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Let's play a game

Set up: given a vector v € RY, a polyhedral
cone C C RY, and a set of linear transforma-
tions S = {Ay,..., A} CGL(d,Q).
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Let's play a game

Set up: given a vector v € RY, a polyhedral
cone C C RY, and a set of linear transforma-
tions S = {Ay,..., A} CGL(d,Q).

Objective: escape C (find By,...,Bm € S,
such that B1By -+ Bpv & C).
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Let's play a game

Set up: given a vector v € RY, a polyhedral
cone C C RY, and a set of linear transforma-
tions S = {Ay,..., A} CGL(d,Q).

Objective: escape C (find By,...,Bm € S,
such that B1By -+ Bpv & C).

As a decidability problem: Ay

Input: v € RY polyhedral cone C C RY, i
matrices S = {Ay,..., Ay} e

Output: does there exist M € (S) such that
Mv & C?
((S) denotes the semigroup generated by S.)

Ruiwen Dong Termination of linear loops under commutative updates



Let's play a game

Set up: given a vector v € RY, a polyhedral
cone C C RY, and a set of linear transforma-
tions S = {Ay,..., A} CGL(d,Q).

Objective: escape C (find By,...,Bm € S,
such that B1By -+ Bpv & C).

As a decidability problem: Ay

Input: v € RY polyhedral cone C C RY, i
matrices S = {Ay,..., Ay} e

Output: does there exist M € (S) such that
Mv & C?
((S) denotes the semigroup generated by S.)

General case: undecidable.
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Let's play a game

Set up: given a vector v € RY, a polyhedral
cone C C RY, and a set of linear transforma-
tions S = {Ay,..., A} CGL(d,Q).

Objective: escape C (find By,...,Bm € S,
such that B1By -+ Bpv & C).

v
As a decidability problem: i
Input: v € RY polyhedral cone C C RY, i
matrices S = {A;,..., A} At

Output: does there exist M € (S) such that
Mv & C?
((S) denotes the semigroup generated by S.)

General case: undecidable.

Special case where card(S) = 1: open, subsumes hard problems in
Diophantine approximation. (Worrell, Ouaknine 2014)
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A “universal’ game

Set up: given a—veeterv<RY. 3 polyhedral
cone C C RY, and a set of linear transforma-
tions S = {Ay,..., A} CGL(d,Q).

Objective: for every v € C, escape C (find
Bl,...,Bm € S, such that BiBs---Bnv ¢
C).

A

AzAyv
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A “universal’ game

Set up: given a—veeterv<RY. 3 polyhedral
cone C C RY, and a set of linear transforma-

tions S = {Ay,..., A} CGL(d,Q).

A
Objective: for every v € C, escape C (find
Bl,...,Bm € S, such that BiBs---Bnv ¢
C). ¢ v
As a decidability problem:

AzAyv

Input: polyhedral cone C C RY, matrices
S={A1, ..., A}

Output: whether for every v € C, there exist
M € (S) such that Mv & C?
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A “universal’ game

Set up: given a—veeterv<RY. 3 polyhedral
cone C C RY, and a set of linear transforma-

tions S = {Ay,..., A} CGL(d,Q).

A
Objective: for every v € C, escape C (find
Bl,...,Bm € S, such that BiBs---Bnv ¢
C). ¢ v
As a decidability problem:

AzAyv

Input: polyhedral cone C C RY, matrices

S={Ai....A).

Output: whether for every v € C, there exist
M € (S) such that Mv & C?

General case: open.

Special case where card(S) = 1: easy using Jordan Normal Form.
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A “universal’ game

Set up: given a—veeterv<RY. 3 polyhedral
cone C C RY, and a set of linear transforma-

tions S = {Ay,..., A} CGL(d,Q).

A
Objective: for every v € C, escape C (find
Bl,...,Bm € S, such that BiBs---Bnv ¢
C). ¢ v
As a decidability problem:

AzAyv

Input: polyhedral cone C C RY, matrices
S={A1, ..., A}

Output: whether for every v € C, there exist
M € (S) such that Mv & C?

