Exercise 2.1

1. Find the discriminant of the following given
quadratic equations.
() 2x*+3x-1=0
Solution: 2x*+3x—-1=0
Herea=2b=3,¢c=~1
Disc = b* - 4ac
= (3)% - 4(2)(-1)
=9+8=17
(i) 6x2—8x+3=0
Solution: 6x*-8x+3=0
Herea=6,b=—-8,c=3

Disc = bz — 4ac
= (—8)* ~ 4(6)(3)
=64—-72=-8

(iil) 9x2-30x+25=0
. Solution; 9x% —30x+ 25 =0
Herea =9,b = —-30,¢c = 25
Disc = b* - 4ac .
= (-30)% — 4(9)(25)
=900-900=0
(iv) 4x?-7x-2-=
Solution: 4x*-7x-2=0
Herea =4,b = -7,c = -2
Disc = b* — 4dc
=(=7)* ~ 4(4)(-2)
=49 + 32 = 81
di Find the nature of roots of the following given
quadratic equations and verify the resuit by
solving the equation:
(1) Xt -23x+120=0
Solution:  x*—-23x+120=0
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Herea =1,b = —-23,¢c =120
Disc = b* — 4ac.
= (—23)% — 4(1)(120)
=529-480=49=(7)*>0
and is a(Perfect square ) therefore
the roots are real rational and unequal
Verification: x* —23x+120=0

o -b + v b%-4ac
2a

= —(23)+ V(-23)%-4(1)(120)

X
2(1)
g 23 +/529-480
2
= 23 + V49
2
2
x = 2327
2
. 23+7 -
Either x = or pra 332_3
30
K T2 or :-1—6-
2 2
x=15 or xXos 8

Evidently the roots are real, rational and unequal.

(i) 2x*+3x+7=0
Solution: 2x?+3x+7=0
Herea=2,b=3,c=7
Disc = b®> — 4ac
= (3)2 = 4(2)(7)
9-56=-47.<0 .
As disc is negative, therefore, the roots are imaginary
and unequal
Verification: 2x2+3x+7=0

s b JbZ-aac

28
_ -3+V3)%-4(2)(7)

x - -
2(2)
-3+V/9-56
F.

X

=
I
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. -34V=a7
b 4 . .
Evidently the roots are imaginary and unequal.
(iii) 16x2+24x+9=0
Solution: |  16x*+24x+9=0
Herea = 16,b = -24,c =9

Disc = b* — 4ac
= (—24)? - 4(16)(9)
=576 -576 =0

As disc is zerq, therefore the roots are real (rational) and equal.
Verification: 16x*> +24x+9=0

—b + Vb% - 4ac
X = .
' 2a
y = —ENEV(297-4(16)(9)
= 2(16)
24 + V576-576
X =
- 32
_24%0
Y="5
. _ 2440
- 32
x'. '3—:-!-
\./

Evidently the roots are real and unequal

(iv) 3x*+7x—-13=0
- Solution: 3x2+7x-13=0
Herea=3,b=7,c = -13
Disc = b? — 4ac .
= (7)% - 4(3)(-13)
49 + 156 = 205 > 0 not.a Perfect square
Therefore the roots are real, irrational and unequal.
Verification: 3x* + 7x — 13 =0
b+ Vb%-4ac
_ 2a -
_ =71 (7)*-4(3)(-13)

- 2(3)

X =
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=

= —7 VA5G

6
-7 + V205
- ke
Evidently, the roots are real, irrational and unequal.
For what value of k, the expression. = *
k*x% 4 2(k + 1)x + 4 is perfect square.

- Solution:  Let k%x% + 2(k + 1)(x + 4) o

Herea=k%* b=2(k+1),c=
Disc = b* — 4ac

= [2(k + 1)] — 4(K)*(4)

= 4(k? + 2k + 1) — 16k>

. = 4k® + 8k + 4 — 16Kk*
= —12k* + 8k + 4

Given expression is a perfect square therefore

4.

