& Exercise 8.1

1.
i)

Sol:

_il)

Sol:

Use mathematical induction to prove the following formulae for every positive integer n
logx" =n log x , where X is positive
LetS(n)be the give statement S(n):logx" =nlogx

.Basecaseforn=1

S(1):logx' =logx
1logx=logx
logx=logx S(1)is true base case Is satisfied

Inductive Hypothesis:
LetS(k)istrueforn=ke N

S(k):log x* =klog(x)
Forn=k+1
S(k+1):logx**! =(k+1)log(x)
log x**! =log(x*.x)
=logx* +logx =k log(x)+logx =(k+1)log (x)  Hence proved.

2+5+8+...+(3n—1)=%(3n+1)

Base case for: Forn=1

S(1): (3(1)-1)=%(3(1)+ 1) =>2=2

Inductive Hypothesis:
Assumes(k):2+5+8+...+(3k—1)=§(3k+1) (i)
Inductive Step: For n=k +1

Prove 2+5+B+...+(3(k+1)—1)= (kzl)(3(k+1)+1) (if)

Add (3(k +1)-1) both sides of (i)

[2+5+8+...+(3k—1)]+(3(k+1)-1) =%(3k+1)+(3(k+1)-1)
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iii)

Sol:

iv)

Sol:

k(3k+1)+2(3k+2) _3k*+k+6k+4 _3k*+7k+4

_k -
_§(3k+1)+(3k+2)-_ 5 >

2

_3k*+3k+4k+4 _3k(k+1)+4(k+1) (k+1)(3k+341) 2 (k+1)[3(k+1)+'1]

z 2 2
Which is (i) and is true forn=k +1

2+(2+5)+(2+5+8)+...+%(3n+1)=%(n+1)2

Let S(n)be the given statement S(n):2+(2+5)+(2+5+8)+... +%(3n +1)= %(n +1)°
forn=1

1 1 2
S(l):5(3(1)+ 1)=Z(l +1)
=>2=1
S(1) not satisfied formula is incorrect
2+6+18+...+2x3"" =3" -1
Let S(n)be the given statement
S(n):2+6+18+...+2x3" " =3"-1
Base Case: Forn =1
S(1): 2x3"' =3"-1

= 2x3°=3-1=2x1=2=>2=2. ' So, base case is satisfied.
Induction of Hypothesis: ' :
Suppose that formula is true for n=ke N

S(k):2+6+18+...+2x3*" =3 -1 (i)

Now we prove itfor n=k+1
S(k+1):2+6+18+...+2x3511 =341 _1 (jj)
Adding 2x3**'~ on both sides of :
2+6+18+..+2x35 1 423511 3k 1493k
2+46+18+...+2x3%11 =3k _ 14243k
246+18+...+2x311 =3k 1 2x3%k 1
2+6+18+...+2x3%11 =3%(1+2)-1
2+6+18+...+2x3*11 _3¥ 31

2+ 6+18+...4+2x3%11 =351 _1 Which is (ii)

[tistruefor n=k+1
Hence given formula is true for all positive integer n.

1x3+2x5+3x7+...-_!—nx(2n+1)=-n(n+ ?5( n+5)
Let S(n)be the give statement  S(n): 1x3+2x5+3x7+...+nx(2n+1)=n(n+1)_6(4n+5)

Base Case:For n=1

S(1): 1x(2(1)+1)= i 1)?(1)*5) =1x(2+1) =__1,(22(9) =1x3=2%3x3 3.3

x3

So, base case is satisfied.
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vi)

Sol:

Induction of Hypothesis:

Suppose that formulaistruefor n=Re N

S(k):1x3+2x5+3§<?+...+kx(2k+1) -

Forn=k+1

)C(k-f- 1)(4k+5)
6

(@)

S(k+1):1x3+2x5+3x7 +...+(k+1)x(2k+1+1)

(k+1)(k¥1+1)(ak+1+5)

6

(i)

