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Abstract

Heavy-tailed distributions are increasingly found to better fit empirical data in engineering,
finance, physics, network science, and related fields. Among them, a-stable distributions play
a central role being limiting laws in the generalized central limit theorem: they are expected to
be exceptionally good models whenever sums of multiple independent heavy-tailed sources
are at play. Despite their theoretical importance, their practical use remains challenging: «
-stable probability densities generally do not have closed-form expressions, and numerical
evaluation and random variate generation can be difficult, especially in the multivariate
setting. This paper presents AUB-HTP, a Python package for numerical computation and
simulation of a-stable distributions. The package provides scalar density evaluation using
several complementary methods, including Zolotarev-type integral representations, series
formulas, and numerical inversion of characteristic functions. It also provides random variate
generation for scalar and multivariate a-stable distributions, with support for flexible spectral
measures through LePage series representations. Numerical experiments demonstrate that
AUB-HTP improves the accuracy, stability, and parameter coverage of existing tools for scalar
density computation, while adding new capabilities for multivariate simulation. The package
is designed to support reproducible computational work involving heavy-tailed models
across a broad range of scientific applications.

Keywords Heavy Tailed Data, Heavy Tails, Alpha Stable, Levy Stable

1. INTRODUCTION

Heavy-tailed distributions arise naturally in many scientific and engineering applications,
including communications, signal processing, finance, physics, and network modeling M.
Nassar, K. Gulati, A. Sujeeth, N. Aghasadeghi, B. Evans, and K. Tinsley [1], G. Tsihrintzis, P.
Tsakalides, and C. Nikias [2], M. E. Crovella, M. S. Taqqu, and A. Bestavros [3], J. P. Nolan
[4], N. N. Taleb [5]. In such settings, rare but large deviations occur more frequently than
predicted by light-tailed models such as the Gaussian distribution. As a result, Gaussian-
based modeling can significantly underestimate the probability and impact of extreme
events.

Among heavy-tailed models, a-stable distributions occupy a central theoretical position.
They generalize the Gaussian distribution through the stability property: sums of indepen-
dent a-stable random variables remain a-stable, up to location and scale changes. They
also arise as limiting distributions for normalized sums of independent random variables
under the generalized central limit theorem B. V. Gnedenko and A. N. Kolmogorov [6]. These
properties make «-stable laws natural candidates for modeling aggregate effects generated
by many independent heavy-tailed sources.
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A major practical limitation of a-stable distributions is that their probability density func-
tions (PDF)s generally do not admit closed-form expressions, except in the special cases of
the Cauchy and Lévy distributions. Consequently, numerical tools are required for density
evaluation, modeling, and simulation. Existing approaches for scalar a-stable random
variate generation, such as the Chambers-Mallows-Stuck (CMS) method J. M. Chambers, C.
L. Mallows, and B. W. Stuck [7], are well established, but they do not directly address general
multivariate a-stable distributions. In the multivariate case, available simulation methods
typically focus on special spectral measures, such as isotropic or sub-Gaussian models J. P.
Nolan [4], rather than arbitrary spectral measures.

This paper presents AUB-HTP, a Python package for computational work with a-stable
distributions. The package provides scalar density computation using several numerical
methods, including Zolotarev integral representations V. M. Zolotarev [8], Skorohod-
Pollard-Bergstrom formulas A. V. Skorchod [9], H. Pollard [10], H. Bergstrom [11], and
direct numerical inversion of the characteristic function'. These methods provide comple-
mentary tradeoffs in terms of accuracy, speed, and robustness across parameter regimes.
In addition, AUB-HTP implements random variate generation for scalar and multivariate «
-stable distributions. For the multivariate case, the package uses LePage series representa-
tions R. LePage, M. Woodroofe, and J. Zinn [12], which support flexible spectral measures
and perform particularly well in challenging heavy-tailed regimes, including small values
of a.

The goal of AUB-HTP is to make «a-stable modeling more accessible to computational scien-
tists by providing reliable density evaluation, flexible simulation tools, and reproducible
numerical routines within the Python ecosystem. The main contributions of this work are:
(1) a unified Python implementation of several scalar a-stable PDF evaluation methods; (ii)
a flexible random variate generator for scalar and multivariate a-stable distributions; (iii)
support for general spectral measures through LePage series; and (iv) numerical bench-
marks comparing accuracy, runtime, and robustness against existing implementations.

Notations

We adopt the following conventions. The vector = € R? represents a column vector and
«7 is its transpose. The Euclidean inner product of two vectors x = (z,,z,,- - -, z,)" and
Y= (y1,%5 - yg)" is denoted by 7y = (z,y) = 3¢  z,y;, and the L, norm of z by | z | =
/(z, z). The unit sphere in R? is denoted by S*! = {z € R? : | z | = 1}. The class of all borel
subsets in a metric space S is represented by B(S). We use X 1LY to indicate that the
two random vectors X and Y are independent. When a random vector X is distributed
uniformly on the unit sphere, we write X ~ #/(S?!). For a random variable X that is
Gamma distributed, we write X ~ Gamma(a, 3), and we use the following parameterization
for the PDF
a-1g78 if £ > 0

Fx(@) = {F<a1>ﬂ”” W

0 otherwise,

where I'(+) is the Gamma function.