(i)

the roots are rational and equal.Therefore
Disc =0 ;

-12k*+8k+4 =0

12k* -8k —4 =0 (Dividing by 4 we get)

3k?-2k-1=0 :

3k? -3k+k—-1=0

(k-1)3k+1)=0

(k=1)=0 or - 3k+1=0
Thusf k=1 . k = %
Find alue of k, if the roots of the foilowing
equation are equal.

QRk—-—1Dx*+3kx+3=0

‘Solution: 2k —1x* +3kx+3=0

Herea =2k —1,b=3k,c=3

For equal roots Disc.must be zero therefore

Disc = b%* —4ac=0

(3k)* —4(2k-1)(3) =0 -

9k? - 24k +12 =0 Dividing both sided by 3
3k? -8k +4=0

3k! -2k—6k+4=0

53k—-2)-2Bk-2)=0

(k—2)(3k—-2) =
Eitherk -2 =0 or 3k—-2=0
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(ii)

k=2 3k = 2
; or k=<
x*+2k+2)x+@Bk+4)=0

Solution: x2+2k+2)x+(Bk+4)=0

(i)

5.

Herea=1,b=2(k+2),c=3k+4

For equal roots Disc. must be zero therefore
Disc = b*—4ac=0

(2(R +2)]>? -4(1)(3k+4) =0

4(k* + 4k +4) — 12k — 16 = 0

4k? + 161+ 16 — 12k — 16 = 0

4k  +4k =0 "

4k(k+1) =0
4k =0 or k+1=0
K 0 or k=-1

Bk+2)x* =5(k+1)x+2k+3)=0
Herea=3k+2,b=-5k+1),c=2k+3

For equal roots Disc. must be zero therefore
Disc = b* —4ac=0

-5k + 1)]* - 4(3k+2)(2k +3) = 0

25(k? + 2k + 1) — 4(6k* + 13k +6) = 0
25k? + 50k + 25 — 24k* =52k — 24 =0
k* -2k+1=0

(k—1)%=0 '
k—1=0 .
k=1

Show that the equat:on x% + (mx +c)? = a® has
equal roots, if ¢ = a*(1 + m?)

Solution:  x% + (mx + f:)2 = a

x% 4+ m?x® + 2mex + ¢ = a?

x% +m?xt +2mex+ct-a*=0

(1 +m?)%x? + 2mex + (¢* —a?) =0
Disc = must be zero for equal roots
Herea =1+ m?, b= 2mc, ¢=c*—a?
Disc: b* — 4ac = 0 ‘

By Putting values of a, b, c,we get
2me)® —4(1+m?)(c? ~a?) =0

“4m*c® - 4(c® - a* + m*c* —m*a® =0

Ambcot — Ack + 4ok — AmPct + dmPal = O
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—4¢% = —am?a? — 4a® (Dividing by — 4)
¢t = m?a® + a*

(;2 = az(mz +_1)

ct = a? (mz + 1) .

¢ = a*(1 + m?) Hence the result

(OR Second Method)

Solution: -
- x2 + (mx + ¢)? = a?
x? + m2x? + 2mcx + ¢? = a®
x2+m?x2 +2mex+ct—at =0
(1 +m?)%x? + 2mex + (¢ —a%) =0
Disc = must be zero for equal roots
Herea=1+m? b =2mc, ¢ = c? - a?
Discriminant = b* — 4ac '
Disc = (2mc )? -4(1+m?)(c? -a?)
- =4am*c? -4(c? -d*p’c? - m%a?)
= 4m?c? - 4c? - 4a% -4qm’c? + 4m%a?
=4a% -4c? +4m?a? = 4(a% <c? +m?a?)
Given that c?=a*(1+m?) therefore
Disc =4[a%-a%(1+m?)+m?a?)
=4(a’-a’-a’m’+ m*a’)=0
As disc = 0 therefore roots are equal if c¢?= a*(1+m?)
6. Find the condition that the roots of the equation
(mx + ¢)? — 4ac are equal.
Solution: (mx+c¢)>—4ax=0
m?x% 4+ 2cmx + c*—4ax =0
m?x% + 2cmx — 4ax +c* =0
m?x? + (2cm — 4a)x + ¢ =
The roots will be equal when its Disc = 0
Disc = b* —4ac =0 '
Here,a = m% b=2cm~4a, c=c
(2cm — 4a)? - 4(m?)(c?) = 0
4c’m? + 16a? — 16cma — 4c*m? = 0
16a% — 16cma = 0
l6a(a—cm) =0
a-cm=0 asl16a * 0

