& Exercise 4.2

Q.1.

Sol:

Sol:

Sol:

Evaluate the following determinants.

1 -2
3 -1 -3
-2 .3 2
1 -2 4 .
-1 = 13 -3 3 —1
3 -1 =3|=1 ! 3—(—2) +(—4)| Expanding by 1% row
P i o -2 2 -2 3
-2 3. 2 :
=1(-2+9)+2(6-6)-4(9-2)
=1(7)+2(0)-4(7)
=7+0-28=-21
a+b a-b a
a a+b a-b
W*b a a+b
atb a-b -a
+b a-b a- '
a a+b a-b|= (a+b)a e (a—b)_a a0 4. -ty
; a+b a-b a+bl |a-b a
a-b a a+b :

" (a+b)[(a+b)* _a(a-b)]-(a-b)[a(a+b)-(a-b)5]+a[a: ~(a=b)(a+b)]
-—(a+b)[ﬂ1+b’+2ab /+ab:l (a- b)[/+ab pr b2+2ab]+a[,a" p"+b’]
=(a+b)(b* +3ab)—(a—b)(3ab-b*)+a(b?)

= ab® + 35 + }f +3ab* - 3¢#b +ab* +3ab® - ¥ +ab* =9ab?

RE x X

y 2y 3

$ -3 -2

2 X e

Yy 2y vy

z z Az

2 2

=2:[7 Yl-af Y xy ¥ Expending by 1* row
4 z 221 |z 2z |z

=2x(4yz - yz)-x(2yz— yz)+x(yz -2yz)
=2x(3yz)-x(yz)+ x(-»z)
=6xyz - xyz — xyz = 4xyz
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Q.3.

Sol:

i,

Sol:

Using properties of determinants, show that:
3 § .0 310 W
5 25 10/=25 1 1 2 J e operationy stfactorideterminant E:{J:R.H.Sfl
7 25 1 751 <> expand S22t
TR S DN | R R e ¢ '
LHS =[5 25 10/|=5|1 5 2|taking5 common from R,
T 258 1 1725 1
3.0
=55[1 1 2| Taking5 common fromC,
S ik |
Al 5 R N ¢
=251 1 2
g . S |
=R.H.S
a+x a a .
a a+x a |=x'(3a+x)
a a a+
a+x_ a a.
LHS=| a a+x a | Add R,R;in'R,
a a a+x|
1y

3a+x 3a+x 3a+x

= a a+x a

LR Ry 51 Ry S blesmililc_3a+x LRH.S

a

a

-1I

a+x
1

a+x

=(3a+x) a | Takecommon(3a+x)from R,

: a a+x

0 0

x ol ¢,-C,c,~C

0 x

x 0
0 x

= (3a+.1|r)ll(.1|:2 —0)

=(3a+x)(x*)=x*(3a+x)

=R.H:S

=(3a+x)

'R /R —= 8 8§ —=

a 0

a X

a X
+0a'0

=(3a+x)|1 -0

|
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Sol:

v,

Sol:

X
wiy ¥ : Hsi-ty WP
: z

xyz :
xyz| XxXR,yxR,,zxR,

z z xyz
g 1
1| Take common xyz fromC,
\ _

|

?| Interchange C,and C;

z 2t 1 1 zz'
% 2
=(=)(-)l ¥ »*| AgaininterchangeC,and C,
1 z 2 Pl
1 x %
=[l y | =RHS
1 & &
1 x x| :
1 y Yl=(x-»)(r-2)(z-%)
1 z--¢
1 x x*
LHS =]l y »*
e
x*
=0 y-x y’-x*| R,-R,R,-R,
0 z-x 2*-x?
1 X X %
=0 y-x _(y—x)(y+x)
0 z—x (z-x)(z+x)|

Take common (y —'x.) from R, and (z - x) from R,

. %)

&1 UEColumnbRow s &dUsfactors 4R H.8/]
Py - ulfactomzﬁ.d:&zmﬁf minﬁaJJL;l
ColunmLRow JSA ;Ji’ commony)#<.TCommon
[/ opena-sitzerout
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viii.

