& Exercise 1.5

1. Plot the following Points:
i) (2,75°)
Sol: Herer=2 and 8=175°
Process: take 7 = 2 on positive x-axis and rotate it till 75° anticlockwise.

Imaginary Axis

(]

(2.75

-3 =
Real Axis
W (31200
Sol: Herer =-3 and @ =120°
Process: take » = —3 at on negative x-axis and rotate further | 20° anticlockwise.
Imaginary Axis
Real Axis
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iii)

Sol:

iv)

Sol:

6
/4 %
Here r =2 and 6=E=30

Process: take » = 2 on positive x-axis and rotate anticlockwise till& = 30°

4

Imaginary Axis

(=)
6
Here r =5 and 6 =5?" =150°
Process: take = 5 on positive x-axis and rotate till @ = 150° anticlockwise
Real Axis
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@ (74)

Sol:  Here r=_75=—2.5 and 9;%=60"

Process: take r = —2.5 on negative x-axis and rotate 60° anticlockwise

Real Axis
. —2r

{-3,—

b ( 3 ]
27 =

Sol: Herer=-3and 9=T=-—120

Process: take r = —3 on negative x-axis and rotate 120° clockwise

Imaginary Axis
Real Axis -
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vii)

Sol:

[—_9 _—lng
512
- = -19{180°
Here r=—9z-4,5 and 6 = l9;r= ( )
2 12 12
Process: taker = —4.5 on negative x-axis and rotate Clockwise till 285°

= —285°

Real Axis

. -5 57
il o ap—
vii) [2,12J

Sol:

il 5 Sw
H - _5 dg._ o
ere r =-2 qn ._._l =75

Process: take r = —2.5 on negative x-axis and rotate 75° anticlockwise
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2. Express the following complex numbers in polar form,
i) 4+3i ;
Sol Herex=4,y=3

r=x*+y -r—\}42+32 V16+9=+25=5

6=tan™ (Z)= tan™ (%)::» 6 =36.86°

:

(@isin quad | because x is +ve &y is +ve)
In polar form, z= r(c059+ isinG)
z=5(cos36.86° +isin 36.86")

i) 1+1
Sol Herex=1,y=1

=Jyx*+y* =r=V12 412 =V1+1=42

9=tan"Z=mn"'GJ =0=tan (l) e

x 4
(@isin quad | because x is +ve & y is +ve)
In polar form, z =7(cos@ + isin &)

= \!ri.;(cos£ + isini)
4 4
iii) -;-+’

Sol  Here xz—;-,y=

NE
5. U [
0 =tan™' i’- =tan —%— =6 =tan (J_) =—
\ X/ .2
2

(@is in quad | because x is +ve & y is +ve)
" In polar form, z = r(cos 9+isin9)

1[0.05"r +isinz <;03'” +isi £
= — — = — 1 S
3 3 3 sin 3

N -5 5¥3;
s L ,
Sol  Here Herex= —% = -2\2/__3

r=_[__12+ 53 o 5 25+75=‘{100=g_'5
1 L 4 4 4 4 2
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Sol:

vi)

Sol:

=53

Q=nx+tan™ —;25-—

'E'".
(@is in quad Ill because x Is -ve & y Is -ve)
i Ir+m 4Arx
=n+tan () =r+Z=22 =
e S
In polar form, z = r(co59+isin 9)

( 4r 4n
= 5| cos— +isin—
3 3.