Adding (k+1)x[2(k+1)+1] on both sides of (i)
1x3+2x5+3x7+...+ kx(2k+1)+(k+1)x[2(k+1)+1]

= k(k+1)(4k+5) +(k+1)x(2k+2+1) =

- k(k+1)6(4k+5)+(k+ 1)x[2(k+ 1)+ 1]

k(k + 1)(4k +5)

+(k+1)x(2k+3)

k(k+1)(4k+5) + (ks 1)x(2k+3) = (k+1)[k(4k+65)+6(2k+3)]
(k+1)(4k‘+5k+12k+18) (k+1)(4k‘+17k+1s)

6 6

_(kra)(ax? +8k+9k+18)  (k+1)[4k(k+2)+9(k+2)] |

6 s 6

_(k+1)(k+2)(4k+9) =(k+1)(k+2)(4k+4+5) :

6 -6
¢ (k+ 1)(m+ 1)(4(m)+5)
= c

Which is (ii)

Itistruefor n =k +1
Hence given formula is true for all positive integer n.
1 1 1 1 1

1x2  2x3 3x4 " n(n+l)=l_n+1

Let S(n)be the give statement

S(n): + 1 ’e 1 SO SRR 8
" 1x2 2x3 3x4 n(n+1) n+1

Base Case: Forn 1

1 1 1 g2
T P =] -~
S(1) 1(1+1) - T 2

So, base case is satisfied.

Induction of Hypothesis:
Suppose that formula istrue for n=ke N

e e | .
4(%): 1>;2 2x3 3x4+'"+k(k+1)_1_ 1 O

Forn=k+1
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vii)

Sol:

1 y S 1

+1 —=1-

S(k+ )1x2 23 3x4 +(k+1)(k+1+1) k+1+1 (&)

. 1 ‘
Adding (k+1)(k+1+1) both sides of (i)

G D (S L) 1
1x2 2x3 3x4  k(k+1) (k+1)(k+1+1)

1 1 1 1
=1- + : =1- +
(k+1) (k+1)(k+1+1) = (k+1) (k+1)(k+2)

oo 1 LS 1-(k+2) . 1-k-2
(k+1)(k+2) (k+1) (k+1)(k+2) (k+1)(k+z)

e N e
el T [(k+1)(k+2)] e x2)
=.1—ﬁ Which is (i)

itistruefor n=k+1 _
Hence given formula is the true for all positive integer n

P+ +r 4o+ _r(l & )(r;tl)

Let S(n)be the give statement

r(1-r"
r+r 4 " = (1 i ),(rael)
! 11
Base case: For "=.1
Lo PAEE)
S(1): ' = P
So, base case is satisfied

Induction of Hypothesis:
Suppose that formulaistrue forn=ke N

= r=p

1_ k
S(k):r+r2+r”+...+r"=r(l_: ) (1)
Forn=k+1

. . 1__ k41
S(k+1):r+ri+r +...+r"+r"“=r(_1—:.-)- (ii).

Adding **! on both sides of (i)
r(1-r* r(1-rk)+r*(1-r _r-Er B e
=r+rz+r3+...+r*+r“‘=—-——( +r¥ = ( ) )
1-r 1-r : 3=t

.=r—/+}'}’(—"-"m e .5 A r(l_rm).which is (i)

1-r  1-r
Itis true forn =k +1
Hence given formula is true for all positive integer n
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vii)  a+(a+d)+(a+2d)+....+[a+(n-1)d]= %[Za +(n-1)d]
Sol:  LetS(n)be the give statement
S(n):a+(a+d)+(a+2d)+...+[a+(n—1)d]=%[Za+(n-1)d]
Base case: For n =1
S(1): [a+(1—1)d]=%[2a+(1—1)d]
=>a+0=‘%[2a+0]$a=—2-29- =a=a

So, base case is satisfied.
Induction of Hypothesis:
Suppose that formulaistrue forn=ke N

S(k):a+(a+d)+(a+2d)+...+[a+(k—1)d]=.£|:2a+(k-1)d] (1)
n=k+1
S(k+1): a+(a+d)+(a+2d)+ +[a+(k+1 l)d]

