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1 Fiber Intersections

We are interested in finding the intersection of two fibers. A fiber in SO(3) is
the set of rotation matrices taking a fixed vector c¢ to a fixed vector s, i.e. the
set of matrices R such that Rc =s.

Two fibers can be skew (meaning they don’t intersect), or they can intersect.
We are interested in determining whether they intersect, and if they do, how to
find the unique rotation R that lies on both fibers.

We consider a system of equations:

Rcl = 81, (1)
RC2 = 82. (2)

where ¢, co, 81, S are 3-vectors, and R is a 3x3 matrix.

1.1 Conditions for a Solution

Non-Parallel Requirement The vectors c; and co must not be parallel, i.e.,
llcr x czf| > 0.

If they are parallel, either the system has no solution (they are parallel fibers),
or it is underdetermined and has infinitely many solutions (they are the same
fiber).

Consistency Condition Because R is a rotation matrix, it preserves inner

products:
(Rcy, Reg) = {c1,c2).
Substituting equations (1) and (2), a necessary condition for a solution to exist
is
(s1,82) = (c1,Ca).
If this condition is not satisfied, no solution exists. If it is satisfied and the

non-parallel requirement is also satisfied, the there is a unique solution, and a
closed formula is available.



1.2

Computing the Solution

Define the matrix C as the matrix whose columns are cq, co, and their cross
product:

C:[Cl|02‘01><02].

Because c¢; and ¢y are not parallel, ¢; X co # 0, so C is invertible.
Similarly, define the matrix S from the target vectors:

S:[Sl|S2|S1XSQ].

By construction, RC' = S, since

RCl = 81,
Rco = s9,

R(Cl X C2) = 81 X 89,

Right-multiplying both sides by C~! gives

1.3

Application

Our intended application is to finding orientations that deliver spots on two
separate diffraction rings. In this case, there will typically be many right hand
sides, (s?), for a single pair of c-vectors. In this case,c; and ¢y correspond to fixed
crystallographic directions (HKLs) for each ring. The s; are the components of
the (HKLs) in a fixed spatial reference frame. They correspond to and are
determined from spots on the detector.

The procedure for finding solutions for a large number of right hand sides is
as follows:

1.

Check that [[c; x caf| > ). If not, return indicating the system does not
have a unique solution.

Compute C = [c; | c3 | €1 X c2] and its inverse C 1.
For each index i:

(a) Check the consistency condition |<s§i)7 sg)> —(c1, c2)| < ec. If it fails,
skip to the next 1.
(b) Compute S@ = [s{? | 8§ | s{? x 8.
¢) Compute R = §&) C=1 and record i and R,
() p

. Return the list of valid indices and their corresponding rotation matrices.