General case: open.
Special case where card(S) = 1: easy using Jordan Normal Form.

Motivation: verify termination of linear programs.
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Termination of linear loops

Let’s consider the complement of the previous problem:

Definition

Termination of linear loops is the following decision problem.

Input: a closed polyhedral cone C C R9 \ {09} generated by rational
vectors, a set of matrices S C GL(d, Q).

Output: whether there exists v € C, such that (S) - v C C?
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Termination of linear loops is the following decision problem.

Input: a closed polyhedral cone C C R9 \ {09} generated by rational
vectors, a set of matrices S C GL(d, Q).

Output: whether there exists v € C, such that (S) - v C C?

Termination of linear loops is decidable for commuting matrices.
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Termination of linear loops

Let’s consider the complement of the previous problem:

Definition

Termination of linear loops is the following decision problem.

Input: a closed polyhedral cone C C R9 \ {09} generated by rational
vectors, a set of matrices S C GL(d, Q).

Output: whether there exists v € C, such that (S) - v C C?

Termination of linear loops is decidable for commuting matrices.

In other words, let S = {A1,...,A,} be a set of pairwise commuting
matrices. It is decidable whether there exists v, such that

Al ple . pky € ¢ forall ky, ...k, €N
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Proof idea. Step 1: dual problem

Suppose C is defined by
{xeRI\ {09} | ¢/ x>0,...,¢c] x>0},

where ¢1, ..., cn € RY.
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Proof idea. Step 1: dual problem

Suppose C is defined by
{xeRI\ {09} | ¢/ x>0,...,¢c] x>0},
where ¢1, ..., cn € RY.

Termination of linear loops

<= there exists v € RY, s.t. A’l<1 o Aly e Cforall ki,... k, €N
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Proof idea. Step 1: dual problem

Suppose C is defined by
{xeRI\ {09} | ¢/ x>0,...,¢c] x>0},
where ¢1, ..., cn € RY.

Termination of linear loops
<= there exists v € RY, s.t. A’l<1 o Aly e Cforall ki,... k, €N

<= there exists v € RY, s.t. c,-TA’1<1~-Aﬁ"v >0foralli=1,...,m,
and ki,...,k, € N
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Proof idea. Step 1: dual problem

Suppose C is defined by
{xeRI\ {09} | ¢/ x>0,...,¢c] x>0},
where ¢1, ..., cn € RY.
Termination of linear loops

<= there exists v € RY, s.t. A’l<1 o Aly e Cforall ki,... k, €N

<= there exists v € RY, s.t. c,-TA’1<1~-Aﬁ"v >0foralli=1,...,m,
and ki,...,k, € N

kn k .
— A" ... Al "¢ are in some closed halfspace H = {x | v x >0}
foralli=1,...,mky,....,k, €N
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Proof idea. Step 1: dual problem

Suppose C is defined by
{xeRI\ {09} | ¢/ x>0,...,¢c] x>0},
where ¢1, ..., cn € RY.
Termination of linear loops

<= there exists v € RY, s.t. A’l<1 o Aly e Cforall ki,... k, €N

<= there exists v € RY, s.t. c,-TA’f1 . ~-Aﬁ"v >0foralli=1,...,m,
and ki, ..., kp €N
kn k .

