& Exercise 6.9

Q.1.

Sol:

Sol:

Q.2.

i) '
Sol:

Find the 9* term of the following harmonic sequences:

111
e
111
Given—,—,—,...are in H.P, =7
3’5’7 arem_ a,
Then -31,2,1,... areinA.P
: B e

Or 3,5,7.....arein A.P

a, =3,d=5-3=2,n=9

a, =a, +(n-1)d

a, =3+(9-1)2

L—-3+(B)2=3+16=19 inA.P = a, =%in_H.P.
-1 -1

?,_é_-’"l,oo.

Given _?1,%1,—1 areinH.Por -5,-3,-1...are in A.P

a, =5,d=-3—-(-5)=-3+5=2,n=9
a, =a,+(n-1)d = a, =5+(9-1)2
a, =—'5+(8)(2) =-5+16=11 in‘A.P then a, =% inH.P

Insert five harmonic means between the following given numbers:

-2 2
e s
5 13
Let H,,H,,H,,H,,H,, be five

~% o2 -2 2
H.M between < & ﬁthen ?’H”HZ'H"’H"H”ﬁ are in H.P

-E-.?{T.-H—Z,E,E,E,—— arein AP
a? =%5 &a, =q, +6d=12g =>;2§+6d=—1—2§ =>6d.=—1-2§-+%=% =>d=!2§x% =
E SR % B o I
-}—}:=a§ =a, +2d=——+2(%)=—-§—+-§-= 75;-6 =%
T};:al‘:a‘«- =—%+3(% =-%+%=_5;9=%=2
| Hente‘H,=—1,H2=1,H3=-15;H* ﬁ?,;.Hﬁ-lg
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ii)

Sol:

Q3.

Sol:

§8

1 1

4 24

" let H,,H,,H,,H,,H;,H.M,s between l & —1-then

24
Hl,HZ,H,,H,,,Hs,2 areinH,P

= 4,_"!_3"_,_' —— 24 arein A.P,

a, =4 &a, =a, +6d=24
4+6d=24 > 6d =24-4
= 6d =244 =20 :>d=%=--159

4,10 _12+10 22

2 . 1 3 3 3

19]_12+20_3z‘

g 8 3

_12+30 _42
3 3

¥
Hw
\o,\.__./
p...n
(X}
=
(4]
(X

3 R ke 3
Hence H, =— H, =— o H .ot =
- e T 52’”5 62

" The first term of an H.P.is —%and the fifth term s % Find ftss"' term.

1 1
a, -—E,a, —g,a‘, =?inH.P

a=-3 (i) i agmB AP :
@ =0a,+4d=5=>-3+4d=5=4d =8 =.d=2 use (i)
a,=a,+(n-1)d

a, =-3+(9-1)(2)

a, =-3+(8)(2)=-3+16=13
1

a, =13inAP = a, _Ein H.P

If 5 Is the harmonic mean between 2 & b .Find b.
Given a=2,b=b,H.M =5

H.M = 2ab
a+b
Put values
2(2)b 4b
2+b =>5_-2—+£-)
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Q.5.

Sol:

Q.6.

Sol:

Q7.
Sol:

= 5(2+b)=4b = 10+5b=4b

= 104+5b-4b=0=>10+b=0=>b=-10

1 1 1
If the be & inha ic , find k.
num rsk zk 1 4-k laren rmonic sequence ,
1 1
- & inH.P
k' 2k+1 4k—1a"“"

k,2k+1,4k—1Arein A.P

=  4k-1-(2k+1)=2k+1-k
4k -1-2k-1=k+1=2k-2=k+1

= k-3=0=>k=3
aﬁ+1+b-u

Find n so that ——————may be H.M. betweena & b.

a" +b"
n+l n+l
lfga;{-g?—be H.M between a &
" +b™ _ 2ab
at+b" - a+b

b then

(a™* +b™!)(a+b)=(a" +b")(2¢1b)

auz % ann b + abun bm-z i zanu b +zabm-l
a*? +bu+! 2ab™! +2ab™ —a"'b-agb™!

u+z blu-z __auﬂb_'_abnﬂ
am—i -a u_db _abm»l _'bli-z

a™ (a-b)=b""(a-b)

n+ n+l 0
%:%:1:(?} -_-_(%J > n+l=0>n=-1

a’,b* & c*arein AP

Then b?-a®=c?-b? i) ;

