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1 Introdu
tion

The verti
al di�usion module is used in Atmospheri
 GCMs to add the ten-

den
y due to verti
al di�usion to the existing tenden
ies in the equations for

zonal and meridional momenta, temperature, water vapor mixing ratio, and

other tra
ers. The di�usivities are assumed known.

We �rst des
ribe the algorithm 1) for a tra
er with an expli
itly spe
i�ed

surfa
e 
ux, then 2) for a tra
er in whi
h the dependen
e of the 
ux on

the lowest level atmospheri
 data is impli
it, and �nally 3) for tra
ers in

whi
h the dependen
e of the surfa
e 
ux on both atmosperi
 values and

surfa
e properties are treated impli
itly. We then des
ribe the some spe
i�



onsiderations for di�usion of heat, moisture, and momentum.

Our starting point is the adve
tion-di�usion equation in a 
ompressible


uid for the 
on
entration of a tra
er � with sour
e per unit mass S. Only

verti
al di�usion is 
onsidered here. We 
an write this equation in 
ux form

���

�t

= �r � (�v�)�

�F

�z

+ �S

F � �D(z)�

��

�z

or adve
tive form

��

�t

= �v � r� �

1

�

�F

�z

+ S (1)

Here D is the kinemati
 di�usivity and � is the density of the air. � is a

mixing ratio: the amount of a substan
e per unit mass of air. F is the

upward di�usive 
ux of tra
er, with value F

s

at the surfa
e. In some 
ases,

i.e. temperature, there 
an also be a distin
tion between the quantity whose

gradient determines the di�usive 
ux and the quantity itself, a point that we

return to below.

The di�usion is 
omputed in adve
tive form. This need present no diÆ-


ulty with 
onservation of tra
er as long as one is 
areful that the adve
tion

is treated 
onsistently with the treatment of 
onservation of mass. Note,

however, that if one sets v = 0 in the adve
tive form of the tra
er equation,

while still allowing the 
ow to 
hange the mass distribution, �, then total

tra
er substan
e will no longer be 
onserved, whereas 
onservation would

still hold if one set v = 0 in the 
ux form of the equation. So if one wants to

di�use a tra
er but not adve
t it, this must be done with 
are.
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2 Di�usion of heat

The thermodynami
 equation of the model is assumed to be in the standard

form obtained by 
onsidering the rate of 
hange of enthalpy per unit mass

h = 


p

T ,




p

DT

Dt

=

1

�

Dp

Dt

+Q (2)

where D=Dt is the material derivative, 


p

the heat 
apa
ity at 
onstant

pressure per unit mass, and Q is the heating rate per unit mass. Equivalently,

DT

Dt

=

�T!

p

+Q=


p

(3)

where � = R=


p

, ! = Dp=Dt, and R is the gas 
onstant.

We add to the RHS of (26) the e�e
t of mixing the the "dry stati
 energy

temperature" �

� � T +

gz




p

(4)

where g=


p

is the dry-adiabati
 lapse rate. Thus, the temperature equation

is modi�ed to read

DT

Dt

=

�T!

p

+

Q




p

+

1

�

�

�z

D(z)�

��

�z

(5)

Potential temperature is 
onserved if the 
ow is adiabati
, and one ex-

pe
ts the fast turbulen
e being modeled here to mix this 
onserved quantity.

However, one would also like to 
onserve energy. For a hydrostati
 ideal gas,

the internal energy 


v

T plus the potential energy gz, when integrated over

the entire atmospheri
 
olumn, equals 


p

T integrated over the 
olumn. So


onservation of internal plus potential energy is guaranteed if one 
onserves

the mean of

R

�Tdz

If one simply di�uses potential temperature, �,

��

�t

=

1

�

�

�z

�D

��

�z

(6)

one will not 
onserve energy. One alternative is to write

�T

�t

=

1

�

�

�z

�D

��

�z

(7)
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but then the implied dependen
e on the referen
e temperature used in the

de�nition of potential temperature seems strange. A ni
e alternative is to

utilize the fa
t that, in a hydrostati
 ideal gas

��

�z

=

T

�

��

�z

(8)

so that � is well-mixed when � is well-mixed.

In a future release, this s
heme will be modi�ed so that the moist stati


energy and and total (vapor plus liquid) water 
ontent are homogenized by

di�usion, rather than dry stati
 energy and spe
i� humidity.