Sol:

Sol:

=a’-J-,ab’{+,ar'{—p’g—abc—pa'.{+,bd{+b3-+-)bcd’—ﬂb(—%-abc
26+ o +6* —abe— pe — ¥4 =a® +b’ +c* —3abc =R.HS

a+t a a
b b+t b |=f(a+b+c+t)
¢ & e+t

a+t . a a|
LHS=| b b+t b
c [ 4 c+1l

a+b+c+t a+b+c+t a+b+c+t

=| b b+t - b Add R,,R;in R
c oG c+t
D¢l 1. '
=(a+b+c+1)b b+t b |Takecommon (a+b+c+t)from R
c ¢ c+t
0
=(a+b+c+t)b ¢t 0 C,-C,C,-C,
c.0 t J
(a +Ib+c+r) 1 :) ?'-—-0+0 Expand by IR,
=(a+b+c+1)(f-0)=r*(a+b+c+1)
=RHS :
a-b-c 2a 2a
26 b-c-a 26 |=(a+b+c)
2c 2c .c-a-b
Expand the determinant by R,
=(a-b_—-c)b.—.c__a & ——2&2b - _ +2a2b Oreid
2 c—-a-b 2c c¢—a-b 20 % -

=(a-b-c)[(c—a-b)(b—c—a)-4bc]-2a[2b(c —a-b)-4bc | +2a[ 4bc~2c(b-c~a)]
'=(a-b—c)[cb—c‘ - gt - @b + at +a* -b’ -1-!:4:«1-;::5’-—4!::::]—2a|:2bc—2!£m—2;';2 —4()4:]-f—2.41[4!34:'-(2&:4“)-—'?.4:'-2 —2ca)]
=(a-b-c)(a® —b? - c* —2bc) - 2a(~2b* —2ab— 2bc) + 2a(2c* + 2be +2ca)

=a’ —ab® - ac* =2abc - ba® +b* +bc* +2b%c—ca® +cb® +c’ +2bc? +4ab® +4a’b + 4abc + 4ac’ + 4abc +4a’c
=& +b° +¢ +3a’b+3a’c+3ab? +3b’c+3ac’ +3bc* +6abc = (a+b+c)’

=RHS
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Sol:

xi.

Sol:

y+z zZ+x x+)y
¢ |=(x+y+z)(x-y)(r-2z)(z-x)

X

xl

Y

2

4

ZI

Y+zZ Z+X x+Yy
LHS=| x y z
x2 yl 22
X+y+z X+y+z x+y

Add R,in R,

= x y z
. 5 43
5 Rl U
=(x+y+z)[x y z|Takecommon (x+y+z)from R,

x2

1 0 0
=(x+y+z)|x ‘y-x . z-x|C,-C,andC,-C,
20 22

y-x z=x
y-xt Z-x?
y-x z-x
(y-x)(y+x) (z-x)(z+x)

1
(y+x) z+x
=(x+y+z)(y—x)(z—x)(z+,\.(—y—/)=(x+y+z)(y—x)(z—x)(z—y) _
=(x+y+2)((-)(x-y))(z-x)(-1)(y-2) = (x+y+2)(x-y)(y-2z)(z-x) = RH.S
1 1 1 Far 2
a@+1 b +1 *+1 =(a—b)(b—c)(c-a)(ab+&+m—l)
a’+a b’+b +c

=(x+y+2z)|l -0+0
(x+y+2z)

Expand by R,

=(x-f-y+z]

=(x+y+z)(y-x)(z-x) Take common (y - x) ftom C, and (z - x)from C,

1 0 0
LHS=|a’+1 b* MM ~-a* 4 ¢4 -a* A|by C,-C,andC, -G,
a@+a bV +b-a-a +c-ad'-a
1 0 0
=|a® +1 » -d &t~
[@’+a b -a’+b-a & -a’+c-a
1 0 : 0
=\a®+1 (6-a)(b+a) (b-a)(b+a)
@ +a (b-a)(b* +ab+a*)+(b-a) (c-a)(c* +ac+at)+(c-a)
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xii.

Sal:

xill.

Sol:

: 1 0 0
=(b—a)(c_—a)a +1 (b+a) c+a Take (b- a)commonfromCzand(c a)fromC,

@ +a b +ab+a’+l cF+ac+al+1
=(b—-a)(c—a) _1 b? +c‘,f',b++af.:1'2 +1:¢* -_l-:c:';uc::2 +1 -0+O] Expand by 5
={b-q)(e-#) b’ +:’!;:*-+a‘:a2 +1 ¢ +::+aaz +1
b+ +4-b-
=(b_a)(c_a)b +ab+aa 241 +ac+;;+i b* g T
=(b_a)(c_a)b’+j;+aa2+1 c?-b:-f:c ab

; b+a
={ _a)(c_a)b +ab+a*+1 (c b)(c+b +a(c- b)

—(b a)(c a)(c b) +ab+a +1 c+b+a
=(-)(a-b)(-)(b —c)(c—a)[(b+a)(c+b+'a)—-b1—ab—a2—l]_
=(a—b)(b—c)(c—a)[bc+}v{'+ﬂ'6'+ac+ab+ﬂ"—b2—;5—{—1]

- (a~—b)(b —c)(¢-a)[ab+bc+ca- 1|=RH.S
Hence Proved.