Now a+b,c+a,b+careinH.P
1 1

if a’,b” & c*arein A.P,, show that a + b,c +a &b+c are In H.P.

e T e

1
If areinAP >
a+b’'c+a’b+c

(c+a) (b+c) _ a+b-c-a

b+c c+a c+a a+b

;.(+a b-f A+b-c-A

(b+c)(c+a) (b+c)(c+a)
'x* both sides by (c+a)
(a-b)

(b+c)(c+a) (a +b)(c+a)

(b-c) a-b b-c

b+c)iﬁi (a

By cross multiplication
(a+b)(a-b)=(b+c)(b-c)
a’-b* =b*-¢

' both sides by (-1)

b -a? =c?-b* = b* -a* =b* -a?

Hence proved.

+b)’(;,v6f b+c=a+b

(use i)
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Q.s.

Sol:

Q.9.

Sol:

If the H.M. and A.M. between two numbers are 4and% respectively, find the numbers.

HM=4AM= ,a,b ?

2ab 2ab
HM="—4= |

a+b a+b M
A-.Mza+b:2=a.+b

- - s |
=a+b=9 ' L= 4
Put equationiiin i z4-2';b:>2ab 36

9

=>ab=%'=18:>ab=18 (iii) from ii > a+b=9=>a=9-b
Put value in iii

(9-b)b=18=9b-b*-18=0
=b*-9b+18=0
=b*-3b-6b+18=0
=>b(b-3)_~6(_b~3)=0 ‘
=>b-3=00rb-6=0=>b=30rb=6
When b=3thena=9-3=6

When b=6then a=9-6=3

Numbers are6,3 or 3,6

If the (bosltlve) G.M. and H.M. between two numbers are 4 and -1-52 find the numbers.

GM=4,HM=—,a,b="?

GM=Jab = 4=Jab = ab=16 (i)
1

2ab
HM=—— ol M aren
a+b = 5 a+b .
16 2(16) 1 2
—_—=— Z= =10
5 -a+b - 'S5 a+b =tk ’ (!1).

From (i) a=10-b (i)

Eq. (i) Becomes (10-b)b=16 = 10b-b* -16=0 = b*-10b+16=0

= b*-2b-8b+16=0

=  b(b-2)-8(b-2)=0

=  (b-2)(b-8)=0

= b-2=0  or b-8=0

=5 b=2 or b=

When b=2then a=10-2
8

When b =8then a=10-
Numbers are 8,2 or 2,8

n i o

8
2
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b+c~-a c+a-b a+b-c

Q.10. If Sy are in A.P., show that a,b,c are in H.P.
: > ps .
Sol:  Given that b+c—a'c+g—-b’a+g—c are in AP
a

i.e. Common I_difference remain constant
c+a-b b+c-a_a+b-c c+a-b
T Ol T b

[c+a-b].= b+c-a a+b-c

2 +
b a . e
Multiplying both sides by abc
2ac(c+a-b)=be(b+c—a)+ab(a+b-c)
2ac? + 2a’c - 2abe = b%c + be? —abe +a*b+ab® —abe
" =b%c+bc? +a*b+ab? - 2abe

2ac’ +2a%c = a*b+ab® + b*c+bc?
2ac(a+c)=ab(a+b)+be(b+c)

Divide by abc:
2(a+c) a+b b+c
= +
b c a
2a 2c_a b b c
b b ¢ ¢ a-a
£.1,1 1,1 1.1 1 1A
b .a ¢ b b-a ¢ b.d "y
It means %,%,1 are in A.P. therefor a, b, care in H.P.
C

- a,b,careinH.P. .
Q11. If a,b,c,d are in H.P., show that3(a~-b)(c-d)=(b-c)(a-d).
Sol:  Giventhat a,b,c,d are in HP.

13111
Then —,—,—,—are in AP.

abed
Consider
-1~=x,—1-=x+k,l=x+2k,—]l=x+3k
a b c d
Then
R BN QR

x x+k x+2k x+3k

we have to prove: 3(a-b)(c-d)=(b-c)(a-d)
LH.5=3(a-b)(c-d)

* 3[%}11:}(::: 2k x-:3k] =3(§E'xk+1’§]{($ﬁiii§ﬁ)] =_3(x(xk+ k)][(x+2k;c(x+3k)]
=x(x+k)(x3f;k)(x;3k) (@)
RHS=(b-¢)(a-d)
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Q.12.

