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An old decidability problem

Markov (1940s): is the following decidable?

Input: Set of square matrices G = {Aq, ..., Ak}, target matrix T.
Output: Is there a sequence By, B,,...,B, €G,st. BiBy---B,,=T?

Markov (1940s) : undecidable in Z6*5.
Michailova (1960s): undecidable in SL(4,Z).

Specialization: is the following decidable?

Input: Set of element G = {A;,..., Ak} in a group G.
Output: Is there a sequence By, Bs,..., B, € G, st. BiBy--- B, =17

Bell, Potapov (2000s) : undecidable in SL(4,Z).



the Identity Problem and the Membership Problem

Definition (Identity Problem)

Given a finite set of square matrices G = {Ay, ..., A}, decide whether
the (multiplicative) semigroup (G) generated by Ay, ..., Ak contains /.
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the Identity Problem and the Membership Problem

Definition (Identity Problem)

Given a finite set of square matrices G = {Ay, ..., A}, decide whether
the (multiplicative) semigroup (G) generated by Ay, ..., Ak contains /.

Definition (Membership Problem)

Given a finite set of square matrices G = {A,..., Ac} and a matrix A,
decide whether the semigroup (G) generated by Ay, ..., Ak contains A.

Known results.

group types Membership Prob. Identity Prob.
T €(G)? 1 €(G)?

Commutative NP-complete PTIME

SL(2,Z) Decidable NP-complete

SL(3,7Z) 7 ?

SL(4,Z) Undecidable Undecidable




UT(n,Z)

Definition (UT(n,Z))
Define UT(n,Z) to be the group of n x n upper triangular integer
matrices with ones on the diagonal.
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Definition (UT(n,Z))

Define UT(n,Z) to be the group of n x n upper triangular integer
matrices with ones on the diagonal.

1 % - %
0 1
0 0 1
Known results
group types Group Mem. Semigroup Mem. Identity Prob.
T €(G)gr? T €(G)? 1€ {(G)?
UT(3,Z) Decidable Decidable PTIME
UT(4,7) Decidable ? PTIME
] UT(11,2) H Decidable \ ? \ PTIME
[ UT(n,Z) | Decidable | Undecidable | ?




Two layers of UT(4,%Z)

First layer: Multiplication acts additively on the superdiagonal.

1 a1 *x  x* 1 a *x % 1 a1+ a * *
0 1 b1 * % 0 1 b2 * o 0 1 b1 + b2 *
0 0 1 0 O 1 o 0 0 1 c+ o
0 0 0 1 0 0 0 1 0 0 0 1

Second layer: If superdiagonal vanishes, multiplication acts additively.

1 0 && h 1 0 d £h 1 0 di+do H+HhH
01 0 &g « 01 0 e [01 0 e+ e
00 1 O 0 01 0 0 0 1 0
00 0 1 0 0 0 1 0 0 0 1



Structure of UT(4,Z)

Short exact sequence:

{1 — 78 — UT@4,z2) 272 — {1}
1 a d f
01 b e

#ilo o 1 o] (@bo)

00 0 1
1 0 d f

o o 0 ]. 0 e ~ 3

U =kerp = 00 1 0 die,feZ =7
0 0 0 1

U; is abelian.



|dentity Problem in UT(4,%Z)

{1 — 72 — UT@4,z2) 78 — {1}
1 a d f
01 b e
#ilo 0 1 | @bo)
00 0 1
Up = kerp =73

The following are equivalent:
1. BiBy--- By € Us.
2. ¢(B1) +¢(B2) + -+ ¢(Bm) = 0.
General idea: Given G = {Ay, ..., A}, characterize U; N(G).



|dentity Problem in UT(4,7Z): Example

To reach /, we must first reach U;. G = {A1, Az, A3, As}.

A =

Is I € (G)?

O O O

O O O

O O -

O O = O

2 2 1
1 3 0
1 1A= 0
0 1 0
20 1
-1 3 0
1 o™= o
0 1 0

-1

1
0
0

O O~ O

o~ O PN

o= O




|dentity Problem in UT(4,7Z): Example

To reach /, we must first reach U;. G = {A1, Az, A3, As}.