2. PRELIMINARIES ON «-STABLE DISTRIBUTIONS

We adopt the definition of a multivariate stable vector given in G. Samorodnitsky and M. S.
Taqqu [13]:

The characteristic function of a random variable X is given by the expected value of !X, ¢ (u) =
E[e™X]. It uniquely determines the distribution of X, and it always exists.
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Definition 1.

A random vector X = (X, X,,---,X,)" is said to be a stable random vector in R¢ if for
any positive numbers A and B there is a positive number C and a vector D € R? such that

AX®M 4+ BX®? =CX + D, 2)

where X and X are independent copies of X. The vector X is called strictly stable
if (1) holds with D = 0 for any A > 0 and B > 0.

Definition 2.

G. Samorodnitsky and M. S. Taqqu [13]

Let0 < a < 2,then X = (X, X,, - -, X,;) is an a-stable random vector in R¢ if and only if
there exists a finite measure A on S*! called the “spectral” measure and a vector p° in
R? such that the characteristic function of X is given by

¢x (t) = Elexp{i(t, X)}] = exp{— Ya((t, 8)) A(ds) +i(t, u°>}v 3)

Sd-1

and where

_ [lul [1 - isign(w tan Tp]a # 1
el {m 1+ i2 sign(u) oful] o= 1

In particular, we are interested in a-stable ? random vectors.

In the scalar case (d = 1) -and whenever 0 < « < 2, the spectral measure boils down to two
mass points on s = +1, and the characteristic function in (2) is expressible in terms of 4
parameters: the stability index 0 < a < 2, skewness —1 < 8 < 1, scale v > 0, and location § €
R. In this case, we denote an a-stable random variable X using the same notation as in
Nolan J. P. Nolan [14],&«, 3, v, §; k) where k is the parameterization index (or type). We will
use the symbols S, and S, to refer to the two common type-0 and type-1 parameterization,
respectively. In the multivariate case, we denote a d-dimension non-degenerate a-stable
random vector X with stability index «, spectral measure A and shift vector u°, by X ~
S, (A, d, u°). Note that Definition 2 corresponds to the generalization of the scalar case under
the parameterization k = 1.

2.1. Parameterizations of scalar o-stable distributions

The two parameterizations S(«, 8,v,4;0) and S(«, 8,7, d;1) differ primarily in how they
define the location (shift) of the distribution, particularly near « = 1. For a given « and g,
let Z be a “standard” o-stable variable corresponding toy=1and § = 0.

* Parameterization 0:

A random variable X ~ S(«, 3,7, §;0) if

d |v(Z—Btan(ZR)) +0,a #1
X_{'yZ—I—(S, ’ a=1. (5)

The characteristic function of X is given by

2The term o-stable is used to refer to the stable family excluding the Gaussian law.
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(6)

E[eX] = exp(—|yul® [1+iftan(%2) sign(u)(|yu|'~> — 1)] +idu),a # 1
€ - exp(—|'yu| [1 + i,@% sign(u) log|7u\] + iéu), a=1.

This parameterization has the advantage of avoiding discontinuities near « = 1 by adjusting
the shift behavior. It is often preferred for numerical stability J. P. Nolan [14].
* Parameterization 1:

A random variable X ~ S(a, 3,7, d;1) if:

d | vZ +6, a#1l
x &
{'yZ—i— (6 + B2vylogv),a =1, (7)

with a corresponding characteristic function given by

ux exp(—|yul® [1 —iftan(%2)sign(u)] +idu),a # 1

exp(—|yu| [1+iB2 sign(u)log|u|] +idu), o =1.

Unlike type-0, this parameterization requires an explicit adjustment to the location when
a=1.

Note that the choice of parameterization directly affects the shift and symmetry of the
distribution, especially when § #+ 0 and « is close to 1. In both forms, the distribution can
be standardized by setting v = 1 and § = 0, in which case we use the abbreviations S(«, §;0)
and S(a, B;1) respectively.

In the univariate case, our package can simulate both parameterizations & = 0, 1.

3. SCALAR DENSITY EVALUATION

The AUB-HTP package provides numerical evaluation of scalar a-stable probability density
functions through a SciPy-like interface. This component complements the random number
generator: the generator produces samples, while the density module provides the refer-
ence curve used for model verification, visualization, and numerical comparison.

Except for Cauchy and Levy laws, a-stable distributions do not have a closed-form density,
which must therefore be computed using numerical inversion or analytic representations
that are valid in specific parameter regions.

Towards fulfilling our main objective of reducing expensive quadrature calls while preserv-
ing accuracy across a wide range of «, 8, and sample values, the density evaluator combines
three methods:

* direct inversion of Nolan’s S, characteristic function near the mode J. P. Nolan [14]

* Zolotarev’s integral representation in the middle range V. M. Zolotarev [8]

* Skorohod-Pollard-Bergstrom’s series expansions in the tails A. V. Skorohod [9], H.
Pollard [10], A. Wintner [15].