Sol:

I S | ][l_ 1 )‘ x+2k-x-k [ x+3k-x|_ k 3k
_[x+k x+2k \x x+3k) | (x+k)(x+2k) | x(x+3k) ) | (x+K)(x+2k) )| x(x+3k)
E a (ii) - |
x(x+k)(x+2k)(x+3k)
From (i) &(ii): = L.H.S=R.H.S or 3(a-b)(c-d)=(b-c)(a-d)
'If between any two numbers there are inserted two A.M., A,, A,, two G.Ms G,G, and twoH.Ms. H H,;
A+A, H +H,

that =
o Ce. . W
If A, & A, are two arithmetic means inserted betweena & b, then q, A, A,b arein AP.
Here @, =a and a, =q, +3d=b=>d= bsa
A =a+d
% A.,=a+b_a _3a+b-a_2a+b
3 3 3
A,=a+2d -
A2=a+2(b—a]=30+2b—20=a+2b
3 3 -3
.Therefore, AI+A2=203+b+a';Zb =3a;3b=a+b.

If G, & G, are two geometric means inserted between a & b, then a,G,,G;,b are in G.P.
Let the common ratio ber.

G,=ar

G,=ar

‘b=ar’ :>r’=§.—_> r=[g)%
So, G, -a[ J%—ayb

G, a[ Jx_ abp%

i’herefore, G,.G, ( %b%)( %b%) y‘yby*ﬁLa <ab.
If H, & H,are two harmonic means inserted betweena & b, then a,H,,H,,b are in H.P., which means

3., S are in A.P. Let the common difference bed" .

a H, H2 b

HL2=-;;-+2d'

H—i-:%i—lid' =5 3d'=-§-—%=ggb—b — d':%
hp o i = ae
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Q.13

Sol:

1 1+2(a—b]_-3b+2a—2b_2a+b —~ . -3ab

H, a \3ab 3ab  3ab * 2a+b
3ab  3ab _ SIS 5 1D 2a+b+a+2b

wslors, s i Tah [a+25+2a+b) 3 [(G+Zb)(2ﬂ+b)]
_3‘1[ 3a+3b ]_ 9ab(a+b)
~ 7\ 2a* +ab+4ab+2b* ) 2a* +5ab+2b?

3ab \( 3ab 9a°b’ 9a’b’
And, H,.H, "(a+2b](2a+b] 5 (a+2b)(2a+d) "~ 2a® +5ab+2b?

9ab(a+b)

=9H:+Hz=2d"+5ab+2b’= 9ab (a+b) xw=a+b=.@+.& 4
H,.H, 9a’b? 2°45ab720  9eH - GG vk

2a* +5ab+2b*

The H.M. of two numbers is 4. The A.M., A and the G.M., G satisfy the relation2A +G” =27. Find the

numbers.

Let the two numbers be a and b.
2ab

The harmonic mean (H.M.) is given by: H =——
: : a+b

2ab ;
a+b=4=>2ab=4(a+b)=>ab=z(a+b)

The geometric mean (G.M.) is given by: G =+Jab,so G* =ab
We are given the relation24 + G* =27.
Substituting the expressions for A and G*:

We aregiven H=4, so

Z(%’l}absﬂ =a+b+ab=27

Now we have a system of two equations with two variables:
i) ab=2(a+b) ____

i) a+b+ab=27 (ii)
(a+b6)+2(a+b)=27 pyt (i) in (ii)

3(a+b)=27

a+b =9 (i) >a=9-b

Now substitute the value of a+b back into eq (i):
ab=2(9)

ab=18 (iv)

Putvalue of a=9-b in (iv)
(9-b)b=18=9b-b*=18

b*-9b+18=0

b*-3b-6b+18=0

b(b-3)-6(b-3)=0

(b-3)(b-6)=0.