3 Time di�eren
ing { two-time level models

A fully ba
kwards time-step for di�usion is the standard 
hoi
e in atmo-

spheri
 GCMs as the di�usivities are invariably large enough that expli
it

time steps are too restri
tive. Centered impli
it steps, while more a

urate,


an produ
e damped os
illations when the 
orre
t solution is monotoni
ally

damped. Fully ba
kwards steps are the safest.

Consider for a moment the generi
 equation, with ba
kwards di�eren
ing,

�

i+1

� �

i

�t

= L(�

i+1

) + S

The supers
ript refers to the time step, and L is a linear operator (the di�u-

sion operator in our 
ase). S is the rest of the RHS of the equation, assumed

to be known at time step i. Equivalently, we 
an write

�

i+1

� �

i

= �tL(�

i+1

� �

i

) + E

where E in
ludes the tenden
y due to L as 
omputed expli
itly.

E = �t(S + L(�

i

))

To simplify notation, we set �� equal to the in
rement in tra
er mixing ratio

over one time step.

�� � �

i+1

� �

i

Then the equation to be solved is

�� = �tL(��) + E
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This equation is solved by inverting the operator (1� L�t):

�� = (1��tL)

�1

E

It may at times be useful to split the sour
e term S into a part that is


onveniently 
omputed before the di�usion is performed, and a part that is


omputed after the di�usion S = S

before

+ S

after

, resulting in

��

�t

= S

after

+ (1��tL)

�1

(S

before

+ L(�

i

)) (9)

whi
h di�ers from the result that would be obtained if one 
omputed all of

the expli
it tenden
ies before the impli
it di�usion step

��

�t

= (1��tL)

�1

(S

before

+ L(�

i

) + S

after

)

Splitting may be unavoidable at times, but it is potentially problemati
. The

diÆ
ulty arises when there is 
lose 
ompensation between S

before

and S

after

,

and the impli
it treatment of the equation then 
reates tenden
ies that are

too large.

The di�usion module updates the tenden
y by repla
ing the old tenden
y

S

before

with (1 ��tL)

�1

(S

before

+ L(�

i

)). It does not know anything about

S

after

4 Leapfrog

Using ba
kwards di�usion in the 
ontext of the leapfrog step used in many

GCMs, we have

�

i+1

� �

i�1

2�t

= L(�

i+1

) + S

With the same manipulation as before, we obtain the same equation

�� = (1� 2�tL)

�1

E

where now

E = (2�t)S + L(�

i�1

))

�� � �

i+1

� �

i�1

:
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The di�usion module does not need to know whether or not a leapfrog step is

being used. In the leapfrog 
ase, the �eld �

i�1

is input to the module rather

than �

i

, and the time step passed as input is 2�t rather than �t. We use

the notation Æt to stand for the time step �t in the two time level s
heme

and for 2�t in the leapfrog s
heme. Also, the symbol Æ� refers to �

i+1

� �

i�1

in the leapfrog 
ase and �

i+1

� �

i

for the two-time level version.

5 Verti
al di�eren
ing

Using the hydrostati
 equation, we 
an write the di�usion as

g

�F

�p

Dividing the atmosphere into N layers, with k = 1 the top layer and k = N

the bottom layer, the di�usive 
ux is de�ned at the interfa
es, with F

k+1=2

between the k and k + 1 layers, so that F

1=2

= 0 and F

N+1=2

= F

s

, the

surfa
e 
ux. We also require the pressure de�ned at the interfa
e p

k+1=2

.

The simplest di�eren
ing then yields

�

k

(F

k+1=2

� F

k�1=2

)

where

�

k

�

g

p

k+1=2

� p

k�1=2

; k = 1; N (10)

Note that the 
uxes are 
onsidered positive when dire
ted upwards, even

though the indexing starts from the top (to be 
onsistent with standard

pra
ti
e in GCM 
odes).

The 
uxes, in turn, are given in terms of the di�usivityD

k+1=2

and density

�

k+1=2

de�ned at the interfa
es and the heights z

k

of the full levels,

F

k+1=2

= �D

k+1=2

�

k+1=2

�

k+1

� �

k

z

k+1

� z

k

� �

k+1=2

(�

k+1

� �

k

) (11)

Note that � is positive (as is �) sin
e k in
reases downwards.
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6 Tridiagonal solver with expli
it surfa
e 
ux

We de�ne E to be the in
rement in � due to all terms treated expli
itly plus

the expli
it 
ontribution from di�usion in the interior. We do not in
lude

the e�e
t of the surfa
e 
ux F

s

itself on the in
rement in the lowest model

layer, even when expli
it, in the expression for E.