3.1. Input standardization

All density calls are first mapped to a standardized variable allowing the internal routines
to work on standardized densities while still supporting user-facing location and scale
parameters. More specifically, given an input sample value z the code evaluates

x — shift
z2=— 9
S 9)

then rescales the final density by 1/4. For the S, parameterization for example, the shift is
given by J. P. Nolan [14, equation 1.5]
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. 0, a#l
shift = {5+5,2,710g’)’04 I (10)

as can be deduced from equation (5).

Additionally, if f, ;(x) is the PDF of a normalized o-stable random variable, for negative
evaluation points the code uses the symmetry relation J. P. Nolan [14, proposition 1.1]

fap(=2) = fo, (), (11)

and most formulas only need to be evaluated on the positive half-line.

3.2. Hybrid evaluation strategy

The main density function acts as a dispatcher. It divides the input array into regions and
applies the method that is most accurate for each region.

* Forsmall | z | (see equation (7)), the package uses direct inversion of the
characteristic function. While this method is slower than the series expansions, it is
stable near the mode where tail formulas are not accurate.

+ For intermediate values of | z |, the package uses Zolotarev’s integral representation.
This provides a useful compromise between direct inversion and asymptotic series
methods.

» Forlarge | z |, the package uses Skorohod-Pollard-Bergstrom series’ expansions.
These formulas are fast in the tails and avoid repeated numerical integration.

The switching points between methods are not fixed constants. They are instead selected
from precomputed cutoff functions depending on («, 3). These cutoffs were obtained using
grid-based comparison with scipy.stats.levy stable.pdf. At runtime, the code queries the
corresponding cutoff and applies Boolean masks to route each input point to the selected
method.

3.2.1. Density formulas

e For direct inversion in the §; parameterization J. P. Nolan [14], the density is computed
from the characteristic function. The standardized density is

faplz) = 1 /00 et cos(mt - 5tan(%)t"‘) dt a#1
0

™

(12)
1 [ 2

fp(®) = f/ et cos (azt + —pBtlog t> dt a =1, with the logarithmic correction.
' 7 J, T

These integrals are evaluated with scipy.integrate.quad_vec.

e For the middle region, the code uses Zolotarev’s integral representation V. M. Zolotarev
[8]. For o # 1 and z > 0,

Oél‘ﬁ /2 w
faple) = o | VOl (13)
where
1 Ta
—0, = Earctan(ﬂ tan(7>), (14)

and where V(9) is evaluated following Zolotarev’s formula V. M. Zolotarev [8]. This integral
is computed using the function scipy.integrate.quad.

e For the tail region, we use Skorohod-type series expansions A. V. Skorohod [9], H. Pollard
[10], A. Wintner [15] of the form
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1 &
fop(@) = E;anx*a", (15)
where
a, = Fl)n_l;ﬂ(l + 42 tan? (%))n/z sin [n(—% + arctan(ﬁtan(%)))]. (16)

The number N of terms used to calculate the series is appropriately chosen depending on
the parameter range. In the current package, the a < 1 branch uses a larger truncation level,
while the o > 1 branch requires fewer terms in the tested regimes.

3.3. Validation

The density evaluator was tested against scipy.stats.levy stable.pdf on grids of o, 8, and z.
The near-mode tests used z € [—10, 10], while the tail tests examined values up to z = 100.

The comparison recorded the following metrics:
* Maximum absolute error:
abs __ n ) — X .
Emax - 12113‘;%‘ f(x’L) mePy(xl) | (17)

* Maximum relative error:

E™ — max ‘ f(zz) _fSciPy(zi)
- l<isn max(| fSCiPy(mi) |75

)'7 (18)

where ¢ > 0 prevents division by zero.
e Mean absolute error:

; 1y
Eien = n Z‘ f(@5) = fseipy (@) |- (19)
i=1
* Runtime against SciPy, reported through the speedup factor:
Te.
S = SciPy ) (20)
TAUB -HTP

The tests show close agreement across most of the parameter space, but they also reveal
regions where the SciPy reference exhibits irregular numerical behavior. The strongest
agreement occurs away from the narrow region around « = 1, where changes in the
parameterization and the presence of logarithmic terms make density evaluation more
sensitive. In this region, visual diagnostics are important because the relative difference
may become large when the reference density is close to zero or numerically unstable. Fig-
ure 1 illustrates this behavior near « = 1 using the maximum relative difference measured
around the mode. Away from « = 1, Figure 1 shows agreement with the SciPy reference.
Results for the remaining error metrics, parameter ranges, and tail evaluations, together
with the complete benchmark data, are available in the Github repository3.

3https://github.com/AUB-HTP/AUB-HTP/tree/main/benchmarks
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log_10 (MaxRelError) across (alpha, beta) for x in [-10, 10]

beta
log10(MaxRelError)

Figure 1. Maximum relative difference across («, 8) near the mode. Larger values near o = 1 mark the
most sensitive numerical region.

