5 Exercise 14.3 S~

qQl:

Sol:

Compute the cross product a x b and b x a . Check your answer by showing that each gandb are

- perpendiculartoaxbandbxa.

a=2i+j-kandb=i-j+k
a=2i+j-kandb=i-j+k
e T
axb=[2 1 -1=i(1-1)-j(2+1)+k(-2-1)=0i-3j-3k _ )
1.4 ' A9 d€x p#dot product L Vs u S
11k : € *cross product /11 £ stPerpendicular
bxa=(1 -1 “1|=i(1-1)-j(-1-2)+k(1+2)=0i+3j+3k L ysparalic? |
7 T | A :

Now a.(axb)=(2i+j—k)-(-3j-3k)=(2)(0) +(1)(-3)+(-1)(-3)=-3+3=0
So, a and a x b are perpendicular.
a(bxa)=(2i+j-k)-(3j+3k)=(2)(0)+(1)(3)+(-1)(3)=0+3-3=0

So, a and bx a are perpendicular.
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b.(axb)=(i-j+k)-(-3j-3k)=(1)(0)+(-1)(-3)+(1)(-3)=3-3=0
So, band axb are perpendicular.
b.(bxa)=(i-j+k)-(3j+3k) =(1)(0)+(-1)(3)+(1)(3) =3-3=0
So, b and b xa are perpendicular.
il a=i+3j+2kandb=2i-j+k
Sol: a= ;+.3i+2&andé=2§—i+l_c
e
axb=1 3 2(=i(3+2)-j(1-4)+k(-1-6)=5i+3j-7k
2 -1 1
i 3 M.
bxa=[2 -1 1=§(—Z-3)—_i(4—1)+_lg(6+1)=—5§—33_'+7I_c
13 4 :
Now a.(axb)=(i+3j+2k)-(5i+3j-7k)= (1)(5)+(3)(3)+(z)(-7)=5+9-14=o
So, a and a x b are perpendicular.
a.(bxa) —(i+3j+zk)-(-5i-3j+‘7k)—(1)(-5)+(3)(-3)+(2)(7)=-5-9+ 14=0
So, a and bx a are perpendicular.
b.(axb)=(2i- j+k)-(5i+3;-7k)=(2)(5)+(- 1)(3)+(2)( 7) 10-3-7=0
So, band ax b are perpendicular.
I_J.([lxg)-(2!—i+lc_)-(—51-3i+7i£)-(2)(—5)+(—1)(—3)+(1)(7)=—10+3+7=O
So, b and bxa are perpendicular. ’
iil. a=2i-2j+kandb= —I+J+3k
Sol: a=2i-2j+kandb=-i+j+3k -
' e O - |
axb=|2 -2 1|=i(-6-1)-j(6+1)+k(2-2)=-7i-7j+0k
-1 1° 3
i J K
bxa=(-1"1 3[=i(1+6)-j(-1-6)+k(2-2)=7i+7j+0k
2 =2-1 .

Now a.(axb)=(2i-2j+k)-(-7i-7j+0k)=(2)(-7)+(-2)(-7) +(1)(0) = -14+1440=0
So,  aand axbare perpendicular. |
!_;.(gxt_;)=(—1§+1l'+31£)-(-7§—7i+og)=(-1)(-7)+(1)(-7_)+(3)(o)=7-7 +0=0
So,band ax b are perpendicular.

a.(bxa)=(2i-2j+k)- (7i+7j+0k)=(2)(7)+(-2)(7)+(1)(0) =14-14+0=0
So,a and bx a are perpendicular.

e_,,(gxg)=(—1;+1;_+3g)-(7;+7l+015)=(-1)(7)+(1)(7)+(3)(0)=7+7+o= 0
So, bandbxa are perpendicular.
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_g=—4§+i-—2_and§=2;+i+l_¢
a=-4i+j-2kandb=2i+j+k
it J k
axb=|-4 1 -2|=i(1+2)-j(-4+4)+k(-4-2)=3i-0j-6k
21 %
i3 &
bxa=[2 1 1 =i(—2—1)—1(4+4)+£(2+4):~3§—0£'+61_c
<4 1 =2 '

Now @.(axb)=(-4i+ j-2k):(3i-0 1—6I_c)=(—4)(3)+(1)(-0)+(—2)(-6);-12—0+1z=o
So,a and a x E_; are perpendicular. .
b.(axb)=(2i+j+k)-(3i-0j-6k)=(2)(3)+(1)(-0)+(1)(-6)=6-0-6=0

So0,b and ax b are perpendicular. . _ '
a.(bxa)=(2i+j+k)-(-3i-0j+6k)=(2)(-3)+(1)(-0)+(1)(6) =-6-0+6=0

So,a and b x a are perpendicular.
b.(bxa)=(2i+j+k)-(-3i-0j+6k)=(2)(-3)+(1)(-0)+(1)(6) = -6-0+6 =0

So, band bxa are perpendicular.

