¢

Sol:

Sol: -

i)

Sol:

iv)

Sol:

Exercise 8.4

using binomial theorem find the value of the following to three places of decimals:

Jo9

- 1 1 1
V99 =(99)7 =(100-1)z =100 (1"‘1%6)2

(-0.01)" +....

, 1(1_1]
1 2\2
=10| 1+2(-0.01)+ =

=10 1+o.oo5+&;&a(—o.oom)+....]

=10[1+0.005+0.000125+....] = 10(0.9499) = 9.499 approx.
(1.03)

1(1
1 | 5[5 ‘1]
(1.03)3 =(1+0.03)3 = 1+§(0.03)+—2!—(0.03)z desiss

=140.01+ [%][-;-][Z;-] (0.0009)4.... |

=1+0.01-0.0001 +....=1.010(approx)
1

2 i O i ¥ ”
T ) -ﬁsz) = (243+9) %5

: -%
= 24’3 h}é 1 9 — 1
( ) [ +243] (243)% :

I Y 5\ 5 2
= 1+[ E)(0.037)+—-—2-!—(o.037) F o

1
=3(1-0.0074+0.000167 +....) =0.331(approx)

AR =
&

=1-0,0625-0.001953 = 0.935(4pprox]
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2. Find the remainder when 8'®is dlvlded by 7.
Sol: 8= 1(mod7)
8]([! = llm (m0d7)
8% — I(mOd?)
Remainder is 1.
' 8% =(7+1

(1000100 30, (100709 5 100)7” 1 4ot 10072 1994 [100)70 4200
0 1 I 99 100

=714 s 77+ 100 7% +....+ 100 7+1
1 o (S {99

=7k+1 (Where k is an integer resulting from the terms with a factor of 7)

Hence remainder is 1.
3. Find the remainder when 2'® s divided by 3.

Sol:  2=-1(mod3)
: 2'“.’-:-—1(1110(13)

Remainder is 1

2" Method

2'% =(3-1)"

e (e e (S

100 100\, 100
2 IOO__ 99 08 i 3 1
. (1]3 _”[2]3 t [99J *’,

=3m+1 (where m is an integer resulting from the terms with factor 3)

Hence remainder is 1.
4. Using the binomial theorem, find whlch number is larger:

)100 .

) 19"°+20" or21"
i) 29" +30" or 31"
sol

i) 19'° + 20" or 21%°

19Y° (20)°
Consider 4]
: [21) (21) P
10 10 .
-(1——2-] +(1—i) >1
21} - 21
Use binomial expansion(1-x)" =1—nx for small x:

(-5

1+1—_-22-—12>1

21 21
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2——->1
21

2-143>1

0.57%1
More precisely:

10 10 10. 10 (10 10—k
21" -20" =(20+1) -20"=)" r |20
k=1

19" =(20~ 1)10 — 2010 +§(;0)201H (_—I)k
k=1 7

211019 = 19 20° + 10 20" +...+ 19 20!
1 3 9

21% 20" » 19
21 >19'° 4+ 20"

2"? Method Q. 4 (i)

Sol:

i)

We want to compare 20"°and 21" -19"
Now, 21°—-19% = (20+ 1)1" _(20_1)“

Bherhonoe eeiyer
s oo

g {ﬂzo*+W+...+['f]zo+i—2e" +['f)20’—W (':]mu +(1°]20-X
AP (e

(20)20° +(240)207 +(504)20° +(240)20° +(20)20 =20'° + positive term

= 21" -19" 520" or 21" 5190 4 20"

Hence 21" is larger.
29" +30" or 31"

30 15 )
Consid —
ns Er[31] (31] >1
2 15 1 15
(1.'3) *(l"s—f) 21

Using approximation:
30 |7, i
1-— 1-—
( 31] ( 31] £
45 ’
2-—>1
31

2-1.45>1
0.55%1
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i)
Sol:

Similarly,

15(15
31%-30" = ( Jso“*
Z«

29300 (g0 o

k=1

31929 2((15]30“ +(15J30“ *o ;[lsto"J
1 3 15

3115 3015 > 2915

31" > 29" +30"
Using the binomial theorem, show that.

57 +7°is divisible by 36

=(6-1) = f_f[’]ﬁa 1y

(e Qe (e

57 =—1+7.6—21.36+multiplies of 6°

57 =-1+42-21.36+216.(...)

57 = 41-21.36+36.(6.(...))