-
1+i
=i l=i (=) 1ei-2i 14(=1)-2i 3 e
BTN, e e v i e
Here x=0,y=-1
r-\( 0) +(~1 P =J0+1=V1=1
@ =tan” [ l]
0
O=tn” (o= X
(-==) >
In polar form,z = r(0089+isin 9)
=l(cos[—%}f—isin(—%)):cos%—isin%
N+l -
1+31
$+i1 1-31 (J?;H)( .—ﬁ!)_ﬁ—(ﬁ)zhi—ﬁﬂ
T T8t _(@.)z é 1-(=3)
_V3-3i+i-\B(-) _B- 2i+3 _23-2i 1(‘{5“)_\/5;,
1+3 2 2 2
Here.r-\_/i.y=—l
r= () +(-1)" 7= J—3+ Ja=2
aw—tan'( l )=j— (Bisi diVb i &yi
. _ 7; 6 'is in qua ecause x is +ve & y is -ve)

wro e s(ex0sia) (o i ) {2} (]
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3+4i

4+ 3i

3+4i 4-3i _(3+4i)(4-3i)

T4+3i'4-3i g -(3i)

_12-9i+16i-12% _12+7i-(-12) 1247i+12 _24+7i _24 7,

o o) U7 e R ey L
7\

4
=3 =—,y=—
ere x 25 y 25

(&) +(2)

Jsvs 49 J576+ 49 ‘\]625 Rt
| b + = = = =
625 625 625 625

vii)

Sol:

.
st 28 Ty, T
0 =tan 2 =0 =tan (24)

25 ;

(@isin quad | because x is +ve &y is +ve)
In polar form, z = 7 (cos &+ isin &)

(ol (3}l 3)
oo (3 i ()

3. Convert each of the complex number Zin the rectangular form x + iy

57 . 5x
i) 4[005—3—+ism-?)
1 311 il 3 .
k=4 —+i|——||=4==id."==2-i2\3
3 (F 5 Tz
i) E[m’—s_"' isin—a—]
Sol: =3 —£+i(—-l) =-___3J§_2,'
< M "2 4 - A
237
i =7, )
) =7 ,arg(z)=T5
Sol: r=7 ,9=&
12

Z =r(cosO+ising)

v 2x ... 2x) - : :
Z= 7[cosﬁ+ i smg) = 7(0.9659+ l(-0.2538))'= 6.76-1.81i

© studyplusplus.com



W =11, arg(z)=- 27

117
So 12

-z =r(oos€+:‘sin9)

Z=11 cos(—ﬁ)ﬂ‘sin(—l—br]
12 12

=11(-0.9659 + i(~0.2588)) = —10.63 — 2.85i

10 17x
v) l'~'|= arg(z )-'—
sol: r=E ,9=—-17—”
¥ 3 12

Z= r(cos9+ isin@)
3 12 12
= ?(—o.zsss +i(0.9659)) = —0.8627 +3.2197i

\ri; 2cos(-33) + i2sin(-33)
sol:  =2(0.8386)+i2(-0.5446))

=1.68-1.09i :
4, If z,-9(coss—::+isin ) z,—S[cosa+isin Jthenflnd
i) Z +z, .
Sol: =9(cos§—’£+ish15—x]+5(cos£+isin£‘)
4 4 3 3t

=9(~0.707 +i(-0.707)) + 5((0.5 +i(0.866))
=-6.36—(6.36)i+2.5+i(4.33)
=—6.36+2.5+i(4.33) - (6.36)i

=-3.86-2.03i
i) z, -z,
= 9(cos§-7r-+ x‘s'mz)—'s[cos£+ isian
4 4 3 3

=9(-0.707 +i(~0.707)) - 5((0.5 +(0.866))
=-6.36~(6.36)i —2.5-i(4.33)
=-6.36-2.5+i(—4.33)-(6.36)i
=-8.86-10.69i
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iii) ‘ z, .z,

1572’ +4rn | On 197 197
- fosisiudl o li=dk — | = 45| cos — firsi ool
45[015( e ) 45[ s( = ] 4 [cm = ] 4 [ 3 +isin )