Find a unit vector perpendicular to the plane containinga and b . Also find sine of the angle between them:
_—-H-GJ -3k,b=2i+j+3k
a=1+6j-3k,b=2i+j+3k
Given in component form:
I
axb=[1 6 -3|=i(18+3)-j(3+6)+k(1-12)=21i-9)~11k
-1 53 '

laxB|=[(21)" +(-9)° +(-11) =442+81+121 = /643
Unit vector 'perpendicular to the plane:

"laxt]” a3
Compute|a|and |b|:

lal=(1)*+(6)" +(-3)" = V1+36+9 = VA6
b= (2 + (1) +(3)’ = Va+1+9 =14

Sine of the angle betweenaand b :

sinf@ = |a bl V643 J—
lallp] ~ Va6 J‘ NaTy
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iis

Sol:

Sol:

a=-i-j-kb=2i-3j+4k

a=-i-j-kb=2i-3)+4k
i J k

axb=|-1 -1 -1|=i(-4-3)-j(-4+2)+k(3+2)=-7i+2j+5k
2 -3 4 '

laxb|=(-7)" +(2)’ +(5)°
=49+4+25 - 78

Unit vector perpendicular to the plane:

T R (71+23+5k)

. la xl_)l J_

Co_mpute|g[ and [l_)l :
=) () (1) = VIR \B
[b] = \/(2)’_+(—3)2 +(4) =V4+9+16 =29

Sine of the angle betweenaand b :

axt| V7BV J®

Sin6=\olb ~ V28 23 a7
Qzl"'i'*'E!Q:i_i“.’_‘?
a=i+j+kb=i-j-k

i j k}
axb=[1 1

1 -1 -1

=i(-141)-j(-1-1)+k(-1-1)=0i+2j -2k
laxb|=J(0) +(2)* +(-2)° =VO+4+4 =B =212

Unit vector perpendicular to the plane:
n ﬂxb 1
l‘"‘bl J_(o: +2j-2k)
= 72'(”“ j-k)
Compute |g| and |Q| 3
Jul = V(-3)" +(2)" + (5’
=V9+4+25=38
Jbl= ()" +(-2)" #(-1)" = VI+T+1 =13
Sine of the angle between a and'a_ﬁ' ’
|a xf_)‘ 2 Ji
sind = =—
B~ AE
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iv.

Sol;

Sol:

il

Sol:

-2 4 1

laxb|=(13)’ +(1) +(22) =V169+1+484 = V654
Unit vector perpendicular to the plane:

g axl -1 oy
A= el _(131-1-11-.22&) |

Compute|a|and |b]:
| |g|=J(5)z +(1) +(-3)* =25+1+9 =35
© |bl=(=2) +(4Y + (1)’ =Va+16+1 =21
Sine of the angle betweengand b :

laxb| _ Jes4 _ Jess _ Jesa
lallt]  V35v21 J35x21 /735

sin@ =

| Find the area of the triangle, formed by the points P,Qand R.

P(2,3,5);Q(1,2,0); R(4,1,2)
First, find the vectors i’aand-ﬁi :

> = - '
PQ=0Q-OP=(1-2)i+(2-3)j+(0-5)k=—i~ j-5k

- = > - {
. PR=OR-OP=(4-2)i+(1-3)j+(2-5)k=2i-2j -3k

R LA e
PQxPR=|-1 -1 -5/=i(3-10)-j(3+10)+k(2+2)=-7i-13j+4k

2 -2 -3 = ' '
\?Qx PR|= (=7 +(~13) +(4)' =V49+169+16 =234 =/9x26 =326
Finally, calculate thé area of the triangle: X ' :
Area% T—PQx PT’: - % 234 square units.

P(0,0,1);Q(2,-1,2); R(-1,3,2)
> —

First, find the vectors PQ and PR :

- =) = S

PQ=0Q-0OP=(2-0)i+(-1-0)j +(2-1)k=2i-j+k

- 5 =)
PR =0R-OP =(-1-0)i+(3-0)j +(2-1)k =-i+3j +k
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Sol:

il,

Sol:

Qs.
Sol:

_ i

oy oy )8 £ON :

PQxPR=(2 -1 1|=i(-1-3)-j(2+1)+k(6-1)=-4i-3j+5k
<1 3 1 ' :

‘P'_Q)'x p_ﬁ. = J(-4) +(=3) +(5)" =V16+9+25 _J50

—> : \f
1 1
PQxP. =§,/5 =5J25x2=%x5~l2=%—2-square units.