(kzl)[2a+(k+1 l)d] (i)
Adding[a +(k+1 —1) d] on both sides of (i)
a+_(a+d)+(a+2d)+...+[a+(k—1)d]+[a+(k+1-l)d:|

=S[2a+(k-1)d)+[a+ (k+1-1)d] =X 20+ (k-1)d]+[a +ka]

2 2ak+k*d - kd + 2a +2kd _ 2ak +k*d +2a+kd
2 2
2l 2ak+2a+k*d+kd A 2a(k+1)+kd(k+1)
2 2
_(k+1)+(2a+kd) (k+1)+[2a+(k+1-1)d]
2 & 2

- (k;'l) [zm(k;l_l)d]. Which is (i)

Itistruefor n =k +1
Hence given formula is true for all positive integer n.

Ix) a, =a, +(n-1)d when a,,a, +d,a, +2d,..... forman A.P
Sol:  LetS(n)be the given statement

a,=a,+(n-1)d

Base Case: For n=1

S(1):a,=a,+(1-1)d

=y a=a + 0

= a, =q

So, base case is satisfied

Induction of Hypothesis:

Suppose that formula is true for n=k e N
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Sol:

xi)

Sol:

L

S(k):aq. =a,+(k-1)d (i)

For n=k+1 ’

S(k+1):a,,, =q +(E+_1-1)_d (i)

Adding'd" on both sides of (i)

a,+d=a,+(k-1)d+d

a,, =a, +(k-1+1)d

or G=a +(Eﬁ-1)d which is (ii)
itistruefor n=k+1

Hence given formula is true for all positive integer n. .

a, =a,r""'when a,,a,r,a,r*,...Form a G.P
Let.S(n) be the give statement

S(n):a, =a,r"!

Base case:For n=1

$(1):a, =a,r*

=a, =a,r'

=a, =aq,.1

=a, =aq,

S0, base case is satisfied.
Induction of Hypothesis:
Suppose that formulaistruefor n=ke N

S(k): a, =a,r** (7)
Forn=k+1 _

S(k+1): ay,, =a,r** ()
Multiply by ‘r’ on both sides of (i)
=a,r=a,r"\r (@)

=58y, =a, "

>ag; =a,r*"" which is (ii) and

Itistrueforn=k+1
Hence given formula is true for all positive integer n.

3) (4) (5) n+2) (n+3
+ + + eset =
3) (3) \3) 3 4
Let S(n) be the give statement
n+3
4
Base case:For n=1

o (LY (0er

=1=1
So, base case is satisfied.
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Induction of Hypothesis:
Suppose that formulaistruefor n=ke N

S(k):[;:+(;]+[:]+...+[k;2)=[k:3J £

orn=k+
;(k+1):::}[;]4[;}...{?*2]=["—?+3] (i)
Adding [k“; 2) on both sides of (i)
[g]+[:]+(§]++[k-;2j (k+1+2] [k:3)+[k+1+2]
=[_k:3] [k+1+2] [k:s +[k+3]
()

"C,4"CLAC,  or ()
[k+3+1J [k+1+3]
4

(3]4» (4}+(5]+ ...+(k+‘1+ 2] [’H 1 +3J which is (i)
3 3 3 3 4

Itistruefor n=k+1
Hence given formula is true for all positive integer n.

xi}  The sum of first n odd natural isn®

Sol: . Let S(n)be the give statement
S(n):1+3+5+...+(2n-1)=n?
Base case: Forn=1
S(1):2(1)-1=17
1=1
Inductive Hypothesis:
Suppose the formula is true for n=ke N
S(k):1+3+5+..+(2k-1)=k* _(i)
Forn=k+1
S(k+1):143+5+...+(2(k+1)-1)=(k+1)' __ (i)
Add (2(k +1)-1) both sides of (i)
[1+3+5+...+(2k—1)]+(z(k+1_)—-1)=k’+(2(k+1)—1)

=k +(2k+1) =(k +1)" Which is (i)

n
r

Il

Itistrue forn=k+1
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i)

Sol:

i)

Sol:

Prove by mathematical induction that for all
positive integral values of n:

n? + nis divisible by 2

n? +nis divisible by 2

Let S (n) be the give statement
S(n): n® +nis divisible of 2

Base Case: For n=1

=1% +1 =2, which is divisible by 2
So, base case is satisfied.