Take(c —b) common from C,

14a 1 1 .
1 1+b 1 |=abc+ab+bc+ca
1 1 1+c '
1+a 1 1

LH.S I Vb 1
1 1 l+c¢
= (1+a)[(1+8)(1+¢)-()(1)]-1[(1+c)-1]*1[1- ~(1+8)] =(1+a)[1 +c+b+bc-1]-1[c]+1[-2]
=(1+a)(c+b+bc)—c—b
=;!+,b’+bc+ac+ab+abc—/-—,b’
=abct+ab+bc+ca =RH.S
1 a a*-bc
1 b b*—cal=0
1 ¢ c’-ab

expanding by 1% row

1 ‘g a*=bc
LHS =|l b b*-ca
; 1 ¢ c*-ab
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- a a’ -be
=0 b-a b*-a’+bc—ca By R,—R and R,-R,
0 c-a c*-a*+bc-ab
R - a*-bc :
=0 (b-a) (b-a)(b+a)+c(b-a)
‘ (c=a) (c-a)(c+a)+b(c-a)

1 a a*-bc
=(b-a)(c-a)|0 1 b+a+c|Take(b-a)common from R,and (c-a)fromR; -
_ 0 1 c+a+b
=(b-a)(c-a)1[(c+a+b)(1)—(b+a+c)!]Expand by C;
- R N e AH - A 4]
(b-a)(c-a)(0)=0=RHS

[=]

2x+3 x+2 x+a

xiv. 2x+5 x+3 x+b(=0 where2b=a+c
2x+7 x+4 x+c

2x+3 x+2 x+a

Sol: LHS=[2x+5 x+3 x+b

2x+7 x+4 x+c

2x+3 x+2 x+a

=] 2 1 b-a|lby R,—R and R, - R,

4 2 c-a
d=F-a '
Giventhat 2b =a+cits meana,b,careinAPso, d=c4
2d=c-a
2x+3 x+2 x+a
=|- 2 1 d
4 2 2d

2x+3 x+2 x+a
=| 2 1 -d |2common from R,

1. 1 d
=2(0)(R, and R, areidentical )
=0=RHS
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a b c

¢ a b =(a+b+c)(a+bw+cmz)(a+bmz+r:m) where @ is an imaginary cube root of unity.
b c a

a b c
.we have,let A=lc a b (1)

h e ab
la+co+ba® brav+co® c+bo+ca?
A= c a & =B ByR, +@R, +&’R,

b c a

a+ba’ +co m(a+bm2-+cm) a_)z(a+ba)2+cm)

A= c a ' b [Taked =bw’ and ¢ = cw’
b o a
1l o o :
A= (a +ba’ + ca)) ¢ a b |Take (a +ba’ +cw )common from R, (1r)
b §”a
a b c
Again from (/) A=|¢
b ¢ a

Now R, + @R, + @R, we get

a+co’ +bo b+aw’ +co c+bo’+aw
= c a b

b c a

|a+bo+co’ a)z(a+ba)+ca)2) m(a+bb+¢w’)

A= c a b
b c a
1 & o :
=(a+é¢v+cm2 ) c.a & Take(a+ba)+ca)2)common from R, __ (1)
b ¢ a
. Again from
a b ¢ ;
A=|c a b Add R,, R, in R,
b ¢ a

a+b+c a+b+c a+b+e
A= c a b
f b ¢ a
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Q.4.

Sol (i):

il.

Sol:

A MR
A=(a+b+c)|c a b|Take commona+b+cfromR, - 1Y)
> ¢ -a
From ILULIV
A=K(a+b+c)(a+bo+co’)(a+bo’ +ca)Take K =1(K inany constant)
Hence
a b ¢ ;
¢ a b|=(a+b+c)(a+bo+co’)(a+bo’ +ca) .
b ¢ a
1 2 -3 -5 25
If A=|0 -5 0 |andB=|-3 -1 4|thenfind
453 % 3 =1 3
(i) A3y Ay Ay; and|A| (ii) B,;, By, By, and|B]
1 2 -3
LetA=|0 -5 0
-2 -2 7
| G
|[4=|0 -5 o0 =1l
-2 2 7
|4 =-35+30=|d|=-5
k3|0 =S
Au=(_l) 2
Fi=2
-2 =2