3.4. Discrepancies in the SciPy reference

While scipy.stats.levy stable.pdf The SciPy Community [16] is used as the main numerical
reference, we observed that it has some discrepancies for certain parameter values. These
discrepancies appear mostly near the sensitive region around « = 1, and they can create
misleading relative difference values.

The main issue is that the SciPy PDF sometimes shows unusual zero or near-zero regions
in some places while the densities are known to be smooth. Since the maximum relative
difference contains a division by the reference value, even a small disagreement in such
regions can produce a very large relative difference. Therefore, some of the large relative
differences in the benchmark tables do not necessarily mean that our PDF generator is
inaccurate. Instead, they are likely due to the instability or discontinuity in the reference
PDF.

To validate this, we generated visual diagnostic plots comparing the AUB-HTP with the
levy stable PDF values. Figure 2 shows several cases where the SciPy reference generates
unexpected zero windows or sharp changes, while the PDF generated using our package
remains smooth.

000015
E oot i

o2
“w
03
o2 ooos
“w
ks H
Mm
02
L a— 3

Figure 2. Visual comparison between AUB-HTP PDF generator and scipy.stats. levy_stable.pdf. The
plots zoom into regions where the SciPy reference becomes numerically zero or behaves irregularly.
These regions explain why some relative difference values become large even when our generated density
remains smooth.

The heatmaps are useful for locating sensitive parameter regions, but the diagnostic plots
were needed to understand whether the difference is primarily attributed to our method
or the numerical reference.
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3.5. Runtime

The adopted hybrid strategy reduces runtime by avoiding direct quadrature when a faster
formula is accurate enough. The largest gains occur in the tail region, where series expan-
sions replace repeated numerical integration.

In the benchmark runs, the median speedup was approximately 58 x, with larger speedups
in tail-heavy evaluations. These gains come from three design choices:

* vectorized array operations
* region-specific method dispatch
+ reuse of precomputed cutoff functions.

Median of Speedup across beta vs Alpha

—— near_mode
tails

O]
€
.‘:\
e
5 10°
¢}
[
£
=]
N N
2
o]
L)
Q
5 10t
o
[
[
Q
@
c
©
e
Q
=

100

0.00 025 0.50 0.75 1.00 125 1.50 175 2.00
alpha

Figure 3. Median runtime speedup relative to scipy.stats. levy_stable.pdf. The largest gains occur
where the series expansions are selected.

The speedup plot in Figure 3 shows that our method is strictly faster than
scipy.stats.levy stable.pdf for almost all tested values of «. Note that the vertical axis is on
alogarithmic scale and values between 10 and 100 represent large runtime improvements.
For small values of «, especially in the near-mode range, the speedup is very high. This
is because the method selection avoids unnecessary numerical integration and uses the
formulas that are faster in those regions. In the tail range, the speedup is also consistent
for most values of «, since the Skorohod-Pollard-Bergstrom formulas replace repeated
quadrature calls. The smallest speedups occur near « = 1 which is expected since this region
is numerically delicate. The formulas change around « = 1, and the characteristic function
contains a logarithmic correction term. The package therefore relies more on direct inver-
sion in this region, which is slower than the series-based methods.

4. GENERATING a-STABLE RANDOM VECTORS

In the univariate case, the package implements a numerically stable version of the Cham-
bers, Mallows, and Stuck method which is presented in J. M. Chambers, C. L. Mallows, and
B. W. Stuck [7], ]. P. Nolan [14]. In the multivariate setup, the proposed random number
generator is based on a theoretical foundation that we state next.

4.1. The LePage series

The LePage series G. Samorodnitsky and M. S. Taqqu [13] was first introduced in R. LePage,
M. Woodroofe, and J. Zinn [12] and allows for simulating a multivariate stable vector with a
stability index « and a given spectral measure through the use of the following theorem V.
Bentkus, A. Juozulynas, and V. Paulauskas [17, Theorem 4]
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Theorem 1.

Let V;,V,, - be independent and identically distributed (i.i.d) random vectors in R? that
are drawn according to a spectral measure A where A(S?"!) >0, i.e,

A(ST1 N A)

Pr(VeA)= TAGEY)

V A e B(RY). (21)

Let E,,E,,- be iid. exponential random variables with mean 1, independent of
Vi, V,, -, and define

k n
L= ZE X, = c(a) ;n;”“ Vi (22)
where
o *% F(Z—Q)COS(%)Q %1
= — = l-a
c(a) (A(Sd*1)> &k {g i (23)

* For0 < a <1, X, converges in total variation to a stable vector X with spectral
measure A and stability index a.
e Forl < a < 2, whenever

/ sA(ds) =0, (24)
Sd*l

the random vector X,, converges in total variation to a stable vector X with spectral
measure A and stability index a.