Induction of Hypothesis:
Suppose that statement istruefor n=ke N

S(k):k*+k is divisible by 2
=k +k=2Q-——(i)
Where Q is some quotient

For n=k+1 :

S(k+1): (k+1) +(k+1)=k* +2k+1+k+1
=k*+k+2k+2
=(k’ +k)+ 2k+2

From eq (i), we get
=2Q+2(k +1)
=2[Q+k+1]

Where Q+k+1is some quotient

so, (k+1)" +(k+1) is divisible by 2
Whichistrueforn=k+1

Hence given statement is true for all positive
integral values of n. :

5" —2"is divisible by 3

5" —2"is divisible by 3

Let S ( n) be the give statement

S(n):5" -2"is divisible by 3

Base Case: forn=1

§(1):5' -2' =3is divisible by 3 so base case is
satisfied

Suppose the statement is true for n =keN .
8(k):5"-2"is divisible by 3 (i)
Forn=k+1

S(k):5" -2 =55t -2.2* =(3+2).5*-2.2"
=3.5%+2.5"-2.2¥=3.5+2(5* - 2*)

Both factors are divisible by 3 so

=30 Itistrue formn=Fk +1

Hence proved for élll neiN

i)

Sol:

3.

Sol:

8x 10" — 2is divisible by 6
.LetS(n):8x10" -2 is divisible by 6

Base Case:For n=1

S(1) :8x10' -2=80-2=78=6x13

Which is divisible by 6

So, base case is satisfied.

Induction of hypothesis:

Suppose that statement istrue for n=ke N

S(k):8x10% -2 is divisible by 6

=8x10"-2=6Q (t)

Where Q is some quotient.

Now we proveitfor n=k+1

Take 8x10%*! —-2=8x10*x10-2
=8x10¥x10-2x10+20-2
=10(8x10* -2)+18

From (i) we get
= 10(6Q)+18
Both factor of R.H.S are divisible by 6.
Hence it is divisible by 6
Which is true for n =k +1 -
Hence given statement is true for all positive

integral values of n
n+l

By BT =P
r =—
Prove that 2_1 it

n is a positive integer.

Note: Wrong Statement is given in Textbook. We
solve it with correction

Let S(n)be the give statement

, whenever

n+1

S(n):ir" =h _lr

k=1 i

n+l -r

r-1

S(n)ir+r’4r’ 441" =

Base Case:For n=1

1#1
r*tor

S(1):r! =—
s():rt -1

ri—p
r=——

r—
r=M:> r=r

B

So base case is satisfied.
Induction of Hypothesis:
Suppose that formulaistrue for n=ke N
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k+1 k+1

+1
S(k):r+r2+r3+...+r"=r -r (1) Cle?rlyx—yisafactorofx" Yy
' r-1 Which is true forn =k + 1
Forn=k+1 Hence given statement is true for all positive value of n
phead n!>2" -1 forintegral valuesof n>4 .

r (ii) 5.

S(k+1):r+r?+r + 41 =

r-1 Sol:  Let S(n)be the give statement
k41 : .
Adding r**! on both sides of k"! S(n):n!>2" -1 for integral values of n > 4
rartard s ek T ;rﬂi"‘*‘ Base Case: For n=4 '
r A L)
S(1):4!1>2%-1
rku —I'-H'*“ (l"-l) ( )
- : S 41=4x3x2x1=24
r—
= 24>16-1
=J§”_—_r+r.r“*‘ep5‘" nia, 24>15
o So base case Is satisfied.
& —r4+rorkt > o il Induction of hypothesis:
rel r—1 Suppose that statementistruefor n=ke N
S _ S(k):k!>2* -1 '
o ot 31 For integral values of k > 4 (i)
kelst _ Now we prove it for n =k +1
- 2 3 W r Tr . - .o p
Le.r+rf 1 o+t = =y which is (if) Multiplying eq (i) by k +1 on both sides

Itistruefor n=k+1
Hence given formula is true for all positive integer n.