'12
iv) s 1
z,
e A ] . S ,
9(005 4 iy 4] 9B 9 (57 x\ 9. (i57-4x) "
i o SR e P v W
5[cos£+isin£) > cis—
3 3
9[ . 11::] 9( e s 11::)
= =| cis— | ==| cos —— + isin—— .
5 12 5 12 12
237 23 11# . 11z
= = —|,z, = — — I
S. If z, T(cos 77 +isin 12 ],z, 11[ cos = +isin 12 Jthenﬂndthefo owing and express the
result into x + iy form: : :
Sol: zZ, +2,
i) zZ +Z;

_7(005%-+151n%£)+11( 11%—4-151 l—llzi)=7(0.96+f(40.25))+11(-0.964—:'(0.25))

= 6.76—(1.81)i +{~10.62+2.84i} =6.76-10.62 +(2.84)i - (1.81)i =-3.86 +1.03i
0 %-z '
237 237 117 1z : PP
- -‘?( S—E“Hsm—l—z—] 11[ 5t ismTz-] 2 7(0.9§ +1(—-025))—1 l(—0.96+l(0.25))
=6.76—(1.81)i +{10.62 - 2.84i} = 6.76+10.62— (2.84)i —(1.81)i =17.38 - 4.65i
i) 22

=7 cos-z—3—+tsm£—] ll( L«st 452 77[&523”-. ci_s“” = 77| ¢ (3-§£+~l—1£
12 12 12 12 : 12 12 12 .12

_77( (23:r+1117r] 77[ 34::) ,”( 17;:) - 1‘?Jr+l.s'.nl77r
12 12 6 6 6

Zy

v
) 2,

7[cos +isin ] cls i '
» 12 27 L 12 i-lcis 237 1z _7 .(237n-1l7
( Ux . 11;:] 11 . 1z 11 11
11| cos—— + isin CIs—
12 1 i ¥

127 { oo j I e 7
“(c: T J ﬁ(cos;rﬂsm:r).=ﬁ(_—1.+r(0))=—-l-—l~+0i
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Sol:

(i)

i)

If z,,Z,are two complex numbers , show that

Arg(z,7;)= Arg(z,) + Arg (z,)

i) Arg[%‘-

2

)=Arg(z,)-Arg(z,)

Let 2, =, (cosé, +isinb,)and z, =r,(cosb, +isinb,)

Argz =6 andArgz, =6,

2z, =r,(cos@, +isiné, ). r, (cos b, +isiné,)

=nr,(cosé, +ising)). (cosé, +isind,)

=n, (cos&', c0s &, +icosd sind, +isin, cosd, +i’ siné, singz)

=11, (cos6, cosd, +i(cos6, sind, +sind, cos8, ) +(-1)siné, sind, )

= 11, (cos6, cos@, —sin6, sin @, +i(cos4, sin6, +isin b, cos b, |

2,2, =nr, ((2-!‘.2)‘\5(9l +92)+1'.an(9‘ +92 ))

A"g(zlzz)= 6 +6,
= Arg(z, ) +Arg(zz)

z, - 1 (cosf, +isin6))

z, r(cos,+isiné,)
_n, cos@, +ising,
r, cosé, +isin6,

2

L

= -:'—.(coséi, +isin8,) (cos 6, +isiné,)”"

- -r'—.(cosQ, +isin 6) .(c:os(—¢92 ) +isin(-6, )) By De-Moivre Theorem

= i.(cos&, +isinf,).(cosB, —isind,)
r, .

2

n

2

n
z

gt i
Z,

Arg [‘—')= 6, -6,
Z,

= :—‘.(cos9, cosé, —-i‘cosf?, sin@, +ising, cosb, —iz-sfnﬂ smez)

= i.(cosf?, cos®, +isinf, cosG; —icos, siné, —(~1)sin 6, sin G, )
=:—'.(cosé7, cosé, +i(sin 6, cos @, —cos b, sin92)+ siﬁﬂ'sinﬂz)

= i.(cosé?l cosé, +sing, sin 6, +i(sin 6, cos G, —cos, sin b, ))

=1 (cos(6, - 8, ) +isin(6, - 6,))
L)
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Sol:

Sol:

Sol:

10.