5 =41+36(-21+6.(...))
=41(mod36)

57 =5(mod 36)

7 =(6+1) = g(i}s* ()™

., ( :}5" (1)° + G’]s‘ )’ f[z)ﬁz (1)’ +

7° =1+5.6+10.36 + multiplies of 6
7° =1+30+10.36+216.(...)
5 =31+36(10+6.(-..))

=31(mod36)
=-5(mod36)

5" +7° =5+(-5)(mod 36)

5 +7° = 0(mod 36)

Thus, 57 +7° is divisible by 36.

2" Method Q.5 (i)

57 + 7% is divisible by 36

5 =(6-1)

=[;)6’(-1“)° [ ]6‘(—1) [ )6‘( -1)"+.. +( J'f"(-l)"'1‘(;']5"(-1):r
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; 6 [65' +[354 (-1 +(;)63 (—1)‘+[§J 6*(-1)° +[1J6(-1)“ +(;](—1)5:|7x6—1_

=36k, +42~1=36k, +41
=36k +36+5=36(k +1)+5 (i)

\ 5 5 5 5 5
2 2l641 5 s 510 Nedqt 342 146 047
Again7 =(6+1) (0)61 +[1)61 +[2]61 +-..+(4]61 +(7J61

< ;
6 [63 +[?J63 +(2]6‘ +[§]:|+5x6+1 =36k, +31

=36k, +36-5=36(k,+1)-5  (ii)
Now (i) + (ii)
7545 =36(k, +1)+ 8 +36(k,+1)- 8 =36(k, +1+k, +1)

Hence7° +5’ isdivisible by 36
i) (17)" +(13) is divisible by 6
sol:  17=-1(mod6) - |

17° =(-1)" (mode)

17" =-1"*(mod6)

13=1(mod6)

13’ =(1)’ (mods)

13’ =17 (mod6)

(17)" +(13)” =-1+1(mod6)

(17)"° +(13)" =-1+1(mods)

Thus, (17)" +(13)’is divisible by 6 .
i) (21)° +(19)" s divisible by 20
Sol:  21=20+1

21° =(20+1)’ = z’:(szo‘* (1) =1+9.20+ muitiplies of 20?
k=0\K /. -

¥

217 =1+180(mod 400)
217 =1+0(mod 20)

21° =1(mod 20)
19=20-1 _

11 . .
19" =(20+1)" = Z[il]zo* (1) =-1+11.20+ multiplies of 20
k= -

19" =-1+220(mod 400)
19" =-1+0(mod 20)
19" =-1(mod 20)

(21)° +(19)" =1+(~1)(mod20)
(21)’ +(19)" =0(mod 20)
Thus, (21)’ +(19)""is divisible by 20.
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iv)

Sol:

Sol:

(31)" +(29)°is divisible by 30
31=30+1

*=(30+1)" _Z[ )30"(1) = 1+4.30+ multiples of 30?

31* =1+120(mod 900)
31" =1+0(mod 900)

31* =1(mod900)
29=30-1 ;
29° =6.30(~1)+multiples of 30

- 29° =1-180+multiples of 900

29_" =1-0(mod30)
9° = 1(mod30)
(101) +(99)is divisible by 100
101=100+1
101° = (100+1)’ =z[kJ1oo* (1)"" =1+5.100+ rnultiples of 100?
k=0 :

101° =1+500(mod 10000)
101° =1+0(mod 100)
101° = 1(mod 100)
99=100-1

=(100-1)’
i(gmo* (1) =-147

k=1

100(-1)° +multiplies of 100?

997 = -1+700+multiples of 10000

99’ =-1+0(mod 100)

99" =-1(mod 100)

(105)° +(99)’ =1+(~1)(mod100)

(105)° +(99)’ =0(mod 100)
Thus, (105)° +(99)'is divisible by100°
Using the binomial theorem, find the remainder when 3'*is divided by 8.
3 =3,(3)" =39%=3(1+8]"

B R iy

3" =3(1+0+0+...)(mod8)
3'" =3(mod8)
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2" Method

Sol:

Sol:

8.

Sol:

Using the binomial theorem, show that 7"

3101 _ 3100 31 _ (32 )5° 3
=9%.3=(8+1)".3

KSOOJS"’PI [510 Ja"ﬂ (520J8“1‘+... [iOJB* 1Y+ (:g]a"f"]
=[s”+(510)349. .[5;]34‘+ +[ig]8+l].3=(8k+l).3

24k +3=8(3k)+3
= 3" =8(3k)+3
When 3'"is divided by 8 then remainder is 3
Using the binomial theorem, find the last digit of the number (32)™.