— A" ... Al "¢ are in some closed halfspace H = {x | v x >0}

foralli=1,...,mky,....,k, €N

Let ST :={A],...,Al}. Denote by (cy,...,cn) the cone generated by

C1y- -, Cm- It suffices to decide whether the orbit (ST) - (cy, ..., cn) lies
in a closed halfspace.
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Proof idea. Step 2: halfspace

It suffices to decide whether the orbit (ST) - (cy,...,cm) lies in a closed
halfspace.
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It suffices to decide whether the orbit (ST) - (cy,...,cm) lies in a closed
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Proof idea. Step 2: halfspace

It suffices to decide whether the orbit (ST) - (cy,...,cm) lies in a closed
halfspace.
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Proof idea. Step 3: salient cone

Instead of deciding whether (ST) - {ci,...,cn) lies in a closed halfspace,
we first decide whether it is salient.
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Proof idea. Step 3: salient cone

Instead of deciding whether (ST) - {ci,...,cn) lies in a closed halfspace,
we first decide whether it is salient.

Definition

A cone C C RY is called salient if x, —x € C = x = 0¢.
A set O C RY is called salient if the cone it generates is salient.

H

Halfspace Salient
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Proof idea. Step 3: salient cone

Instead of deciding whether (ST) - {ci,...,cn) lies in a closed halfspace,
we first decide whether it is salient.

Definition

A cone C C RY is called salient if x, —x € C = x = 0¢.
A set O C RY is called salient if the cone it generates is salient.

H

Halfspace Salient

Suppose we have a procedure that decides whether (ST) - {(cy,. .., cp) is
salient, then we can decide whether it is contained in a closed halfspace.
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Step 4: from salient cone to positive polynomials

Now it suffices to whether (ST) - (cy, ..., cn) is salient. That is, whether
there exist x # 09 such that both x and —x are in the cone generated by

(STY - {ct,..., Cm).
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Step 4: from salient cone to positive polynomials

Now it suffices to whether (ST) - (cy, ..., cn) is salient. That is, whether
there exist x # 09 such that both x and —x are in the cone generated by

(STY - {ct,..., Cm).

. 2
Suppose such x exists, for example, x = ¢; + 2A] A; “ci.

2
2 - — T T
ATaT Nx= (1+24747")c,
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Step 4: from salient cone to positive polynomials

Now it suffices to whether (ST) - (cy, ..., cn) is salient. That is, whether
there exist x # 09 such that both x and —x are in the cone generated by

(STY - {ct,..., Cm).

Suppose such x exists, for example, x = ¢; + 2A1TA2TZC1.
Similarly, say, —x = Achl + AZTC3.

T AIC1
—x=Ac1+Ayc;3

ATC‘/
23

2
2 .
ATAT ¢ x= [1 +2A7 A JLl
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Step 4: from salient cone to positive polynomials

Now it suffices to whether (ST) - (cy, ..., cn) is salient. That is, whether
there exist x # 09 such that both x and —x are in the cone generated by

(STY - {ct,..., Cm).

Suppose such x exists, for example, x = ¢; + 2A1TA2TZC1.
Similarly, say, —x = Achl + AZTC3.

T AIC1
—x=Ac1+Ayc;3

ATC‘/
23

2
2 .
ATAT ¢ x= [1 +2A7 A JLl

Then 09 = (1+ A] +2ATA]%) a1 + Al - .
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Step 4: from salient cone to positive polynomials

_ Alc
x=Alci+Ajcs !

<

Alc —

2
ATAszfl x= [1+2/\|T/\2T ]cl

Then 09 = (1 + A] +2ATAl®) o1 + Al - 5.
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Step 4: from salient cone to positive polynomials

_ Alc
x=Alci+Ajcs !

<

ATC‘/
2C3

2
ATAszfl x= [1+2/\|T/\2T ]cl

Then 09 = (1 + A] +2A] A]%) ci + Al -cs.
—

. T AT
polynomials over A; , A,
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Step 4: from salient cone to positive polynomials

_ Alc
x=Alci+Ajcs !

<

ATC‘/
2C3

2
ATAszfl x= [1+2/\|T/\2T ]cl

Then 09 = (1 + A] +2A] A]%) ci + Al -cs.
—

polynomials over AIT,A;r
with positive coefficients
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Step 4: from salient cone to positive polynomials

_ Alc
x=Alci+Ajcs !