Whenever there is convergence to X, we write

X=c)Y /. (25)
k=1

Theorem 1 indicates that sampling a multivariate stable vector can be done by computing
the truncated series as in equation (20). Since the vector X resulting from the series has
a zero shift vector u® = 0 V. Bentkus, A. Juozulynas, and V. Paulauskas [17, Remark 1], we
simply add p° after sampling X, using the LePage series, when needed. The analysis of the
truncation error is deferred to Appendix in section ??.

In the following section, we present algorithms to sample according to well-known spectral
measures, namely: Isotropic, Sub-Gaussian, Discrete, and Mixed spectral measures.

4.2. Common spectral measures

4.2.1. Discrete spectral measures

In the case of a discrete spectral measure with M mass points, we store the point masses in
an array [vq, v,, -+, v,,] and draw randomly with the probability of each vector v, being
A(v;)

Pr(v,)) = ——%—.
v Z,]g\ilA(W)

(26)

4.2.2. Isotropic spectral measures

For an isotropic spectral measure, we sample the vectors {V;}, _ _ uniformly on S*1. To
this end, several algorithms are available and we refer the reader to S. Schnabel and W.
Janke [18] where various such algorithms are discussed. In our computations, we adopt the
method presented in M. E. Muller [19] due to its simplicity and computational efficiency. Our
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package sets the spectral measure of the sphere to 1, and then scales the truncated LePage
series by an appropriate factor ¢ to adjust for the desired scale v given by the user: When
the spectral measure of the sphere is 1, it can be verified that the characteristic function is

given by
r()r(e)
dx(t) =exp{ i A S (27)
* v T(259)
To achieve a scale v, we therefore multiply the truncated series by
v D(e34)

4.2.3. Sub-Gaussian (elliptical) spectral measures

A sub-Gaussian random vector is characterized by a positive-definite d x d shape matrix 3.
If X is a unit-scale isotropic multivariate stable random vector with stability index « then
Y = %2 X is a sub-Gaussian random vector with shape matrix & where % is the Cholesky
decomposition of ¥ J. P. Nolan [4]. As such, to sample from Y,,, one can first sample a unit-
scale isotropic random vector with the same stability index « using the LePage series as
in Section 7.2 and multiply it by the Cholesky decomposition £z of . In section 11 in the
appendix, we analyze the resulting Mean Square Error (MSE) of Y.

A useful alternative would be to sample the vectors V, for the sub-Gaussian case by
sampling vectors U, uniformly distributed on the unit sphere and multiplying them by %z.
Indeed, if X, is the n-terms LePage series, by Theorem 1, X,, converges in total variation to
X, and

n

Y, =YX, =c(@)s: Y T, °Uy=c(@)) T, "V,  where V, = 32U, (29)
k=1 k=1

converges in total variationto Y = ¥2 X, which is the desired sub-Gaussian random vector,

The package first samples V, and then computes the sum presented in (25) to sample a sub-
Gaussian random vector Y,,.

4.2.4. Mixed spectral measures

Now consider the scenario where the spectral measure at hand is a mixture of L different
spectral measures: A, Ay, -+, A If wy, w,, -, w, are their respective associated weights, the
mixed spectral measure A, is given by

L
A = ZwiAi' (30)
i—1

To sample from this spectral measure, we proceed as follows.

* For each weight w, we associate its corresponding probability as
pi=—i—  i=1,-L (31)
23:1 Wy
Then, we sort the probabilities in non-decreasing order that we assume —-without loss of
generality- to be p,, -, p, hereafter.
* Wedraw U ~ U]0,1],

» IfU < p, sample from A,,
» elseif U < p; + py, sample from A,,
» else iterate on the remaining spectral measures.
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This algorithm achieves a sampling from the mixture of A,, ---, A, with probabilities p, -, p,,
respectively.

5. IMPLEMENTATION

Whenever the LePage series is used, the package chooses the number of terms to achieve
an MSE less than 0.01 using Theorem 2 in the Appendix in section ??. This number is capped
at 50,000 terms and a warning is issued whenever this cap is reached.

5.1. Univariate random number generator

In the univariate case, the software samples X ~ S(a, 3,7, d; k), and the type 1 parameteri-
zation is used by default.

import aub _htp as ht

alpha=1

beta=0

loc=0

scale=1

n=500000

samples=ht.alpha_stable.rvs(alpha=alpha, beta=beta, loc=loc, scale=scale, size=n)

In Figure 4, we present some examples where univariate o-stable variables were sampled
using our implementation, and plot the truncated histogram of values. Each histogram is
overlayed by the pdf values which are computed using the SciPy levy stable numerical
package.

(@ () ()

Figure 4. Truncated histogram of a-stable distributions, each containing 5 x 10° points.