2
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therefore a = cm is the required condition é; |

7. ' If the roots of the equation
(c* - ab)x® - 2{a? - bc)x + (b? — ac) = 0 are equaf
thena=0pora®+p3+c3 = 3abc
Solutlon. the
(c* — ab)x® — 2(a® — bc)x + (b% — ac) = 0 L
The roots will be equai when its Disc = 0
Therefore; Dtsc = l:»2 —4ac=0
[-2(a? - be)]” - 4((: —ab)(b* —ac) =0
4(a* — 2a’bc + b*c?) — 4(b%c? + ac® — ab® + a’be) = 0
(Dividing bqth sides by 4, we get)
a* — 2a*bc + b%*c* — b%c* + ac® + ab3 +a’bc =0
a* - 3a’bc+ ac® + ab? =0 '
a(a® —3abc+.c3+b3) =0
Now, a=0ora®—-3abc+c3+b3=0
a® + b3 + 3 = 3abc
Hence proved
8. Show that the roots of the following equations

are rational.

(i) aB-o)x*+blc—a)x+c(a—b)=0
. Solution:

a(b - o)x* + b(c a)x + c(a—b) =
The roots will be rational, if Disc.is a perfect square.

Disc = b* —4ac =0
Disc = [b(c a))* — 4a(b - c)(c)(a — b)

—

= b?(ci- —2ac) — 4ac(ab — b* — ax + bc)
bc¢? + 4::"1)2 2ab2c — 4a’bc + 4ab*c + 4a’c? - 4abc?
= a’b® + b%c? + 4a%c? + 2ab’c + 4ab’c —~4a’bc — 4abc?

= (ab)? + (bc)* + (- zac)2 + 2(ab)(be) + 2(bc)(—2ac) + 2(—2ac)(ab)

= (ab + bec — 2ac)* which is a Perfect square.
- Hence, the rocts are rational.

), (a+2b)x*+2(a+b+c)x+ "a+2c) --0
Solution:

(a+ 2b)x? + 2(a+b+c)x + (a + 2¢) =
The roots will be rational, if Discis perfect square.

Disc=b*—4ac=0 .
Disc = [2(a+ b+ ¢)]? — 4(a + 2b)(a + 2¢)

= 4(a+ b+ c)? - 4(a + 2b)(a + 2¢)
= 4(at + bt 4— ¢t 4 2ab + 2bc % 2ca) — 4(al +2ca +2ab-Abc)

L] N

N\
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= 4[a® + b* + ¢ + 2ab + 2bc + 2ca — a® — 2ca — 2ab — 4bc|

9.

= 4[b* + ¢% — 2bc]

= 4(b - ¢)? '

= [2(b — ©)])* which is a perfect square.
Hence, the roots are rational.