<

AZTC.“/
z =(1+247 4]
ATA; o r=1+2A0 4, ja

Then 09 = (1 + A] +2A] A]%) ci + Al -cs.
—

polynomials over AIT,A;r
with positive coefficients

Proposition

The orbit (ST) - (c1,...,cm) is not salient if and only if there exist
“positive polynomials” fi, ..., fm € R>o[X1,...,Xy], not all zero, such
that 09 = (AL ,.. ., AT) - co+ -+ (Al ,...,AT) - Cm.
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Step 5: positive polynomial in a module

Let M be the R[Xq,..., X,]-submodule of R[Xj, ..., X,]™ consisting of
all tuples (f1, ..., fn) such that

09 = f(A] .. . AN) co+ (Al AN e
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Step 5: positive polynomial in a module

Let M be the R[Xq,..., X,]-submodule of R[Xj, ..., X,]™ consisting of
all tuples (f1, ..., fn) such that

09 = f(A] .. . AN) co+ (Al AN e

Proposition

The orbit (ST) - (c1,...,cm) is not salient if and only if

MO RsolXe, - ., Xa])™ # {0}
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Step 5: positive polynomial in a module

Let M be the R[Xq,..., X,]-submodule of R[Xj, ..., X,]™ consisting of
all tuples (f1, ..., fn) such that

09 = f(A] .. . AN) co+ (Al AN e

Proposition

The orbit (ST) - (c1,...,cm) is not salient if and only if

MO RsolXe, - ., Xa])™ # {0}

Proposition ( “multivariate”, “m-dimensional” Cayley-Hamilton theorem)

A finite set of generators for M can be effectively computed.
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Step 5: positive polynomial in a module

Let M be the R[Xq,..., X,]-submodule of R[Xj, ..., X,]™ consisting of
all tuples (f1, ..., fn) such that

09 = A(A] ..., Al) i+ (A AT - G

Proposition

The orbit (ST) - (c1,...,cm) is not salient if and only if

MO RsolXe, - ., Xa])™ # {0}

Proposition ( “multivariate”, “m-dimensional” Cayley-Hamilton theorem)

A finite set of generators for M can be effectively computed.

Proof idea: the characteristic polynomials of A],... A arein M. The
module R[Xj, ..., X,]™ becomes finite dimensional R-linear space after
quotient by these characteristic polynomials, the rest is linear algebra.
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Step 6: local-global principle by Einsiedler et al.

It suffices to decide whether M N (R>o[X1, ..., X,]*)™ is empty.
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Step 6: local-global principle by Einsiedler et al.

It suffices to decide whether M N (R>o[X1, ..., X,]*)™ is empty.

Example: suppose polynomials are univariate and M is the solution set
of the linear equation

0=f-2X2-1)+hH-(X+2). (1)

i.e. does (1) have solution fi, o € Rso[X*]*?
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Step 6: local-global principle by Einsiedler et al.

It suffices to decide whether M N (R>o[X1, ..., X,]*)™ is empty.

Example: suppose polynomials are univariate and M is the solution set
of the linear equation

0=f-2X2-1)+hH-(X+2). (1)

i.e. does (1) have solution fi, o € Rso[X*]*?

No! Evaluate X =1, then 0 = (1) + 3£(1). No solution over Rx,.
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Step 6: local-global principle by Einsiedler et al.

It suffices to decide whether M N (R>o[X1, ..., X,]*)™ is empty.

Example: suppose polynomials are univariate and M is the solution set
of the linear equation

0=f-2X2-1)+hH-(X+2). (1)
i.e. does (1) have solution fi, o € Rso[X*]*?

No! Evaluate X =1, then 0 = (1) + 3£(1). No solution over Rx,.

If M N (Rso[Xi,...,X,]*)" is empty, such “certificate” always exists!