An example using the type 0 parameterization is presented in Figure 5.
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import aub_htp as ht

alpha = 0.1

beta = 1

loc = -500

scale = 10

n = 500000

ht.alpha_stable.with parameterization("S0")

samples = ht.alpha_stable.rvs(alpha=alpha, beta=beta, loc=loc, scale=scale, size=n)

) () ()

Figure 5. Truncated histogram of a-stable distributions, each containing 5 x 10° points.
5.2. Multivariate random number generator

Isotropic a-stable random vector:
An isotropic a-stable random vector with characteristic function

Gx(t) = 77" [EIT Hitue, (32)
can be generated using the AUB-HTP package as follows:

import aub_htp as ht
from aub_htp.random import IsotropicSampler

alpha = 0.5
gamma = 1
shift = [0, 0]
d=2

n = 500000

sampler = IsotropicSampler(number_of_dimensions=d, alpha=alpha, gamma=gamma)
samples = ht.multivariate alpha_stable.rvs(

alpha=alpha, spectral measure sampler=sampler, shift=shift, size=n
)

where « is the stability index, v is the scale parameter and u° represents the shift vector.
Figure 6 depicts scatter plots of the generated isotropic a-stable random vectors.
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Figure 6. Scatter plots each containing 5 x 10° points of isotropic a-stable distributions. The plots have
been truncated to a range of 400 points within the shift vector.
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Elliptic o-stable random vector:

An elliptic a-stable random vector with shape matrix ¥ with the following characteristic
function

Dx(t) = e 7B HTH (33)
can also be generated using AUB-HTP. We note that the elliptic sampler takes the total mass
of the unit sphere as input. If the total mass of the sphere is not specified, the software
estimates it using Monte Carlo simulations (with 10 samples) as follows:

1 1 n 1
d—1) _ 3 al o~ = 37, |o
A@®*) =E[ U ]~ 0 | S P (34)
where the equality is due to G. Samorodnitsky and M. S. Taqqu [13, proposition 2.5.8], and
where U,,U,, ..U, are ii.d. samples according to U ~ ¢(S*™!). Equation (30) is justified by
the application of the Weak Law of Large Numbers (WLLN) because the random variable

| £2U |~ has a finite second moment. Indeed,
E[| £3U ] = ]E[(UTZ%TE%U)"]
— E[(UTSTU)"]
=E[| U 3]
< XL (DE[ U ] = xq

(35)

(¥) < oo,

max max

where equality (a) is due to the Cholesky decomposition definition and in (b) we used the
Y-weighted norm | z |4 £ 7 X. Finally, the inequality in (c) is due to the fact that | = |2 <
Amax(Z) | @ |2 where ), () is the largest eigenvalue of %, equal to the norm of matrix  R.
A. Horn and C. R. Johnson [20].

Finally, we note that the MSE resulting from estimating the total mass of the sphere using
equation (30) is given by H. Niederreiter [21, Theorem 1.1].

An example code is as follows.

import aub_htp as ht
from aub_htp.random import EllipticSampler

alpha = 0.5
shift= [0,0]
d=2
n=500000

sigmal=[[2,0.8],[0.8,1.5]]

sampler =EllipticSampler(number _of dimensions = 2, alpha = alpha, sigma = sigmal)
samples = ht.multivariate alpha stable.rvs(alpha = alpha, spectral measure sampler =
sampler,shift=shift, size = n)

Figure 7 shows the scatter plots of the elliptical a-stable random vector, where we use the

following shape matrices
2 0.8 2 -1
1= (0.8 1.5) > = (4 2 ) (36)
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Figure 7. Scatter plots each containing 5 x 10° points of elliptic contoured o-stable distributions; the
plots have been truncated to a range of 400 points within the shift vector.

Discrete spectral measures:

For an a-stable random vector that has a discrete spectral measure with point masses at
positions v, ---,v,, and corresponding weights w,, -+, w,,, the corresponding characteristic
function is given by

M
¢x(t) = exps — Zwewa(tTW) +it"p o (37)
(=1
Such a vector can be generated as follows:

import aub_htp as ht
from aub_htp.random import DiscreteSampler

alpha = 0.2
shift = [0, 0]
d=2

n = 500000

positions = [[1, 0], [0, 1], [-1, 0], [0, -1]]
weights = [1, 1, 1, 1]
sampler = DiscreteSampler(alpha=alpha, positions=positions, weights=weights)
samples = ht.multivariate alpha stable.rvs(
alpha=alpha, spectral_measure_sampler=sampler, shift=shift, size=n
)

with corresponding scatter plots shown in Figure 8.
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Figure 8. Scatter plots each containing 5 x 10° points of a-stable distributions with a discrete spectral
measure. The plots have been truncated to a range of 400 points within the shift vector.