:Z gl_zlg 2+(-3)'_°2 :§| ~1(-35-0)-2(0-0)—3(0~10)

=(-1)*(0-10)=-10

= (2+4)=-(2)=-2

A =(-1)"

Ay = (_I)M I(l) _25| E (-'_1)6 ("5 ‘0) e

BJI ’-BJJ ’ B” and IB]

-5 -2 5
let B=|-3 -1 -4
-2 -1 2
e 1 4 3 4 |3 4
=[-3 -1 4=-5 —(=2)| . 1+ |=-5(- -2)
|| sEdag l—l i )I_2 o Py g T 5(-2+4)+2(-648)+5(3-2)
=—5(2)+2(2)+5(l)=—10+4+5=—10+9=-1=>(B|=—I
Now,
le!anBn
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Q.5.

Sol:

By =(-1)" j y =(-1)'(-8+5)=1(-3)=-3
2|5 s
B =L 2=’ (20+15)=(-1)(-5) =5
| S
B, =(-1)*" 2 ' (-1)°(5-6)=1(- 1)_
Flndthevalus of x if :
2 -3 % 1 x-1 3 1 1
L-1 4 -3[=§ i -1 x+1 2/=9 i 2 x
x 1 - @ 2 -3 x 3 6
2 »
-1 4 =-3|=

X

1

0

wn

Expand the determinant from R,

-4 -3 |-1 -3
1 of [x o©
2(0+3)-1(0+3x)+x(-1+4x)=5
6-3x-x+4x’-5=0

4x* —4x+1=0

:>(2x-1)2=0

Taking square root on the both sides
(2x-1)=0 =2x=1 =>x=-]2—

2

[a—y

+X

-1 —4‘_

1 x-1 3
-1 x+1 2|=9

2 3 Xx :
x+l 2 (x 1)' xl ‘ -1 x_;li =9 Expand by &,
9 (x’ +x +6)—(--Jfz -4x+ x+4)+3(3—2x——2)=9

(x(x+1)+6) (x 1)(—x- 4)+3(3—2(x+1))=

(xz+x+6)—(—x2—3x+'4)+3(—2x+l)=9

X +x+6+x +3x—4-6x+3=9

2x* -2x+5=9 -

=2x*-2x-4=0=>x"-x-2=0

¥ -2x+x-2=0=>x(x-2)+1(x-2)=0

(x-2)(x+1)=0

=>x-2=0
xX=3

x+1=0
x=-1

S
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W N -
S W e
®
]
[—]

T8 1 4o

6 x| |3 3

1(x* -12)-1(2x—6)+1(12-3x) =0
-V -2x+6+ ¥ -3x=0
x*-5x+6=0

x}-3x-2x+6=0
x(x-3)-2(x-3)=0
(x-2)(x-3)=0

x-2=0o0r x-3=0

x=2o0r x=3

b

= e
Find | 4A'| and |4' 4| if (i) A=[-'3 4 'l] () A:[z z]
=1 3
_ 13
(-3 2 1
A__z 1 3]
=3 2 -1 o
A=l "3]thenA’= 2 1
e 33
PP L ? [9+4+1 —6+2-3] [14 -7
513 ) |6+2-3 4+1+9 | |-7 14
lAA‘l—M T =196-49=147
-7 14| s
Now, For|A‘A

-3 2 a8 5o 944 —6+2 3+6 13 4 9
AdA=] 2 ] [ ]: —6+2 441 -243|=|-4 5 1
3+6 243 149 9 1 10

i3 -4 -9
[A‘A|=-4 80
9 1 10

5 1 4 1] |4
Ad=13 |-(~
o el 10‘( )(9 10"%] 0

| 4] =13(49) +4(~49)+ 9(~49) = 637-196-441=0 =0

?’e|3(50—1)+4(—40—-9)+9(-4-4s)
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qr e 3
ii. A=|2
1

1
2
3
31
3 21
: =|2 thenAd' =
Sol A‘il }en [123]

I3 "1 sl 941 642 343
AA' =|2 2[1 3 3]= 6+2 4+4 2+6

i1 3 3+3 2+6 1+9

10 8 6 10 8 6
AA'=[8 8 smen\AA'|=s g8 8

6 8 10 6 8 10

8 8 I8 8| 8
A4|=10 -8 +6
% 0% 0%
AA'|=10(80 - 64)—8(80- 48) +6(64 - 48) =10(16) - 8(32)+6(l6) 160—-256+96
AA'|=256-256=0

Now A'A _
Py 3.3} g ; 9+4+1 3+4+3] [14 10 5
= = = en
e o 3+443 1+4+9| |10 14
14 1
|A'A| =14x14—10x10=196-100 =96