112 2 1 1 4 -2
011 3 0 1 0 1
=10 01 1™ o 0o 1 0o
000 1 0 0 0 1
10 -2 0 107 5
01 -1 3 010 1
A=1g 0 1 o™ oo 1 1|
00 0 1 000 1
Is I € (G)?
10 11 2
01 0 8
A1A Az A, = 00 1 0 e Uy ﬁ<g>
00 0 1

First layer cleared.



|dentity Problem in UT(4,7Z): Example

1 0 11 2
01 0 8
A1A Az A, = 00 1 0 e Uy ﬂ<g>
0 0 0 1
1 0 6050 77350
01 0 —4250
A%OOA%,OOAIOOAIOO 00 1 0 c Ul ﬂ<g>
00 0 1
1 0 —-3950 127350
01 0 5750
A%OOA%OOA:%OOAIOO 0 0 1 0 c Ul m<g>
0 0 0 1
1 0 —-3950 —287650
100 54100 4100 100 01 0 —4250
AL00 7100 4100 A1 0o 1 S € U;N(G)
0 0 0 1



|dentity Problem in UT(4,%Z)

1 0 11 2\ /1 0 6050 77350\ ****

01 0 8 01 0 —4250

00 1 0 00 1 0

00 0 1 00 0 1

10 —3950 127350\ "' /1 0 —3950 —287650\ '°%°

01 5750 01 0 —4250

00 00 1 0

0 0 00 0 1
1000
0100

=lo o1 of @

000 1

Second layer cleared. So /| € (G).



General approach

Step 1: Clear first layer using Linear Programming.
We have Ble s Bm € Ul-

Step 2: Clear second layer using permutation and powers of B1B, - - - B,.

For all 0 € S, t € Z~o, 85(1)35(2) e B;(m) e Us.

Key: finding a characterization of the cone (in second layer) generated
by the matrices 85(1)85(2) e B;(m), when t, o vary.



|dentity Problem in UT(4,%Z)

1 0 t°D, t3F,

t t t t—o00 01 0 t2Eg
Ba(l)Bo(2) T Bo‘(m) 00 1 0
0 0 0 1

where D,, E,, F, are polynomials in ¢(B;),i=1,...,m.



|dentity Problem in UT(4,%Z)

1 0 t°D, t3F,
t t t t—o00 O 1 0 t2Ea
BewBoy Bom) = [0 0 1 0
00 O 1
where D,, E,, F, are polynomials in ¢(B;),i=1,...,m.

Example: write ©(B;) = (a;, b, ¢i),i=1,...,m

1
Fo = Z ao(i)bo(j)ca(k)+§ Z(aa(i)ba(i)ca(j)+ao(l () Co (i) T Z ajbic;,

i<j<k i<j



Key theorem

Idea: 35(1)85(2) e B;( asymptotically approaches (t2D,, t?E,, t3F,).

m)

Observation: D,, E,, F, are polynomials in a;, b;,¢;,i=1,..., m.
Where QD(B,) = (a,-, b,'7 C,').
Theorem

1. If {p(Bi),-..,¢(Bm)) has dimension 3, then
((t*Dy, t2E,, t3F,) | t € Z=g,0 € Siy) has dimension 3.

2. If (p(B1),...,¢(Bm)) has dimension 2, and not orthogonal to any
axis, then ((t*D,, t?E,, t3F,) | t € Zo,0 € Sp) has dimension 2
and contains the f-axis.

3. If {o(B1),...,9(Bm)) has dimension 2, and is orthogonal to some
axis, then Vo, F, =0, and dim{(D,, E;) | 0 € Sp) = 2.
4. If (p(B1),...,9(Bm)) has dimension 1, then Vo, D, = E, = F, = 0.

In short: ¢(G) determines (asymptotically) the shape of U; N(G).

Proof of the theorem: computational algebraic geometry.



Extensions

. ldentity Problem in UT(11,Q).
. ldentity Problem in nilpotent groups of class < 10.
Identity Problem in T(2,Q).

. Other problems in nilpotent groups (semigroup intersection etc.)
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Extensions

Identity Problem in UT(11,Q).

Identity Problem in nilpotent groups of class < 10.

Identity Problem in T(2,Q).

Other problems in nilpotent groups (semigroup intersection etc.)
Membership Problem in UT(4,Z)?

Identity Problem in metabelian groups? Z17Z7? solvable groups?
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