Mixed spectral measure:

For a mixed spectral measure, let A,,---, A; be L spectral measures with associated weights
wy, -, wy,, and consider their mixture A, = Zf: , w;A;. To sample according to this spectral
measure, we proceed as follows:
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import aub_htp as ht
from aub_htp.random import DiscreteSampler, IsotropicSampler, MixedSampler

alpha = 0.3

shift = [1000, 1000]
d=2

n = 500000

gamma = 1

# Discrete Spectral Measure

positions = [[1, 0], [0, 1], [-1, O], [0, -1]]

weights = [1, 1, 1, 1]

samplerl = DiscreteSampler(alpha=alpha, positions=positions, weights=weights)

# Isotropic Spectral Measure
sampler2 = IsotropicSampler(number of dimensions=d, alpha=alpha, gamma=gamma)

# Spectral Measures and Their Associated Weights
spectral_measures = [samplerl, sampler2]
measure_weights = [0.5, 0.5]

mixed_sampler = MixedSampler(

)

spectral_measures=spectral_measures, weights=measure weights

samples = ht.multivariate_alpha_stable.rvs(

)

alpha=alpha, spectral_measure_sampler=mixed_sampler, shift=shift, size=n

where spectral_measures is a list containing the spectral measures that we are mixing, and
measure weights contains the associated weight of each measure. The resulting scatter plot
is shown in Figure 9a.

Custom spectral measures:

The common spectral measures presented above are built-in into AUB-HTP. If the user wants
to sample from an a-stable random vector whose spectral measure is not built-in, this is
made possible using a systematic procedure outlined in the following example:

Say the user is interested in sampling a multivariate a-stable random vector in
dimension d = 2 with o = 0.3, u° = 0, and whose spectral measure is uniform over
the arcs [—Z, 7] and |2, 27], that is, with probability 0.5, we draw a point uniformly
on the arc [37, 27], and with probability 0.5, we draw a point uniformly on the arc
(=% 3.

We assign equal probabilities to both arcs and the spectral measure of each arc is
half the total measure of the sphere. Generally, the probability of each region is the
ratio of the spectral measure of the region to the total mass of the sphere.

We create a class of the spectral measure sampler that we want by inheriting from
the base class

BaseSpectralMeasureSampler. In the class that the user is creating, the function which
samples the vectors V in Theorem 1 should be provided. Moreover, the dimension of
the desired alpha-stable vector and the total mass of the unit sphere should be
specified. The created spectral measure sampler is then passed as an argument to
the rvs() method as shown in the following code.

The steps are presented below.

July 13, 2026 15



Tabbara et al., 2026

import aub_htp as ht
from aub_htp.random import BaseSpectralMeasureSampler

alpha = 0.3
shift = [0, 0]
d=2

n = 500000

class ButterflySampler(BaseSpectralMeasureSampler):
def sample(self, number_of samples: int, random_state=None):
p = np.random.rand(number_of_samples)
theta = np.empty(number_of_samples)

mask = p <= 0.5
theta[mask] = np.random.uniform(-np.pi / 4, np.pi / 4, size=mask.sum())
theta[~mask] = np.random.uniform(
3 *np.pi / 4, 5 * np.pi / 4, size=(~mask).sum()
)

X = np.cos(theta)
y = np.sin(theta)

return np.column_stack((x, y))

def dimensions(self) -> int:
return 2

def mass(self) -> float:
return 1.0

samples = ht.multivariate alpha_stable.rvs(
alpha=alpha, spectral measure sampler=ButterflySampler(), size=n, shift=shift
)

We highlight that the mass of the sphere and the dimension should be specified when
implementing the sub-class. The resulting scatter plot is shown in Figure 9b. It is important
to emphasize that when « > 1, the custom spectral measure should satisfy the condition in
equation (22).
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Figure 9. Scatter plots showing a custom spectral measure and different mixtures of spectral measures.
The plots have been truncated to a range of 400 points within the shift vector.

One could mix a custom spectral measure, with another spectral measure. For example,
we mix below equally the spectral measure defined above with the discrete spectral mea-
sure with masses = [(1,0), (0, 1), (—1,0), (0,—1)] and weights = [1, 1,0.25,0.25], and the random
vector has a = 0.25, u°7 = (0, 0).
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import aub_htp as ht
from aub_htp.random import BaseSpectralMeasureSampler, DiscreteSampler, MixedSampler

alpha = 0.25
shift = [0, 0]
d=2

n = 1000000

class ButterflySampler(BaseSpectralMeasureSampler):
def sample(self, number_of samples: int, random_state=None):
p = np.random.rand(number_of_samples)
theta = np.empty(number_of_samples)

mask = p <= 0.5
theta[mask] = np.random.uniform(-np.pi / 4, np.pi / 4, size=mask.sum())
theta[~mask] = np.random.uniform(
3 *np.pi / 4, 5 * np.pi / 4, size=(~mask).sum()
)

X = np.cos(theta)
y = np.sin(theta)

return np.column_stack((x, y))

def dimensions(self) -> int:
return 2

def mass(self) -> float:
return 1.0

samples = ht.multivariate alpha_stable.rvs(
alpha=alpha, spectral _measure sampler=ButterflySampler(), size=n, shift=shift
)

# Discrete Spectral Measure

positions = [[1, 0], [0, 1], [-1, O], [0, -1]]

weights = [1, 1, 0.25, 0.25]

samplerl = DiscreteSampler(alpha=alpha, positions=positions, weights=weights)

# Spectral Measures and Their Associated Weights
spectral _measures = [samplerl, ButterflySampler()]
measure_weights = [0.5, 0.5]

mixed sampler = MixedSampler(
spectral _measures=spectral measures, weights=measure weights
)
samples = ht.multivariate alpha_stable.rvs(
alpha=alpha, spectral_measure_sampler=mixed sampler, shift=shift, size=n
)

The resulting scatterplot is shown in Figure 9c.