Sol:

Divide z, = 6(cos 150° + isin150° ) byz, = 3(cos 30° + isin30°) and express in x+1Y form.
z 6(cos150° +isin150° ) |

ot 3(cos30° +isin30°)
7 _,cisl 50°
g - 530"

i:chs(lso" -30°)

Z

;—:= 2¢is(120°)

=2(cos120" + isin120° )

Al

Multiply z, = 2(cos60° - isin_ﬁo")and X, = 5'(00590" +isin 90") and express in X +iy form.
2,2, = 2(cos 60° + isin60‘?).5(cos90" +isin90°) :

7.2, = 10(¢is60°cis90° )

7,.2, =10cis(60° +90°)

7,2, =10¢is(150°) =10(cos(150° ) + isin(150°))

= lO[—ﬁii[l)] =.I—O(—J§+i) = 5(—\5#); -5v3 +5i

2 2 2
Find modulus and argument z=-2 - 21
z==-2-2i o
Here x=-2,y=

75 T
=Va+4=18=22

af 2 - '
@=m+tan '(-2—) (@is in quad Ill because x is +ve & y is -ve)

@=nm+tan”' (1) =z +== B ]

arg(z) = —+2mr neZ

Write the equation arg(z -2+ 1) = %{In Cartesian formifz=x+1y.

z=x+iy
zZ=x-iy
arg(Z-2+i)=—
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11.
Sol:

am&-@—2+0=%;

arg(x-—'2—1:y+i)=zTJr

wg(x-2-i(y-1) =2

(5

=(y-1) . (2
x-2 -tan(T)
'ri,__2=—\/§ =>§;-=J§ :
y-1=\3(x-2)
y=1=3x-23
y=PBx+1-23

S

Z-1+2i, 9»

If z=x+iyandarg(Z—ot2Y) - 9% o ow that x* + 17 - _§=0.
iya arg‘(i+1—_2i) 4,$|10\Ht at x’ +y* —4x+2y-5=0

z=x+iyand Z =x-1iy
T-1+2,. 9%
arg(

Z+1-=-21

arg (7 —1+2i) —,arg(f+1-2,-)=%’f.
arg(x—iy—l+2i)—arg(x—iy+1—2i)=_9‘_:£

arg(x-—l—:'y+2i)—'arg(x+1-—_iy—2i)=?f

I arg(x—1-i(y-2))-arg(x+1-i(y+2))= 97”

tan™ [E-_—'V—J+ tan™ (—2—1}’-] o

x=1 x+1 4
2=y 24y
+
paris S T M . _9
‘_{2—y2+y} 4
x=1 x+1 _
(x+1)(2-y)+(x-1)(2+y)
| e or
. 1 4_}'2 _tanT
-2
x° -1
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12.
Sol:

2x—;f+,2(-y+_2x+;f—,2(—y
x*-1-(4-?)

21

=1

4x-2y
s EETT TG
x —-1-4+y
4x-2y=x"-1-4+)"

X +y'—4x+2y—-5=0

If z=x+iy&arg(z-2-3i)-arg(z+2+3i)=2x, show that 2y =3x.

Z=x+Iiy

arg(z-2-3i)—arg(z+2+3i)=2x
arg(x+iy—2-3i)—arg(x+iy+2+3i)=2x
arg(x 2+ iy = 3i) - arg(x + 2+ iy +3i) = 27
arg(x—2+i(y—3))—arg(x+2+:’(y+3)) =27

tan™ (-y——:"-)- tan™ [—Jﬂﬁ) =2
x=2 x+2
y=3_y+3
-l_x—-2 x+2
1+ {y__:;.y_ﬂ}
x-2 x+2
y-3_y+3
x—-2 x+2
14 {E.y_ﬁ}
x-2 x+2
ekt
x—2 x+2 =0

_1+{__y-3‘___y+3}
xX—2 x+2

P e AR i

x-2 x+2

(x+2)(y-3)-(x-2)(y+3)
(-2)(x+2) et

xy=3x+2y-6—(xy+3x—-2y-6)=0

xy—3x+2y—6-xy—3x+2y+6=0.