(k+1)k!>(k+1)(2* -1)

4.

Sol:

x -y Is a factor of x™ —y" for all positive
integral valuesof n (x=y).

Let S(n)be the give statement
S(n):x-y is a factor of x" -y"

Base Case: For n=1

S():x'-y' =x-y

Which is a factor of x" —y"

So, base case is satisfied.
Induction of Hypothesis:
Suppose that statementistruefor n=ke N

S(k):x -y s a factor of x* —y*
iex'-y* =(x-y)Q (i)

Where Q is some quotient,
Now we proveitfor n=k+1

Take x**' —y**' =x.x* —yy*
=xxf —x*y+x* y-yyt
=x* (x-y)+y(x* -y*)
From (i), we get
=x* (x=y)+y(x-y)Q
=(x—y)[x“ +yQ]

Where x* +yQ s some quotient
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Sol:

= (k+1)k!> k(2 -1)+1(2*-1) ». 2°-1>0
_-_->_(k+1)k!>‘k(2" -1)

= (k+1)k!>2.2* -1 ka2
=:'(k_+T)!>2m -1

Which is true for n =k +1

Hence given statement is true for all positive
valuesof n>4

4™ > 3" + 2" for integral valuesof n>2.
Let S (n) be the give statement
S(n):4">3"+2"! , n22

Base Case: For n =2

S(2):4* >3 422!

=16>9+2=16>11

So, base case is satisfied.
Induction of hypothesis:

Suppose that statement is true for n=ke N 22

S(k): 4 >34 2 (@)
Now we prove itfor n =k +1
Multiplying eq (i) by 4 on both sides
4.4 >4.(3* +2)

= 4¥1 5 4.3% 44,2

=4 >(3+1).3" + 222



Sol:

Sol:

= 481 533 4354 2012

= *ku > 3k+1 - 31: + 2):—1 > 3k+1 2% zlm

= 4‘:1-1 > 3&%1 +2k+1 >3i:+1 +2k

= 4F+1 gkl | keI

Whichis truefor n =k +1

Hence given statement is true for all positive
valueof n>2. :

1+nx<(1+x)" for n22and n>-1.

Let S(n)be the give statement
S(n):1+nx<(1+x)", n22 and n>-1
Base Case: For n =2

$(2):1+2x<(1+x)’

=  l+2xs1+2x+x°
So, base case is defined.

Induction of Hypothesis:
Suppose that statement is true for ke N 22
S(k): 1+kx<(1+x)" (i)

Multiplying eq (i) by ('.1 -fx) on both sides
(1+x)(1+x)" 2 (1+x) (1 +kx)

= (1+:c)"”21+|Yc:c+x+1cx2

= (1+2)" 214 (k+1)x+ko

=  (1+x)" 214(k+1)x -~ Ja?>0
k+1

or  1+(k+)x<(1+x)"

Whichis true for n =k +1

Hence given statement is true for all positive
values of n >2

Aliza invests Rs, 1000000 in a business that
promises a 6% return compounded annually.
Prove by mathematical induction that the
amount of money after n vyears s

1000000(1.06)".

Let S(n)be the give statement
S(n): A(n)=1000000(1.06)"
Base case: Forn=1

S(1): A(1)=1000000(1.06)'
A(1)=1000000x1.06
A(1)=1060000

So, base case is satisfied.
Induction of Hypothesis:
Suppose that statement is true for n =k e N

Sol:

10.