For all values of k, prove that the roots of the
equation. x? — 2 (k + —;)x +4 = -0,k 0 are real.
Solution:
x* —2(k -F%)x+4 =0
For real roots Disc.must be positive.
Herea =1,b = ——Z(k, +"112)'c = 4
Disc = b* — 4ac :
) 2
=|~2(k+7)] - 4@
1\2
- 4 (k + E) e 16
=4(k*+5+2)-16
+
=4k® + 5 +8-16
“ 4
= 4k? + —==8
1
= 4|Kk? + ;- 2]
—— 1 2
=4[k~ ]
112 .
= [2 (k - I)] > 0 which is positive for all values of x
Hence the roots are real .
10. Show that the roots of the equation.
: (b-c)x:+ (¢c—a)x+ (a—b)=0arereal
‘\ Solution: '

(b-c)x*+(c—-a)x+(@-b)=0
For real roots Disc must be positive
Disc.= b? — 4ac

=(c—a)? —4(b—c)(a—b)
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= c? + a? — 2ca — 4(ab — b* — ca + bc
= c + a? — 2ac — 4ab + 4b? + 4ca — 4bc
= ¢ + a® + 4b* + 4ca — 4bc
=c? + a? +'E'52 an 4bc—4ab

= [(6)* + (a)? + (2b)* — 2(c)(a) — 2(a)(2b) — 2(':)(Zb)]
= (c+a-2b)> >0 whichis always positive.
Hence, the roots are real.

Cube roots of Unity and their Properties

Q1. Find the cube roots of unity?
OR
Find the cube roots of one?
“Solution: Let x be a cube root of unity

.'!T"—':VI: 1:1!
x® =1 = x=-1=0
(x-Dx2+x+1)=0
Either x-—l.—O 9% =1
or x24+x+1XQ
-1+J_ —1+J_3 ~1+V3i ;
: (~ V=T =1)

Thus the tbme_ggbe_mp_ts_p_f_unlty are:

| 1, 1-:/31 an —1;\/_1 I
Note: We know that the numbers containing i are, called
complex-numbers. So w = l';ﬁ_i_ar‘td w® 3 :—l-gﬁf— are called
conm/oumagma&y-cube%eets-ef-ﬂmw.

Q2. Prove that each of the complex cube roots of
unity is the square of the other.
Proof: The complex cube roots of unity are

—-1 1+ V- a d -1-v-3 é ?
garr—== 2 2 / \
We prove that. - UM

(-1+v’?3 )2 _ =1-y-3 and (—1-2\{-_3 )2 I G g

2 _ 2 2
( 1+\/_) . A4(- 3)—2\/_
4

~F =gl
N 4
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_é(—1—J—_3)

' 4
-1- V-3

e

also

(-1—@) : 1+(~3)+z~/_

2
_-2+2 ~/— \
o (=1 + w/—3)
=
-1+ V-3
o rz . .
Thus, each of the complex cube root of unity is the square of

the other, that is,
if

w_—uzf_ then w? = 1_2‘/:3 and if w= “;/_ then
. -1—v=-3

2
Q3. Prove that the product of three cube roots of

unity is one.

Proof: Three cube roots of unity are
1 -1+24-—3 and =1=¥=3 -

The product of cube roots of unity

500

_'(—1)"—(\/35)2 _ 1-(=3) _'1+43

4 4
ie, (D) (w?) =1orw®=

Remember that:

wt=ww=lw=w |

Q4. Prove that each complex cube root of unity is
‘reciprocal of the other.

Proof: We know that w3 = 1.

Sw.w?=1,s50
1
== o w?=21
w w
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Thus, each complex cube root of unity is reciprocal of the other.
Q5. Prove that the sum of all the cube roots of unity
is zero.
ie,1+w+w’ =0
Proof: The cube roots of unity are
g 24 V-3 -1-+vV=-3

— and >
Ifw= _“2‘["_3 then w? = _1_25
The sum of all the roots = 1 + @ + w?
_1..
o g e

_ 2= 1+F =1 f‘z 0
. ==-=0
Thus, 1+w+w’=0"
We can easily deduce the following results, that is,
(i) 1+wi=-w
(i) 1+ =-w?
2 - _

) wrwt=-1 ¢y l-

]
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