—6x+4y=0

-3x+2y=0

2y=3x

tan =2

=tan2x
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13'
Sol:

: 14..
Sol:

15.

“Sol:

Solve the equation |z — 2i|=|Z + 2|forz=x+iy.
z=x+iyand Z =x—iy '
|z-2i|=|E+2|

e+ iy —2i|=|x—iy+ 2|

I;+i(y-—2)|=]x+2—iy,

JF -2 =\(x+2) +(-p)

X (y-2) =(x+2)" +3?

X+ -4y +4=x" +4x+4+)*

~4y=4x =>y=-x

For Z=X+1Y,solve the equation|5z+4+iH5'z'-—3+2il
z=x+iyand?=x—{y

|5z+4+4=|57~3+2

|5(x+ip)+4+i=[5(x—iy) -3 +2i]

|Sx +iSy+4+i|=|5x~ iS5y —3+2i
|5x+4+i5y +i| =|5x —3=5iy +2i]

[5x+4 +i(Sy+1)|=[sx-3=i(5p-2)|

Jsx ¥ 4) +(Sy+1? = {(5x-3) +(~(5y-2))’

(5x+4)" +(5y +1)* = (5x—-3)" +(5y=1)’ (Squaring both sides)
25x +40x +16+25y% +10y +1=25x* —30x +9+ 25" — 20y +4

40x +30x+10y+20y+16 +1-9-4=0

70x+30y +4=0=>35x+15y+2=0  (+&p2)

Determine the set of points Z =X + i, that satisfy the equation IBE -2+ilH 3z + iI
z=x+iyand Z=x—iy

3z -2 +i| =3z +i

]3(x—r'y)—-2 +:1=I3(x+iy)+i|

|3x—£3y—2-!.—:'|=|3x+‘x‘3y+i|

|3x—2—i3y+:1=|3x+31y+1'|'

|3x—2_—i(3y—‘l)lél3x+i(3y+1)l

JBx=2) +(-(y-1)) = {(3x) + Gy +1)’

(3x-2) +@By-1)? = (3‘1:)z +(3y+ l)2 (Squaring both sides)
9x" =12x+4+9y’ -6y +1=9x" +9)” +6y +1
-12x—6y—6y+4+1-1=0

~12x-12y+4=0

343y-1=0  (+by-4)
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16. If z=x+iy-ndw=ﬂ
z-1

1-iz

, show that [w|=1=> zls real.

Sol: z=x+iy ,w= -
z—i

Suppose |w| =]

1-iz et

z=i
1-i(x+iy)| :
lx+ip=i]
|l---l’Jr—:"y)|=1
|x+i(y-l)l ! ‘
[1-ix—(-1)»)| _
Ix-i-i(y—l)l
-+ _,
x+i(y'—-l)|
.Mﬂ:]
x+i(y-1)|
Ja+ ) +(=x) e
1/Jc3~|-(_).v—l)2 :
l+2y-§y3+xz=,x2+y2—2y+l '
2y==2y
4y=0
y=0

1

z=x+iy=x+i(0)= x => z isreal

z, -z,
1-2,z,

17.  If Z,,Z,are two different complex numbers with|z,| =1, find

Note: Some mistakes in statement.
Sol:  Here Iz,] =1
Iz, l2 =1

z,z,=1
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18.  AnACsource supplies a voltage of V =120 [ms-:; +isin %) volts to a circuit with impedance Z = 1+ :Ji

ohms. Calculate the current in polar form.