Sol:

S(k): A(k)=1000000(1.06)° (i)

Now we proveitfor n=k+1

Multiply by 1.06 on both sides of (i)

A(K)x1.06 =1000000(1.06)" x(1.06)'
A(k+1)=1000000x(1.06)""

Whichistruefor n=k+1

Hence amount of money after n years is
1000000(1.06)"

A bank offers an investment with an annual
interest rate r. If P rupees are invested, the
amount after n years is given by
A(n)=P(1+r), prove by induction that this
formula hold forall n20.

Let S(n)be the give statement

S(n): A(n)=P(1+r)" , n20

Base Case: For n=0

5(0): A(0)= I_’(1+r)°

A(0)=P(1)

A(0)=P

As no time pass, the amount remains same as
initial investment.

Therefore, base case is satisfied.

Induction of hypothesis:
Suppose that statement is true for n=k 20

s(): AK)=P(+r) (i)

" Nowweproveitforn=k+1

Multiply by-(1+7) on both sides of (i)
A(k)x(1+r)=P(1 +r) x(1+7)

=  A(k+1)=P(1+r)"
Whichistruefor n=k+1
Hence given formula A (n) =P (1+r)" holds for
all n20.

Shikander saves Rs. 500 in the first month and
increases his saving by

Rs. 500 every subsequent month. Using
mathematical induction, determine whether his
total savings will reach at least Rs. 12000 after
24 months.

According to given condition
S(n):500+500(2)+500(3) +...+500(n)

=g(500+500n)
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11.

Sol:

Basecaseforn=1

S(1):500(1)== (500+500(1))

= soo:-z-(moo): 500 = 500

Base case is satisfied

Suppose the statementistrue n=ke N

S(k):500+500(2)+500(3)+...+500(k)
=% (500+500K) __(})

Forn=k+1
s(k +1):500+500(2) +...+500(3) +...+500(k + 1)

Bl +1)[500 +500(k+1)]  (iD)

Add 500(k+1) both ridesof (i)
500+500(2)+500(3) +...+500k +500(k +1)

k g(som 500k)+500(k +1)

= %(500 +500k)+500k +500

_:soo(k +k? +2k +2)
= 2
[k(k+1)+2(k+1)]

500

5"“[(:: 1)(k+2)]

-soo{k21) N[k+1+1]

k 1 [500 + SGO(k +1 )] which is (ii)

Itis true for k n+1 hence proved

Prove by mathematical induction that if Ali
takes a loan of Rs. 2000000 and pay Rs. 50000 at
the end of each year, the remaining balance
after nyearis 'R, =2000000 - 50000n .
Given statement

R, =2000000-50000n

Base Casé: For n=1

R, =2000000-50000x1

R, =2000000-50000

12,

Sol:

R, =1950000
So, base case is satisfied.

Induction of Hypothesis:
Suppose that statementistrue for n=ke N

~i.eR, =2000000-50000k (i)

Now we prove itfor n =k +1

Subtracting 50000 on both sides, we get
R, -50000 = 2000000-50000k -50000
As 50000 is reduces every (each) year

- R, -50000=R,,,

So, Ri; =2000000-50000(k+1)

Which is true for n =k +1

Hence given statement is true forall ne N .

If Salman starts saving with Rs. 5000 and saves
an additional Rs. 1000 at the end of every
month, derive a formula S (1) for his total -

saving after n months. Prove the correctness of
year formula using mathematical induction.

" According to given statement

$(n)=5000+1000(n-1)
Basecase:For n=1
5(1)=5000+1000(1-1)
S (1) =5000+1000(0)
S(1)=5000+0

S(1)=5000

So, base case is satisfied.

Induction of Hypothesis: _

Suppose that statement is true for n=ke N
i.e S(k)=5000+1000(k-1) (@)

Now we prove it for n =k -1

Adding 1000 on both sides of (i)

S (k) +1000 =5000+1000(k—1)+1000
S(k+1)=5000+1000[k-1+1]

or k
$(k+1)=5000+1000[ k—1+1]

Which is true forn =k +1
Hence given statement is true forall ne N
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