Theorem (Einsiedler, Mouat, Tuncel (2003))

Let M be an R[Xi, ..., X,]-submodule of R[Xi, ..., X,]™. Then there
exists F € M N (Rxo[X1,...,Xa]*)" if and only if:

© For every r € RL,, there exists f. € M such that f, (r) € RZ,.

Q@ For every v e (R”)*, there exists f, € M, whose initial polynomial
inv (fv) is in (Rzo[xl, 000 ,Xn]*)m.
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Step 6: local-global principle by Einsiedler et al.

Theorem (Einsiedler, Mouat, Tuncel (2003))

Let M be an R[Xi, ..., Xy]-submodule of R[ X1, ..., X,]™. Then there
exists F € M N (Rxo[X1,...,Xa]*)" if and only if:

@ For every r € Ry, there exists f, € M such that f.(r) € RZ,.

@ For every v € (R")", there exists f, € M, whose initial polynomial
inv (fv) is in (Rzo[xl, o500 ,Xn]*)m.
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Step 6: local-global principle by Einsiedler et al.

Theorem (Einsiedler, Mouat, Tuncel (2003))

Let M be an R[Xi, ..., Xy]-submodule of R[ X1, ..., X,]™. Then there
exists F € M N (Rxo[X1,...,Xa]*)" if and only if:

@ For every r € Ry, there exists f, € M such that f.(r) € RZ,.

@ For every v € (R")", there exists f, € M, whose initial polynomial
inv (fv) is in (Rzo[xl, o500 ,Xn]*)m.

Condition 1 can be checked using the first order theory of the reals.
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Step 6: local-global principle by Einsiedler et al.

Theorem (Einsiedler, Mouat, Tuncel (2003))

Let M be an R[Xi, ..., Xy]-submodule of R[ X1, ..., X,]™. Then there
exists F € M N (Rxo[X1,...,Xa]*)" if and only if:

@ For every r € Ry, there exists f, € M such that f.(r) € RZ,.

@ For every v € (R")", there exists f, € M, whose initial polynomial
inv (fv) is in (Rzo[xl, o500 ,Xn]*)m.

Condition 1 can be checked using the first order theory of the reals.

Condition 2 only needs to be checked for a finite number of v (consider
the Newton polytopes of a Grébner basis of M).

Given a finite set of generators for the R[Xy, ..., X,]-submodule M of
R[X1,...,X,]™, it is decidable whether M N (Rxo[X1, ..., Xn]*)" is
empty.
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Conclusion

Termination of linear loops with commuting matrices <— whether a
submodule M of R[Xy, ..., X,]™ contains a “positive” element.

Termination of linear loops with commuting matrices is decidable.
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Conclusion

Termination of linear loops with commuting matrices <— whether a
submodule M of R[Xy, ..., X,]™ contains a “positive” element.

Termination of linear loops with commuting matrices is decidable.

What about non-commuting matrices?
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Conclusion

Termination of linear loops with commuting matrices <— whether a
submodule M of R[Xy, ..., X,]™ contains a “positive” element.

Termination of linear loops with commuting matrices is decidable.

What about non-commuting matrices?
Let R(Xi,..., X,) denote the ring of non-commutative polynomials.

Open Problem

Given the generators of a left submodule M of R({Xy,..., X,;)™, can we
decide whether M contains an element with only positive coefficients?
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Conclusion

Termination of linear loops with commuting matrices <— whether a
submodule M of R[Xy, ..., X,]™ contains a “positive” element.

Termination of linear loops with commuting matrices is decidable.

What about non-commuting matrices?
Let R(Xi,..., X,) denote the ring of non-commutative polynomials.

Open Problem

Given the generators of a left submodule M of R({Xy,..., X,;)™, can we
decide whether M contains an element with only positive coefficients?

v

Open Problem (Interesting special cases)

e Given f € R(Xj,...,X,), decide if there exists g # 0 such that g - f
has only positive coefficients?

@ Let G be a 2-step nilpotent group, decide if a left ideal of R[G]
contains an element of R>o[G]*.

= = = = =
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