With

�

0

� (Æt)�

we have

Æ�

k

= E

k

+ �

0

k

(�

k+1=2

(Æ�

k+1

� Æ�

k

)� �

k�1=2

(Æ�

k

� Æ�

k�1

)) k = 2; N � 1

Æ�

1

= E

1

+ �

0

1

�

3=2

(Æ�

2

� Æ�

1

)

Æ�

N

= E

N

+ �

0

N

F

s

� �

0

N

�

N�1=2

(Æ�

N

� Æ�

N�1

) (12)

So then

A

k

Æ�

k+1

+B

k

Æ�

k

+ C

k

Æ�

k�1

= E

k

; k = 1; N

where

A

k

= ��

0

k

�

k+1=2

; k = 1; N � 1

A

N

= 0

C

k

= ��

0

k

�

k�1=2

; k = 2; N

C

1

= 0

B

k

= 1 + �

0

k

(�

k+1=1

+ �

k�1=2

); k = 2; N � 1

B

1

= 1 + �

0

1

�

3=2

B

N

= 1 + �

0

N

�

N�1=2

To solve these equations with the standard tridiagnonal substitution, we set

Æ�

k

= e

k

Æ�

k+1

+ f

k

; k = 1; N (13)

Substituting, we have

A

k

Æ�

k

� f

k

e

k

+B

k

Æ�

k

+ C

k

(e

k�1

Æ�

k

+ f

k�1

) = E

k

so that

e

k

=

�A

k

B

k

+ C

k

e

k�1

f

k

=

E

k

� C

k

f

k�1

B

k

+ C

k

e

k�1
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Starting at the top of the atmosphere, we have

e

1

= �

A

1

B

1

; f

1

=

E

1

B

1

One 
an then progress downwards, 
omputing e's and f 's up to e

N

and f

N

.

The last step in this sweep is

e

N

= 0

f

N

= Æ�

N

= �

E

N

+ �

0

N

F

s

� C

N

f

N�1

B

N

+ C

N

e

N�1

(14)

The upward part of the tridiagonal redu
tion pro
eeds by returning to (6)

and sweeping re
ursively up the atmosphere to k = 1.

Substituting the values of A

N

and B

N

into (7)

Æ�

N

= �(E

�

N

+ �

0

N

F

s

) (15)

where

E

�

N

� E

N

+ �

0

N

�

N�1=2

f

N�1

(16)

� �

1

1� �

0

N

D

T

(17)

D

T

� �

�F

N�1

��

N

� ��

N�1=2

(1� e

N�1

) (18)

(19)

D

T

is the sensitivity of the downward 
ux through the top of the lowest

model layer to the value of � in the lowest model layer, taking into a

ount

the impli
it 
orre
tions to all of the other layers.

7 Impli
it dependen
e of surfa
e 
ux on low-

est atmospheri
 layer

Using a linear Taylor's expansion we assume that the surfa
e 
ux 
an be

written in the form

F

s

= F

ex

s

+D

B

Æ�

N

(20)
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where F

ex

s

and D

B

are known expli
itly. Following through the derivation

in the pre
eeding se
tion, the only 
hange in the resulting algorithm is that

in the �nal step in the downward sweep we need to repla
e F

s

by F

ex

s

in (8)

and we need to 
hange D

T

to D

T

+D

B

in the de�nition of �.