_1+J§i
2
1. V3

Z—-—+—I

1 \(1 3 143 14
Here ) — =r=J-+==|—=|-=
2 4 4 4 4

V3
-2
L

Sol:

@ =tan™ i (\E’) 3 %

2
(@ isin quad | because x is +ve & y is —ve)

In polar form, z = r(0059+ isin 9)

g ... X
=1| cos— +isin—
( 3 3]
lzo(cos%nsin%] 120(0:‘3%)
= = = 120[c1’s(£-— ”D
e W
1{ cos— +isin— cis—
( 3 3) [ 3)

co{o(255) () o) ) ()

19. An AC circuit has an impedance of Z =3 — 62 ohms and is connected to a voltage source of V 90+ 30i
volts. Find the current in both rectangular and polar form.

I=

N|=

So: Z=3-6i
~90+30i
B , _
(303401 03+ 142 o BH)(142) o 3+6i+i+2 _10.3+7+2(-1)
3°1-2i  1-2i'1+2i P -(20)° 1-(—4) 5

Z=2{3+7i-2} =2{1+7i} =2+14i
Herer = (2+(14)} =r =a+196 =200 =10v2
e =mr‘x"' [%J =tan™ (7)=81.86

(@isin quad | because x is +ve & y is +ve)
In polar form, I = r(cos9+ t'sinB)

=10v/2 (cos81.86 + isin81.86)
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20.

Sol:

21,

Sol:

Encrypt the word “CODE” by multiplying the complex encryptionkey k=2 —1. Then dectypt it back to the

original word.
A=LB=2C= 3,...Z=26
Here k=2-i
C=3.0=15D=4.E=5

Table of Encryption and Decryption is given for ‘CODE’ as

Letter Complex Number (2) Encryption=z"=2 x k Decryption=2=2" / k Letter |
C 3400 (3+00)(2-1)=6-3i 9.2—3’;=3+o o
A -4
0 15 +0i (5+0)(2-i)=30-151 | 211540 o
=3
: NG _ 8 —4i
D 4+ 0i (4+0i)(2-i)=8-4i YR D
E 5+0i (5+0i)(2—-i)=10-5i 12"5_' =5+0i E
-]

Consider the complex encryption keyk 3- 31 Encrypt the word “QUIZ”, and then recover the original word

using the inverse of the key.
A=1LB=2,C=3,..2=26
Here k =3-3i
0=17,U=21,1=9,E=26

Table of Encryption and Decryption is given for ‘QUIZ’ as

Letter

Complex Number (2) Encryption=2"=Z x k Decryption=2=2" -/ k Letter |
0 17400 | (17+0)(3-3i)=5{F51 '5;:;1?':17_7&0: 0
U 2140i (21+0i)(3-37) = 63— 63 6;:;? =21+0i U
1 9+0i (9+0i)(3-3i) =27~ 27i : 2;’:;:’ ~9+0i 1
Z 26+0i (26+0i)(3-3i)=78-78i 7?:;? =26+ 0i zZ
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22.

Sol:

Encrypt the word “CLASS” by adding the complex encryption key k = —3 + 41, Then decrypt it back to the
original word.

A=1L,B=2,C=3,..Z2=26

Here k=-3+4i .
C=3,L=12,A=LS;19,S=19

Table of Encryption and Decryption is given for ‘CLASS’ as

Letter | ComplexNumber (Z) |  Encryption=2"=Z x k Decryption=2=2" / k Letter
c 340i (3+00)(=3+4i) =—9+12i in WETE c
: -3+4i
L 1240i (12 +0i) (=3 + 4i) = -36+ 48i %:1%0: L
, —
4 140i (1+0i)(=3+4i) = -3+ 4i 2t 4
- =3+4i
s 19+ 0i (19+0)(-3+4) =-57+76i | 2219 _1940i° | §
Hrh -3+4i
S 19+0i (19 +0i)(-3+4i) = -57+76i -—5—;-3—_61=19+01‘ S -
2 -3+4i
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