(32)" =(30+2)" = z(?] (30)"(2)™*

Modulo 10:

(32)" = [22 J(ao)" (2)"* (mod10)
5 o) @ (moato

k=0

(32)" =1.1.2% +0(mod 10)
(32)" =2% +(mod10)

2= =160 (10+6) -3 )10 (6)”
Modulo 10:
16~ Jaor (6 + 3§ ooy (9
16° =1.1.6° +0(mod 10)
16° =6° +(mod 10)
6' =6(mod10)
6" =6(mod10)
6° =6(mod10).
Last digitis 6

oo s T
7" =1+6n+6° (g]m’[:},

7" —6n= 1+6=[;)+6’(:J'+

7" —6n= 1+6(6(g]+62 G}]

7" —6n =1(mod6)

studyplusplus.com
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Sol:

10.
Sol:

11.
Sol:

12,

Sol:

(1+0.06)" ~1+4(0.06) Jri*ég(o.u.s)2 -

By using binomial theorem show that for each n € N,5" — 1is divisible by 4.
we want to show 4| (5” —-_1) forneN

n o 1) an-kqk
Using (4+1) = 4715
o (k1) = [
" =4"+n4" 4. +4n+1
5 -1=4"+n4"" +...+4n
§"-1= 4(4" +n.4" 4+ n)
Since the term in the parenthesis is an integer 4| (5“ -—1) ‘

By using binomial theorem show that for each n € N,5™ — 2" is divisible by 3.
We want to show 3|(5" -2" )for neN.

Express 5" using the binomial theorem with 5 =(3+2):

(3+2)" Z{ ]3"** "'[i)s""z‘+...+[2_J_3"2"-‘+2"

5" =3"+n.3""24...+3n.2" +2".
Now consider 5" —2" ;

5" 2" = (3" +n.3"124,.3%201 4 2 ) 2
S*-2"=3"+n.3"1.2+. .3 A7
§"-2" =3(3"" +n.3" %2+ . ¥n2™")

Since the term in the parenthesis is an integer5" —2"is a multiple of 3.
Therefore, 5" —2" is divisible by 3 forallne N.

Show that a +(a+2) +(a+4-) +1 s divisible by 12, whenever "a" is an odd Integer

E=a +(a+2) +(a+4) +1

E=a*+(a* +4a+4)+(a* +aa+1a)+1

E=3a’+12a+21

Given ais an odd integer, let a =2k+1for some integerk.
E=3(2k+1)" +12(2k+1)+21

E=3(4k* + 4k +1)+24k+12+21 v

E=12k* +12k +3+24k +33

E =12k* +36k +36

E =12(k* +3k+3)

Since kis an integer, k* + 3k +3 is an integer.

Therefore, E is divisible by 12

A company expects its manual revenue to grow at a fixed rate of 6% per year. The revenue in year 1 is :
R=Rs. 10,000,000. Estimate the company’s revenue after 4 years using the binomial theorem for small growth

rates.
Company Revenue Growth

R, =R,(1+r)’
R, =10,000,000
r=0.06

n=4

R, =10,000,000(1+0.06)"
4.3.2

(o 06)’
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13,

Sol:

14.

Sol:

(1+0.06)" ~ 1+0.24+6(0.0036)+4(0.000216)
(1+0.06)" ~1+0.24+0.0216+0.000864

(1+0.06)" ~1.262464

R, =10,000,000x1.262464
R, =12,624,640
A bank offers a compound interest rate of 10% per year. Zafar invests Rs. 2,000,000 for 4 years. How much will

his investment be worth at the end of 4 years?
Zafar’'s compound interest investment

A=P(1+r)"

P =2,000,000

r=0.10

n=4
A=2,000,000(1+0.10)*

A=2,000,000(1.10)"

(1.10)' =1.4641
A=2,000,000x1.4641
A=2,928,200
Zaid is organizing a sports competition with 8 teams. Every team plays against every other team exactly once.
How many matches will be played in total? Use Pascal’s triangle to solve this.
To find the number of matches, locate the 8" row of Pascal’s triangle and the 3™ number in that row
(Corresponding to choosing 2 teams).
1
5 s |
121
1331
14641
15101051
1615201561
172135352171
18285670562881
The number of matches is28 .

studyplusplus.com <