Q.7. IfAisasquare matrlx of order 3, then show that |K A|=K’ |4|

ay G 4 G G 4 ka,, kay, ka,
Sol: letA=|a, a, ay|then KA=K|ay, a, a,|=|ka, kay kay|
a, Gy -a,| a, a, ay]| [ka, kay k‘_’”
ka,, ka, kay,
|KA| = |ka,, ka,, kay| Take kcommon from R, R,, R,
kay, kay, kay |
a, G, 0

k.k.k = aZ| azz an
a4, a; ay
=K |4 =R.HS
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Q.8.

Sol:

Sol:

Q.9:

Sol:

Find the values of A if 4 and B are singular & A =

y il el T e
4(A-18)-2(7-12)+3(21-24)=0
42-T72-14424+63-64=0

4 2 3
A=|7 A 6
2 33
4 2 3
Given matrix is singular so|A| =7 A 6=0
e 3
SREEEn

—24+1=0
A22=A1= 2 =%
-2 4 5
B=|1 21
2 A2 0
Given matrix is singular so [B| =0
-2 4 5
[B,= 1 -2 1/=0
2 4 0

S A
]B|=_2|:. 0‘_4‘2 0|+5'2 zl=° -
|B|=-2(0-1)-4(0-2)+5(4+4) =0
22+8+54+20=0
TA+28=0=74=-28

2

A=_7—=—4_=>A'=—4

1 21

Findtheinverseof A=|-5 0 4 |andshowthat 4~'4 =1,

S 40
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s -1 -s 4, —5 0
Then |A|=—5 0 4=
= S
=1(o-16)—2(0—2o)+1(—20-0)=-16+40—20=4
l+l0I 4 i 2
A=)y - 0-16)=-10
. |+2—5 4 3 ‘ 1w3~> 0 7 an
4o =07 =)' (0-20)=~(20)=20 45 = ()" =)' (-20-0)=-20
al2 1
t=(- 1)“4 | () (0-4)=~()=4
ulf 1
Ay =(-1)"], 1=(-1)'(0-5)=-5
50
21»]] 2 5
Ao =(-f)¢ 21 (4-10)=~(-6) =6
2 1| -
e _1 3+1 o 4 o -
=17 A=) @8
" 1
Aa=() J =1 (4+5)=(0)=-9
5 4
An (=) ¥ 3 (=1)° (0+10) = (+1)(10) = +10 cofactor of
A, 4, A1 [<16 .20 =20
A=|4y Ay Ay|=| 4 -5 6
Ay Ay A 8 -9 +10
-16 4 8
AdjA = (cofactord) = | 20 -5 -9
- -20 6 +10
-16 4 8
A7 = ﬁ' 2oy 5 P
-20 6 +10
(-16 4 811 21 -16—-20+40 -32+0+32 —16+16+0
A-'A=‘I 20 -5 —9|-s 0 4|=1| 20425-45 40+0-36 20-20+0
|20 6 +10|| 5 4 0 -20-30+50 -40+0+40 —20+24+0
(4 0 0 1 00
'A"A=%0 40 =§0 1 o]=1,
0 0 4] 7|0 01

Hence proved 4™ A =1,
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Q.10: Verifythat (4B) = B'A" If

)

Sol:

Sol:

P
1o -3 1

AB =

[1+3+40
104940

AB=

LHS=(4B) =[

B' =

Now

RHS B'A' =

1

BrAf{

1 30
1 2,1

1
and B=|-3
0

]—3 -2
0 1

1+2+2 M
0+6+1]|

4 9
5§ 4

2

1+3+0 0+9+0]
14242 046411

1

-2

4 5
9 7

Hence prove that (AaB)f =B'A

LHS=R.HS
R

A=|1 4| and B=[l
- 2 4 2
i1 2L

AB=|1 4 i _13]
B s
-4 3427 [3

AB=|1-8 -3+4|=|-7
2-2 —6+1] |0
-3 -1

AB=|-7 1
g -5

1

1

2

|

],A'= -1 -3

4 9
5 9

(ii)

0

1

A

[ T
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B,:[l —2}, A-,=[1 1 2}
i = 2 4

RHS= B'A"

1 2 1'2

B'A' = :
-3 1ll2.:4 1

=4 = 1=8 .22

B'A =
| -3+2 - -3+4 —6+1

G300
i S

Hence Prove that (AB)' =B'A"LHS=RH.S
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