversely, if ad = bc, divide both sides by b - d-(since b and d
are non-zero): =2

. b d
ad= bc

Hence,-

(i) = bd
- Proof: Usmg the definition of fractions:
a cC a-cC

- b'd b-d
Hence, the product of two fractions S-d-
a+tc
(lu) E + e T

Proof: Since the denominators are the same (b). we add the

numerators directly: % + g = E—;-E.

Thus, the sum of the fractioris isf%ﬁ.

-4
d
¢, ae
d

::-lsatrla

as required.

Conclusion:
All three statements have been proven.
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