b-3=0as b-6=0

ac=9-bora=9-b
a=9-3=bora=9-6=3

Two numbers are 3,6 or 6,3
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Q.14  First three of the four numbers a,b,c,d are in A.P., and the next three are in H.P., show that ad = be.
Sol:  Given that a,b,c are in arithmetic progression (A.P.), we have:

b-a=c-b
2b=a+c’ (i)
Given that b,c,dare in harmonic progression (H.P.), their reciprocals %,i%are in arithmetic progression.
c
s it TR TR |
Thus: ——==—w=
c b dc
b-c c-
-bT =?d Cross-multiplying gives:

cd(b-c)=bc(c—d) Dividing both sides byc (assuming ¢ #0):
d(b-c)=b(c-d)
db-dc =bc-bd
2bd =be+dc - (ii)
From equation (i), we have c=2b-a (i)
Substitute this into equation (ii):
2bd =b(2b-a)+d(2b-a)
2bd =2b* -ab+2bd-ad =2b*-ab+ 2bd —ad-2b6d =0
ad =2b*-ab
ad =b(2b-a)
Put 2b—a =c we getad =bc
Thus, we have shown thatad = be
Q15 If a,b,carein G.P., show that log, x,log, x,log, x arein H.P.
Sol Given that a,b,c are in G.P.
: b _c
a b
b =ac..._)
We have to show log, x,log, x,log. x from an HP.
1 1 1
log, x "log, x’log, x
1 ; L | 1
log,x log,x log.x log,x
logh loga logc logb = logb-loga _logc-logh

logx logx logx logx log% logx

logb-loga=logc—logh

from an AP.

It is enough to show that

b ¢
log-a—-logg
_b.,:—c—

a b

bz =ac = bl :b: (Use “

9 L * 1ooh” los e*
e gt and i are in A.P. hence loga®,logb*,logc* are in H.P.

Common difference is same so
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Q.16
i)

Sol (i):

Q.17
Sol:

If a,b,careinH.P., show that
b o i (a-c)'=(a+c)(a-2b+c)

b-¢c ¢

,—1- are in A.P., which implies:
c

o =

If a,b,care in H.P., then }-,
a

Multlply both sides by abc

i Sl
c(aa—_bg =a(b-c)

e 9— hence proved.
b-c ¢

To show (a—c)’ =(a+c)(a-2b+c)

Given a, b, care in H.P then 1’-,1,1 areinA.P

abe

11,41 1111
cebD ba b’ ¢ a _
2 a+e b ac o lie 2ac

— T —

b ac 2 a+c a+c
a+c

Substitute binto the RHS:
RHS. =(a+c)(a-2b+c)= (a+c)[a—2[§i—i]+c] = (a+c)[
=a’ +ac—4ac+ca+c’ =a’-2ac+c? =(tz—lc)2 =L.HS
Hence Proved that (a"c)z =(a+c)(a-2b+c)
if 2+ x,5+x & 9+ x are in H.P., find the value of x .
Given that 2+ Xx,5+x,&9+x are in H.P., their reciprocals are in A.P.:
1 1
2+ 5+x 9+x
Therefore:
S RONS Wl v
54x 24X 9+X 5+x
(2+x)-(5+x) _(5+x)~(9+x) _2+X-5-£ S54xf-9-x
(5+x)(2+x) (9+x)(5+x) X G4y
3 -4
(2+_'x) - (9+x)
-3(9+x)=—4(2+x) = -27-3x=-8-4x
-3x+4x=-8+27 = x=19

a(a+c)—::i+c(a+c)} '

arein A.P,
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Q.18
Sol

If the roots of the equation a(b -c¢)x? + b(c—-a)x+c(a-b)=0are equal, prove that a,b,c arein H.P. -

Givena(b-c)x* +b(c-a)x+c(a-b)=0-——(i)  has equal roots

If we put x =1 which satisfies (i) and roots are equal so both rootsare 1, 1

Product of roots =af = %

i C(a—b)

= (1)(1) o a(b—_c)

Product of roots: c—(a-ﬂ =1
-a(b-c)

c(a-b)=a(b —c)
ca-cb=ab-ac
2ac=ab+cb
Dividing by abc :
2ac _ ab cb

—_——— :;s—+—=l+—1—=>—__=__—Which shows that l.
b b ca a

areinA.P.
c b b a

[« J

1
c.

Hencea,b,c are in H.P.
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