6. CONCLUSION

This paper presented AUB-HTP, a Python package for density computation and random
variate generation of a-stable distributions. The package is motivated by the practical diffi-
culty of working with «a-stable laws, whose densities generally lack closed-form expressions
and whose multivariate simulation requires careful handling of the underlying spectral
measure.

AUB-HTP provides scalar density evaluation through a hybrid strategy that combines input
standardization, Zolotarev-type integral representations, series formulas, and numerical
inversion of characteristic functions. This design improves robustness across parameter
regimes and enables systematic comparisons in terms of accuracy and runtime. The vali-
dation results show that the package provides reliable scalar density values and identify
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parameter regimes in which SciPy’s reference implementation appears to suffer from
numerical inaccuracies.

The package also implements scalar and multivariate random variate generation. For mul-
tivariate o-stable vectors, AUB-HTP uses LePage series representations and supports several
spectral-measure models, including discrete, isotropic, sub-Gaussian/elliptical, mixed, and
custom spectral measures. These features extend the range of a-stable models that can
be simulated within the Python ecosystem. The truncation-error analysis further provides
guidance on the approximation induced by finite LePage-series representations.

By bringing together density evaluation, flexible simulation, validation, runtime analysis,
and extensible implementation tools, AUB-HTP aims to make a-stable modeling more
accessible for computational work involving heavy-tailed data. Future developments may
include multivariate PDF computation, CDF evaluation, parameter-estimation routines,
further numerical acceleration, and application-oriented modules for communications,
signal processing, and machine learning.

7. APPENDIX: ERROR ANALYSIS FOR THE LEPAGE SERIES ESTIMATE

In this appendix, we derive an upper bound on the mean square error of the LePage series
estimate; we frequently use the following asymptotics of the gamma function from [22]: Let
z,a,b € R, then we have

T(z+a)

lim —————=1
st D(w +b)aa? (%)
then Va,b € R, there exists an n, such that
I'(k+a)
<2k VEk>n,.
I‘(k+b)< k k>ng (39)
7.1. The LePage series truncation error
The proof is as follows.
We start with the case o < 1. We have
X 1 = 1 X 1
| X, —X|=]cl@) Y L Vil<cl@) Y |G Vil=cla) ) I, (41)
k=n+1 k=n+1 k=n+1

which implies

Theorem 2.

Let X and X, be asin Theorem 1, and assume in addition that | V,, | = 1 forallk = 1,--, n.
Let ny be the same as in (35) then Vn > max{n,, 2}, E | X,, — X |? < §,, where

2a2 o 2-2
—~Xocl(a)n“Tea < 1
5n = (1~a) ( ) 2 (40)
2rc2(a)n!™a a> 1

July 13, 2026 18



Tabbara et al., 2026

2
= 2¢%(a) ( Z kclx)

where inequality (a) is due to the Cauchy-Schwarz inequality. The equality in (b) is due to
the fact that I, ~ Gamma(k,1),n > 2, and E {F,;Z} = Fg“(;?, and inequality (c) is due to (35).
Inequality (d) is due to the fact that

O (a3

k=n+1 n l-a

For the case a > 1, since | V, [=1V k=1,---,n, equation (22) implies E[V] = 0. Let V; =
(v}, 02, v¢) then we have

k=n+1£L=n+1 i=1 (44)
® 200 S g2 2
_C(Q)ZEFk ]EHVLH
k=n+1
> T'(k—=2) = 2
— 2 a 2 2z
c*(a) k_Z: Tk < 2¢*(a) _z: a
=n+1 k=n+1
< 2a 2(a)nt 2,
2—«a

where equality (a) is due to the fact that V, LT, and (b) is justified since v} 1L v}, V k # £ and
E[v}] = 0, V k. The rest of the equalities and inequalities follow by similar steps as in the case
a<l.

One can clearly see that the bound on the error decays faster for smaller values of a. This
indicates that this sampling method can appropriately handle the difficult region of small
values of a.
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7.2. Sub-Gaussian error

Sampling a multivariate sub-Gaussian a-stable vector can be done by first computing the
truncated series X, for the isotropic spectral measure with unit-scale, and then applying
Y, = ¥2X, where %2 is the Cholesky decomposition of £~ the desired shape matrix as
described in Section 7.3. The resulting MSE in that case satisfies

E[| Y, - Y ] =E[| 25(X,, — X) [*]
=E[(X, - X)"27585 (X, — X)| =E[(X,, - X)'S(X, - X)]  (45)

max

where we used the fact that | z |2 < A\..(2) | = |2, with ). () -the largest eigenvalue of &
—being the norm of matrix ¥ R. A. Horn and C. R. Johnson [20]. Finally, one can upperbound
E[| X,, — X |?] using Theorem 2.
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