Æ�

N

= �(E

�

N

+ �

0

N

F

ex

s

) (21)

� �

1

1� �

0

N

(D

T

+D

B

)

(22)

8 Impli
it dependen
e of surfa
e 
ux on sur-

fa
e parameters

Now suppose that the surfa
e 
ux also depends on some surfa
e parameter

�. (This 
ould also be a set of parameters, but it is easier to think about the


ase in whi
h there is only 1). A linear Taylor expansion now reads

F

s

= F

ex

s

+D

B

Æ�

N

+D

S

Æ� (23)

Revising (14), we have

Æ�

N

= �(E

�

N

+ �

0

N

(F

ex

s

+D

S

Æ�)) (24)

or

Æ�

N

= e

N

Æ� + f

N

(25)

where

e

N

= ��

0

N

D

s

(26)

f

N

= �E

�

N

+ �

0

N

F

ex

s

(27)

Substituting ba
k into the expression for the 
ux,

F

s

= � + �Æ� (28)

where

� � F

ex

s

+D

B

f

N

(29)

� � D

S

+D

B

e

N

(30)

So we 
an ask the surfa
e modules to 
ompute Æ� given a boundary 
omdi-

tion of the form (21). One 
an then 
ompute Æ�

N

from (18) and pro
eed with

the upward sweep.
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9 Implementation

If there is no impli
it dependen
e of surfa
e 
uxes on surfa
e parameters, the

verti
al di�usion 
an update the model tenden
ies to take into a

ount the

verti
al di�usion by itself. This is done with a single 
all to the subroutine

vert diff for a single �eld, or g
m vert diff whi
h handles u, v, T , q, and

tra
ers simultaneously.

If there is impli
it dependen
e of surfa
e 
uxes on surfa
e parameters,

then the job is split between the verti
al di�usion module, the 
ux ex
hange

module, and the surfa
e module(s)

The "GCM" 
alls assume the spe
i�
 humidity and heat are di�used

with the same di�usivity, but momentum 
an potentially have a di�erent

di�usivity. Other tra
ers share the di�usivity for heat and moisture.

The GCM 
alls also assume that the surfa
e 
uxes of momentem have

no impli
it dependen
e on surfa
e parameters, but that the surfa
e heat and

moisture 
uxes potentially do. (All other tra
ers are like momentum in this

regard.) The module is not aware of the details of this dependen
y.

One �rst 
alls g
m vert diff down to do the downward sweep. The val-

ues of e

k

and f

k

for k = 1; N � 1 are saved as module variables for later use

by the upward sweep. The variable e

k

is the same for moisture and temper-

ature, but there is are separate f

k

�elds for moisture and for temperature.

(If temperature and moisture are given di�erent di�usivities, then the 
ode

will have to be modi�ed to save di�erent e

k

�elds for the di�erent variables.)

Additionally, the values of the following �elds are output

�

0

N

� Æt�

N

(31)

E

�

N

� E

N

+ �

N

�

N�1=2

f

N�1

D

T

� ��

N�1=2

(1� e

N�1

)

The latter two are 
omputed separately for temperature and for moisture,

resulting in �ve �elds that are pla
ed in a type(surf diff type).

�

0

N

is the atmospheri
 time step (2 �t for leapfrog) divided by the mass of

the lowest atmospheri
 layer. E

�

N

is the in
rement (of temperature or spe
i�


humidity) in the lowest atmospheri
 layer, due to all terms 
omputed expli
-

itly, in
luding the di�usive 
ux at the top of this layer ( but not in
luding

the surfa
e 
ux), 
orre
ted for the impli
it treatment of the di�usive 
uxes

throughout the atmosphere (by adding the term �

N

�

N�1=2

f

N�1

). D

T

is the
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sensitivity of the downward 
ux through the top of the lowest model layer

to the value of tempeature or spe
i�
 humidity in the lowest model layer,

taking into a

ount the impli
it 
orre
tions to all of the other layers.

The 
alling program requests that a variable of type(surf diff type) be

allo
ated when initializing vert diff mod . Let's 
all this variable Surf .

Then the �ve �elds output from g
m vert diff down are

Surf%dtmass = �

N

Surf%dlfux t = D

T

j

temperature

Surf%dlfux q = D

T

j

spe
ifi
 humidity

Surf%delta t = E

�

N

j

temperature

Surf%delta q = E

�

N

j

spe
ifi
 humidity

All surfa
e 
uxes and derivatives are 
omputed in the 
ux ex
hange mod-

ule. It 
omputes e

N

and f

N

and then � and �. The surfa
e modules then do

their job, after whi
h the 
ux ex
hange module 
omputes the �nal 
uxes and

the �nal in
rements in temperature and moisture for the lowest atmospheri


layer. These in
rements are passed ba
k to the verti
al di�usion module in

Surf%dflux t and Surf%dflux q. The subroutine g
m vert diff up then


omputes the in
rements for all of the other atmospheri
 layers.
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