g 1

Area of triangle= 3

Find the area of a parallelogram, whose vertices are:
A(1,1,1); B(4,2,3);C(5,6,7); D(2,5,5)

_ - -
First, calculate the vectors ABand AD:

- = -
AB=0B-0A=(4-1)i+(2-1)j+(3-1)k=3i+j +2k

=) - =) =N
AD=0D-0A=(2-1)i+(5-1)j+(5-1)k=i+4j +4k
e
- - = -
ABxAD=|3 1 2|=i(4-8)-j(12-2)+k(12-1)=-4i-10j+11k
1 4 4

- -
ABx AD| = \[(—4)’ +(-10)’ +(11)" =V16+100+121 =237

The area of the parallelogram is /237 square units.
A(4,5,6);B(1,3,2);C(-2,0,1); D(1,2,5)

First, calculate the vectors ABand AD ,

ﬂi =0B-0A=(1 _4)§+(3_5)i+(2_6)’£ =-3i-2j-4k

A—I.i:bB—O_'A=(1—4)§+(2—5)l’+(5~-6)K=-—3§—I3i“’£

4 &
ABxAD=|-3 -2 -4/=i(2-12)- j(3-12)+k(9-6)=-10i-9+3k
o3l =3 '

A__B.x AT‘l:J(_m)z +(9)3 +(3)2 =J100+81+9 =190

The area of the parallelogram for is J190 square units.

If the cross product of the vectors u =7i -4 j + Sk and v = ai - bj + 3k is zero, then find values of aand b

u :7§-4J_i+515,g=.ai—bi+3g

i-J: &
uxy=|7 -4 5|=i(-12+5b)- j(21-5a)+k(-7b+4a)
a -b 3

Giventhat uxv =0 |
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Qe.

Sol:

Sol:

Q7.

Sol:

Sol:

(-12+5b)i-(21-5a) j+(~7b+4a)k =0~ 0i +0; + 0k

- -12+5b=0 and 21-5a=0
Sb=12 and 5a=21
12 21
=— and a=—
5 5=

Which vectors, if any, are perpendicular or parallel?
u=5i-j+ksp=j-Sksw=-15i+3j-3k

u=5i-j+kv=j-Skw=-15+3j-3k
u-w=(5i-j+k)(j-5k) =5(0) +(-1)(1)+(1)(-5)=-1-5=-6=0
Not perpendicular
p-w=(j-Sk)(-15i+3j-3K) = (0)(-15) +(1)(3) +(-5)(-3)=3+15 =18 %0
Not perpendicular g
u-w=(5i- j+k)-(-15i+3j -3k) =(5)(-15) +(-1)(3) +(1)(-3) =-75-3-3=-81=0
Not perpendicular :
Now,__ug=—151'+3£'-31_c=-3(5i-j+15);—3g

So,u & w are parallel.

g=§+zi—gu=-i+_;+k;w=—z—:rj+%_lg

pE1R)LEEL A

For parallel,
. . ow, -mi-2rj+xk -m;. (.
e S ———— A =—(i42j-k
w=—i-7j+7k 2 - (i+2j-k)
w::....u
w=-+4

So, u& w are parallel.
Now for perpendicular

u-v =(§+2i—_fg)(—i+l'+lg) =1(-1)+2(1)+(-1)(1)=-1+2-1=0
For u & w no need to check for perpendicular because they are parallel.

- Use the definition of cross product, for any vectors u, v, and scalark , prove that

i. gx(—g)=0 [ UXV=-VXU
iii. ux(kv)=(ku)xv=k(uxv) iv. gx(g+g)=(gxy)+(gx_w)
let u=(uy,l,u),u=(0,0,03)w=(w,,w,,w;).
ux(-u)=0
ux(-u)=0
By ey
ux(-u)=ly, U U

U U

We can factor out —1 from the third row:
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Sol:

e
jil.

Sol:

R -

=(-1)[y, u, u| (R,andR,;are identical)
U U, U

=(;—l)-0=0

Thus, ux(-u)=0.

uxv=vxu

uxy =yxu
; Now, consider yxu:
i j k
uxu=p, u, U
u u i
i Jj ek
uxu=-lu, u, u(interchanging R, and R;)
' Uy U, U
UXU=-UXY

Therefore, uxv=-vxu.

ux(kv)=(ku)xp=k(uxv)

- ux(kv)= (ku)xv=k(uxv)

Let's start withux(kv):
{ ] &
ux(ko)=u, u
kl)l kvz ku!

A property of determinants is that if a row (or column) is multiplied by a scalar k, the determinant is multiplied

by k. We can factor k out of the third row:

TR g
=klu, w, w|=k(uxy)
Y U Yy
Now, let’s consider (ku)xv:
S

(ku)xv=las, ku, ku
R T

Similarly, we can factor k out of the second row:

i ok
=ku1 Uz '13 =k(£xg)
V U »

Thus, ux(kv) = (ku)xv=k(uxp)
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Sol:

Qs.
Sol:

Q9|
Sol:

Q10.

“Sol:

We know that OBx OA =

ux(v+w)=(uxv)+(uxw)
ux(v+w)=(uxv)+(uxw)

1

J

i
ux(v+w)=| 1y, i,

F

U +w, v,+w, Uyt

o (S L T A TR

=lu, u, w|+u, u, u,| (SeparateR;elements)

Uy U Uy (W, W, W,
=(uxv)+(uxw)

Therefore, ux(v+w) = (uxv)+(uxw)

Prove that: ax(b+c)+bx(c+a)+ex(a+b)=0

LHS  =ax(b+c)+bx(c+a)+cx(a+b)

=axb+axc+bxc+bxa+cxa+cexb

= 2<B + € + b€ — @b — g€ - b€ =0

Ifa+b+c=0,thenprovethataxb=bxc=cxa
Take cross product witha

ax(a+b+c)=ax0

axa+axb+axc=0

0+axb+axc=0.

axb=-axc=>axb=cxa. (i)

Take cross product withb

bx(a+b+c)=bx0

bxa+bxb+bxe=0

bxa+0+bxc=0

—axb+bxc=0= axh=bxe (i
Combining (i) and (ii) thenaxb=bxc=cxa

Prove that: sin(a — ) =sinacos #—cosasin 8
Note: Some Statement is incorrect in Book

Suppose two unit vectors OA and OB
—_
OA =cosai+sinaj

-
OB =cos fi+sin B
- = |-
‘oa

OA|sin (a ﬁ)k

frip ol

cosf sing 0[=1.1sin(a+p)k, [l l |OB

cosa sina 0 J
1(0-0)- j(0-0)+k(sinacos #-cosasin B) = sin(a-p)k
(sinercos f—cosasin B)k =sin(a - B)k
Hence sin(a— ) =sinacos B—cosasin 8
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Qil.
Sol:

Q12.

Sol:

Qis.

Sol:

Q1a.

Sol:

Q15.
Sol:

Qie.
Sol: .

Show that |c_1x l_?lz = |Q2 |l_l|2 - (Q g Q)z

LHS =|gxl_llz =|g|z|ﬁzsin29 ~axb=absing

=|a |2 [l‘bl2 (1 cos’ 6)

=[af o’ ~|af’|bf* cos* © =|af [Bf ~(a-b)’ =RH.S »a-b=abcosd
Use the definition of cross product, prove that for any vectors u and v (u+v)x(u- v) —2(uxv)
LHS  =(u+v)x(u-v) =ux(u-v)+vx(u-v)

= (uxu)-(uxv)+(vxu)-(vxv) =0-(uxv)+(vxu)-0

=—(uxv)+(uxu) =—(uxv)+(-(uxv))

=—(uxv)-(uxv) =—2(uxv) R.H.S

Find the moment about the point M (1 -3 3) of the force represented by AB where the coordinates of
points A(d- 3 —1) and B(—-l 3 7) are given.

F=(-1-4)i+(3-3) j+(7—(-1))k=-5i+0;+8k

r=(4-1)i+(3-(-3))+(-1-(3) k=3i+6] -4k

T YK _
Moment=rxF =|3 6 -4|=i(48-0)-j(24-20)+k(0-(-30))=48i-4,+30k
-5 0 8
Aforce F =61+4 j—4kis applied at the point A(1,-1,2). Find the moment of the force about the point
B(3,-2,3).
E=6i+4j-4k
r=(1-3)i+(-1-(-2)) j+(2-3)k=-2i+1j -1k
ik AR - _
Moment=rxF =|-2 1 -1|=i(-4+4)- j(8+6)+k(-8-6)=0i-14)-14k
6 4 -4

Give a force F =2i + j - 3kacting at a point A(1,-2,1). Find the moment of F about the pint B(2,0,-2).
F=2i+1j-3k

r=(1-2)i+(-2-0)j+(1~(-2))k=-1i-2j+3k
J

Pk _
Moment=rxF =|-1 -2 3|=i(6-3)-j(3-6)+k(-1-(-4))=3i-(-3)j+3k
2 1 -3
M=3i+3j+3k

A force F =21 + l —3k s applied at-P(—l,—3,2) . Find its moment about the polntQ(4,2, 2) ;
F=-2i+1)-3k

r=(-1-4)i+(-3-2)j+(2-2)k =-5i-5j +0k

-3 K
Moment=rxF =|-5 -5 0[=i(15-0)-j(15-0)+k(-5-10)=15i~15j~-15k
-2 1 -3

studyplusplus.com <



